READERS’ RESPONSES

One Way to Avoid Using a
Graphing Calculator

Indy Lagu

[ was recently looking through a calculus text, and
a question caught my eye. The question is quite com-
mon; [ suspect that it appears in most calculus books.
1t concerns the optimal distance for viewing a statue.
Variations of the problem abound: where to sitin a
movie theatre and from where to attempt an extra
point in rugby come to mind.

Imagine that you are standing and looking at a
statue. Let & be the distance from your eyes to the
base of the statue, and let a be the distance from your
eyes to the top of the statue. If the distance from you
to the statue is x, then the angular size of the statue

is given by
6=tan™’ [—2]— tan™’ [é]
X X

The task is to determine x to maximize 6.
The approach taken in a calculus class is to take a
derivative:'
d6 _ -alx’ -blx*
dx 1@ 1) 14?1 57)

A bit (all right, a lot) of algebra reveals
dée -a b
= +_ﬁ1
x +b”

——
de’ x*+a’

which is 0 when x = Vab. Note that # -0 as x —0
and as x — oo, so that this x gives a maximum.

Alower-tech approach (mathematically and intel-
lectually) is to plug the equation into a graphing cal-
culator and eyeball the maximum.

I do not mind the first approach, but I abhor the
graphing calculator approach. Now, I think my resis-
tance is not to the use of technology but to the misuse
of technology. One objection is, of course, that eye-
balling a maximum is not mathematically correct—
indeed, the power of mathematics is that we can find
the exact answer here and not resort to eyeballing.
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However, my objection is deeper: the act of finding
an answer to this question misses the point entirely.
Surely the point of solving a problem such as this is
not merely to get an answer but to learn something.

To that end, I offer a mathematically correct ap-
proach that provides an opportunity to use some facts
about trigonometric functions.

Recall that we wish to find x to maximize 6,

where
6=tan"' (i] —tan™' [2]
X X

Taking the tangent of both sides yields

tan(0) = tan |:tan . (3} —tan”’ (2)]
X X

_afx-b/x
T +(ab/.r2)
_a-b

" x+(abjx)’

where we have used the identity

tan A—tan B

tan(A—B): —_—
1+ tan Atan B

Now, since tan(6) increases with 6, and a — b is a
constant, it is enough to maximize the function
]

x +(ab/x)’

and therefore it is enough to minimize the function

f(x)=x +a_b-
X

Evennow, the temptation to stop thinking and use
a graphing calculator can be avoided. Since x is in-
creasing and ab/x is decreasing, a good guess is that
A(x) is minimized when x = ab/x. That is, at x = Vab.



Since f(x/c—ll—r)= 2Vub , the question now is to try to show
that

gz S D
X

and even this can be done without resorting to calcu-
lus or calculators. T will leave this as an exercise for
the reader. Your hint is to start with the fact that

[\E— @T >0.

X

Incidentally, the quantity Jab is called the
geometric mean of a and b,” and it has an interesting
geometric interpretation. Imagine a rectangle with
sides a and b. Its area is ab. Now imagine a square
with the same area. The sides of the square must be
Vab.

I guess that the approach you favour in solving this
problem depends on your goal. If your goal is to es-
timate the answer, and avoid any depth of thought,
then using a graphingcalculator s all right, I suppose.
If your goal is to obtain the correct answer and to flex
your calculus muscles, then differentiation is the way
to go.

My goal would be to see the utility of trigonometry;
hence, I would avoid using a graphing calculator, or
even calculus, and use my head. What makes a prob-
lem good is not the realism or practicality in it but,
rather, where it takes you.

Notes

1. It you have never taken a calculus class. skip this part. The
headache 1s not worth it.

2. The arithmetic mean—(« + b)/2—is probably familiar to
most readers and is often called the average.
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