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Introduction: A Look at the
Meanings of Problem Solving

Recent research with intermediate teachers! indi-
cates that the phrase problem solving often evokes
multiple meanings in mathematics teaching and leam-
ing (Kajander and Mason 2007). While some teachers
support the vision of problem solving espoused by
the National Council of Teachers of Mathematics
(NCTM) (2000) as “engaging in a task for which the
solution method is not known in advance” (p 51),
others view it as something to be done after students
are taught and only if there is time (Kajander and
Mason 2007). The goal of this article is to examine
the usefulness and intent of the various meanings of
this “problematic™ phrase, while shedding light on
the best way to engage in effective problem solving
with students.

The inclusion of problem solving in mathematical
learning is not new. Polya’s (1957) famous model is
even included in some provincial curricula (for ex-
ample, Ontario’s Ministry of Education 2005), as
shown in Figure 1, and is one of the best known out-
lines of the possible processes involved in problem
solving. What is perhaps new in many classrooms is
that effective problem solving should be more than
having students solve a problem using formulas or
methods that the teacher has previously shown.

As a Grade 2 teacher in the United States, I was
able to experience first-hand the effects of new leg-
islation that required us to drill mathematics facts and
algorithms into the minds of our students so that they
could survive testing. Each year the same concepts
had to be reviewed, because retention was minimal
if at all. We met each year as a school staff to discuss
ways to better meet the needs of the students with
information handed to us from our school board. We
discussed at lengthusing problem solving to improve
our mathematics test scores. Yet what this actually
entailed, according to what we were told, was handing
students a sheet of word problems to solve using the
algorithm the teachers had already given them to use.
It was suggested that we do a similar word problem
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with the students so that they would follow a similar
process. Similar understandings of the implementa-
tion of problem solving have also been found in some
Canadian classrooms (eg, Kajander and Mason 2007,
Kajander and Zuke 2008).

Elementary mathematics curricular goals may refer
to problem solving without exploring what the phrase
really means. In Alberta, for example, the curriculum
endorses the importance of using a problem-solving
approach noting that “students need to explore
problem-solving strategies in order to develop per-
sonal strategies and become mathematically literate™
(Alberta Education 2007, 1). Ontario, as well, men-
tions that “problem solving forms the basis of effec-
tive mathematics programs and should be the main-
stay of mathematical instruction™ (Ontario Ministry
of Education 2005, 11). These statements could be
interpreted in multiple ways. From these statements
in the mathematics curriculum guides, teachers could
assume that problem solving means having students
read a problem and find a correct solution using a
given, previously taught method. Research has shown
that this is not the most effective way to use problem
solving in mathematics classrooms (Bay-Williams
and Meyer 2005; Boaler and Humphreys 2005; Busch-
man 2004), nor is it the most effective method for
teaching mathematics (Askey 1999; NCTM 2000;
Van de Walle and Lovin 2006). This article will fur-
ther examine some alternatives to this common
interpretation.

Problem Solving as Learning

I take the stance that true problemsolving involves
students really learning something new and not just
applying a previously taught strategy to a new ex-
ample or task. This position underscores the impor-
tance of problem solving as leaming. As Bay-Wil-
liams and Meyer (2005) note, “teacher-directed
instruction may help a teacher feel that more topics
have been covered, but it reduces the chances that
students are (1) making connections with other math-
ematical ideas and (2) understanding the concepts




related to the skill” (p 340). In fact, students should
engage in rich problem-solving tasks in their daily
mathematics classroom experience in order to con-
struct new knowledge and understanding by connect-
ing it to their previous knowledge.

This interpretation of effective problem solving
differs from the belief that students must be taught
the concepts before they can engage in problem solv-
ing (Kajander and Mason 2007; Kajander and Zuke
2007, 2008). One view might be that by assigning the
problem-solving questions in the textbook for home-
work, exercises, and on tests, students have the op-
portunity to problem solve. Typically, such problems
are really applications of known formulas or methods
to new examples. However, the goal with problem-
solving tasks should be to allow students to figure out
how they will solve the problem. The importance is
placed on the method for determining the solution,
as opposed to the solution itself. As McGatha and
Sheffield (2006) point out, in problem-solving class-
rooms “‘students are pushed beyond simply finding a
right answer to questioning the answer” (p 79; em-
phasis in original). The one single right answer is no
longer the singular goal of the mathematics class-
room; rather, the process taken to find an answer is
where the real leaming lies. Students should subse-
quently be given opportunities to discuss how they
solved the problem so that they can learn from each
other and see different ways of arriving at a possible
solution. This is very different from classrooms in
which the teacher tells the students how to go about
solving problems so that they can arrive at the single
right answer in this so-called correct way. True
problem-based learning involves students construct-
ing new ideas based on their experiences with ap-
propriate problems, not applying known methods to
new contexts.

How Effective Problem Solving
Is Accomplished

Effective problem-solving tasks can be imple-
mented as part of a three-part lesson plan (Van de
Walle and Lovin 2006). It is important to consider
that the actual lesson may take more than a single
mathematics class period to finish, depending on the
students. In the first part of the lesson, the teacher
sets up the current problem to be worked on. The
teacher acquaints the students with any previously
unknown vocabulary at this time. This portion of the
lesson does not include the teacher showing the stu-
dents a similar problem and how to solve it. After the
teacher sets the stage for learning, the students begin
to explore the given problem.
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The second stage of a problem-solving lesson re-
quires teachers to set up an environment and proce-
dures that are conducive to exploratory learning,
While exploring the problem, students may work
individually, in pairs or in groups. Students need to
be arranged in a way that allows them to share their
ideas with eachother. During this phase of the lesson,
the students work with the problem to figure out a
solution method that makes sense to them. As students
work with the mathematics concepts embedded in the
problem, they should record their thoughts to share
during the final portion of an effective problem-
solving lesson—the discussion.

Discussion is an absolutely essential phase of the
problem-solving method because it allows students
to come together and share while explaining their
thinking. As Boaler and Humphreys (2005) note,

students are not asked to present their answers;
they are asked to show representations of their
ideas and to justify why they make sense. None of
the audience members will have the exact same
answer, and all the students have a role. (p 50)

Not only are students more engaged while discussing
ideas with their peers, they also learn more from each
other and discover new ways of thinking about a
problem. Students need to be able to put their solu-
tions into words and discuss how they solved the
problem so that they can explain their methods to
others. This forces students to get at howtheir solution
was found, not just what they decided was the correct
answer. It isimportant that students learn “to question
the answers by posing additional questions when
solving the original problem [because this] is one way
that teachers and students can develop mathematical
power” (McGatha and Sheffield 2006, 79; emphasis
in original). It is thispower thathelps further students’
understanding of and learning in mathematics. Boaler
and Humphreys (2005) suggest using the method of
“convincing a skeptic” when trying to explain the
solution the students came up with (originally from
Mason, Burton and Stacey 1982). Their belief is that
“this strategy ... helps place responsibility on the
person who is explaining to make his (sic) explana-
tions understandable and gives permission for anyone
who doesn’t understand yet to play the role of being
unconvinced rather than being just slow to catch on”
(p 67; emphasis in original). Students are given the
opportunity to question each other and refine their
thought processes until everyone sees why the solu-
tion method works. Seeing alternative solutions is
important because “if their knowledge is limited to
the computational procedure without any idea why
the procedure works, this is also not enough to build
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on. Students need both” (Askey 1999, 3). Through
exploring a problem and discussing the solution,
students learn how and why their method and proce-
dures work and gain deeper mathematical understand-
ing. At this point, teachers can help students see the
generalizations or the procedures that are being de-
veloped through examining the students’ solutions.
Teachers play an important role in fostering this de-
velopment of ideas. Since students are sharing their
knowledge and understandings, or even misunder-
standings, during this portion of the lesson, the
teacher must create an environment where all contri-
butions are valued and allowed to be expressed.

In order to use the problem-solving method ef-
fectively, students must be given opportunities to
share their solution methods so that the teacher can
see where any misunderstandings or confusions lie.
These essential discussions also allow students to
learn from each other. This very important aspect can
be the deal breaker for the success of problem-based
lessons if the teachers do not allow time for sufficient
sharing of ideas. Sometimes issues or difficulties that
arise during the discussion can prompt the teacher to
suggest a new problem for the next class.

In a problem-solving lesson as just described,
problem solving is the vehicle for knowledge and
learning instead of simply the way that students
showcase what they have learned. One issue with
doing problem solving after the teacher has taught a
concept is that students have trouble switching from
a teacher-directed lesson one day to a lesson in which
they control the learning path the next (Van de Walle
and Folk 2007). Also, if students are to truly engage
in problem solving, they need to know that the teacher
is not about to step in and tell them the strategy or
the answer eventually. If they feel that this will hap-
pen, my experience is that some students will simply
wait for the instruction or answer to come from the
teacher and therefore will not deeply engage in the
task. In other words, they feel that their work will be
devalued eventually when the teacher provides the
right answer or method, and they have simply learned
to wait for this to happen. By engaging in problem-
solving lessons as the main curricular vehicle, stu-
dents learn that their thoughts and ideas are important
and are correct ways to solve a problem.

Teachers should choose problems that allow stu-
dents to explore and construct knowledge for the big
ideas or the overall expectations of the grade level.
This allows the teacher to address multiple curricular
expectations in one problem while, at the same time,
addressing the needs of different learners. The benefit
of well-chosen problems is that they “can be solved
at different levels of sophistication, enabling all
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children to access the powerful mathematical ideas
embedded in the problem” (English, Fox and Watters
2005, 156). For example, a problem like the hand-
shake problem could be used with a class: “There are
20 students in a class. On the first day, the teacher
asks each student to shake hands with each other
student. How many handshakes were there?” (Small
2008, 567; similar problem in Kajander 2007). In
order to make the problem accessible to all students,
the teacher could make several different size classes,
starting with 5 students and ranging up to 20. Students
who are more advanced could begin looking for pat-
terns in the different numbers in order to make the
problem more challenging, while students who are
struggling can simply tackle what would happen if
five students shook hands. By having students solve
the problems from their ability level, all students are
engaged and learning from each mathematics
lesson.

The problem-solving approach also allows all
students to be included in the discussions. Students
choose methods to solve the problem that make sense
to them, which is more meaningful than just repeating
what the teacher has said. Using problem solving in
the classroom allows all students to reach mathemati-
cal understanding at a level that they are comfortable
with. Since the goal is to have students use their prior
knowledge, all students will be able to work with the
problems using what they already know to build their
own new ideas. As the Alberta curriculum asserts,
“students learn by attaching meaning to what they
do, and they need to construct their own meaning of
mathematics” (Alberta Education 2007, 1). Teachers
can also use this baseline knowledge to help students
to come up with new ideas and more effective solution
methods instead of teaching formulas that students
apply without really understanding. For example, the
solution to the handshake problem could be arrived
at in many different ways, including drawing a pic-
ture, acting out the problem with children, looking
for patterns or even solving algebraically. Students
would be able to solve the problem with their own
solution methods, but during the discussion would be
exposed to all the different methods and thereby leamn
from the other students. The problem itself can be
used to teach or review addition, multiplication, divi-
sion, geometric patterning, numeric patterning, pat-
tern rules and iterative patterns (Kajander 2007),
depending on how the teacher guides the students
through the discussions and what areas are high-
lighted as students present their solution methods.

One caution does need to be made in choosing
effective problems to solve in order for students to
gain the most benefits. Teachers should avoid forcing
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too much content into a single lesson; therefore, each
lesson “focuses on investigating one rich problem,
probing deeply into a different mathematical content
strand each day” (McGatha and Sheffield 2006, 79).
By narrowing the focus to one main concept each
day, teachers can allow students to look further into
the problem in order to reach a deeper understanding.
For example, simply introducing a simple problem
like the handshake problem with different-sized
classes would allow the students to explore the solu-
tionmethods; the teacher could then guide discussions
to accomplish the necessary curriculum goals. By
focusing on one problem, students are not over-
whelmed by a worksheet full of problems and could
be challenged to come up with multiple solution
methods. Another important consideration is that, as
one teacher said, “too much choice could be over-
whelming for the children and difficult for me to
manage” (Whitin 2004, 181). Putting too much into
one lesson is not only hard for a teacher to organize
and observe, but it can confuse students and prevent
them from delving deeply into the topic being
explored.

Another benefit of using problem solving extends
beyond the mathematicsclassroom. Since the goal is
not for teachers to show students a formula and the
exact method to solve the problem, students use their
own problem-solving skills to solve the problem. This
can affect students’ lives—not only do students learn
mathematical concepts with deep understanding, they
also gain skills that enable them to solve problems in
their daily lives. The benefits of using problem solving
and allowing students to learn how to solve a problem
in their own daily lives are great. I turn now to show-
ing how this can fit within the mathematics
curriculum.

Examples of Using Problem
Solving with Ontario and
Alberta Curriculum

It is my experience that curriculum guides mention
problem solving while not explicitly laying out how
to use problem solving in a classroom. For example,
in the curriculum I am most familiar with, the Ontario
Ministry of Education sets out several mathematical
processes that should be included in the elementary
curriculum: “‘problem solving; reasoning and proving;
reflecting; selecting tools and computational strate-
gies; connecting; representing; communicating”
(Ontario Ministry of Education 2005, 11). These
processes are listed as separate entities; yet an effec-
tive problem-solving approach to teaching would
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encompass all of these processes and would, there-
fore, be the only method necessary to accomplish
these curricular goals. After being given a problem,
students would have to select tools and the computa-
tional strategies needed to solve the problem. Since
the students would be using prior knowledge to pursue
a solution, they are connecting the new concept to
previous knowledge and skills. Students would then
be required to reason through their solution and prove
that it works to the class and teacher. Through the
discussion of the solution, students would have to
reflect on whether or not their method makes sense
in order to solve the problem. By sharing their solu-
tion with others, students would be required to com-
municate their thought processes and represent the
solution so that others can see how they solved the
problem. Using problems with a similar focus on
different days would allow students to practise their
skills and create more in-depth conceptual knowl-
edge. By using a problem-solving approach to teach-
ing, teachers are able to simplify their planning while
meeting all the goals of the curriculum.

In Alberta, the curricular goals identified are that
students will “use mathematics confidently to solve
problems; communicate and reason mathematically;
appreciate and value mathematics; make connections
between mathematics; make connections between
mathematics and its applications; commit themselves
to lifelong leaming; [and] become mathematically
literate adults, using mathematics to contribute to
society” (Alberta Education 2007, 2-3). As with the
Ontario curriculum, the curriculum guide provides
the goal of using problem solving in the classroom
as part of the routine. Effective problem solving
would also help to accomplish the other goals by
giving students ample opportunities to use mathemat-
ics in meaningful ways that will benefit students
throughout their lives. Where Alberta’s curriculum
differs from Ontario is that it explicitly states that
students “must realize that it is acceptable to solve
problems in a variety of ways and that a variety of
solutions may be acceptable” (p 1). This statement
lends itself more to the problem-solving methods
described within this article, but teachers should keep
in mind that this should not mean giving students
different solution methods but allowing them to dis-
covermultiple solution methods. The two curriculums
mention the importance of problem solving, but it is
my experience that teachers are often left to their own
devices to locate the problems that would address
these goals. Some resources that I have used and
found successful with students include 50 Problem-
Solving Lessons: Grades 1-6, by Marilyn Bums,
and Big Ideas for Small Mathematicians, by Ann
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Kajander. The problems in these books mention dif-
ferent curriculum strands addressed by the problems,
and a single problem could be used in a lesson to give
students a chance to delve deeply into the topics. In
order to encourage more problem solving, the Ontario
Ministry of Education has also created its own lessons
that relate to the curriculum for Grades 7 to 10, called
Targeted Implementation and Planning Supports
(TIPS). Textbooks might also be a helpful tool—
teachers could choose or create asingle problemfrom
the lesson that students could explore on their own
in order to determine their own solution methods.

In Ontario, the Ministry of Education (2005) does
provide a valuable framework that can be used with
students while exploring a problem. During the ex-
ploratory phase of problem solving, the Ministry of
Education suggests using Polya’s problem-solving
model (see Figure 1) to guide the students in thinking
about how to solve a problem. The beliefis that teach-
ers should guide students in Grades 1 and 2 through
the model withoutdirectly teaching the steps, whereas
students in Grade 3 and above should be taught the
terminology of each step of the model directly. For
Grades | and 2, a simpler way of remembering the
steps can be beneficial.

Thomas (2006) has suggested the use
of the THINK strategy to get students
organized in their thinking, which could
be a useful mnemonic for Grades 1

only in mathematics but in other subjects as well.
(Ontario Ministry of Education 2005, 13)

Students could be coached using this model while
they are exploring the problem. The Polya model
should be directly taught to higher grade levels (On-
tario Ministry of Education 2005). While older stu-
dents are working with the problem, the first step is
for them to understand the problem. According to
Outhred and Sardelich (2005), “understanding the
problem requires children: to be able to read the
problem; to comprehend the quantities and relation-
ships in the problem; to translate this information into
mathematical form; and to check whethertheir answer
is reasonable” (p 146). Students begin by rereading
the problem and deciding what the problem is asking
them to figure out. Next, students make a plan for
deciding how to solve the problem through examining
different strategies to solve it. As Askey (1999) dis-
covered when working with teachers, “the teachers
argued that not only should students know various
ways of calculating a problem [solution] but they
should also be able to evaluate these ways to deter-
mine which would be the most reasonable to use”
(p 6). Third, students enact the plan that they decide

Understand tiie Problem
(the exploratory stage)

and 2. First, students talk about the
problem. Second, students look at how
the problem could be solved. Third,
students identify a strategy for solving
the problem. Fourth, students notice

» rer2ad and restate the problem
» identfs the infonmation given and the infaynation that n2eds to ba determinad
Cammunication: talk about the prablem to undsrstard it better

» relate the problemto similarproblema sok €d inthe past

Make a Plan

how the strategy helped solve the prob-
lem. Finally, they keep thinking about
the problem. As students continue work-
ing on the problem, they may need to
cycle through this framework several
times until they arrive at a solution that
makes sense to them. According to the
research study, Thomas notes that “stu-
dents who used THINK demonstrated
greater growth in problem solving than
students who did not use the frame-
work” (p 86). The use of a model is
beneficial because
a teacher who is aware of the model
and who uses it to guide his or her
questioning and prompting during
the problem solving process will help
students internalize a valuable ap-
proach that can be generalized to
other problem solving situations, not

» conzider prssible strategies
» g2lect a stratagy or a combination of stratagies
Gommuanication: dizcuss ideas with others to clarify which strategy or strategies would work best

£ Enrry Out the Plan- -

> exacute the chosen strategdy

» do the necessary calculatiens

> manitor sucoess

» revise or apply different strategies s necessary

Commuaication:

» draw picturea: use manipulath €9 10 reprasent interim resuits

> ugewords and symbels to represant the steps in carrying out the plan or doing the calculations
» share results of computer o calculator aperatiens

Look Back at the Solution

» check the reasonableness of the anawer
» review the method usad: Did it make sense? Is there a better way to spproach tha problem?
» consider eiteasions or variations

Commuaication: describe how the solution was reached. using the mest suitable farmat. and explain the

solution

Figure 1. Polya’s problem-solving model. (Ontario Ministry of
Education 2005, 13).

delta-K, Volume 47, Number I, December 2009 13




to use to solve the problem. Finally, students assess
whether or not the solution is reasonable through re-
examining the problem. If the solution is determined
to be unreasonable, students would then go back
through the model. This model is important because
when students are used to traditional instruction they
typically do not have the skills and strategies devel-
oped to effectively problem solve (Van de Walle and
Folk 2007; Kajander and Zuke 2007). Once students
are given a problem, they need to be given a way of
organizing their thinking in order to solve the
problem.

Summary

Problem solving may have varying definitions for
different teachers, but effective problem solving
should allow students to explore a problem for them-
selves to find a solution. I have argued that problem
solving does not involve giving students a method or
formula for how to get the answer; rather, it involves
giving them a framework to think through the problem
and work to develop their own method. Students need
a structure to develop problem-solving skills, and this
must be supported by peer and teacher-facilitated
discussion at certain points in the learning. Neither
of these can take place when problem solving is at-
tempted in isolation as homework or on tests. True
problem solving cannot happen for most students (or
even most mathematicians'!) in a time-limited situa-
tion such as a test. Students need time to reflect,
discuss, and try possibilities. Tests are simply not
good places to attempt problem solving. While tests
might play a role in efficiently assessing procedural
skills, learning and assessment tasks are much better
vehicles for leamning through problem solving. Teach-
ers in an effective problem-solving environment are
no longer disseminators of knowledge but facilitators
and coaches who help students create their own
knowledge. In my experience, one of the most reward-
ing experiences can be watching students grapple
with a problem and come to a solution after they have
worked on the concepts within the problem. The
excitement and feelings of accomplishment that ac-
company the final product can be empowering to their
mathematical abilities, as well as foster the idea that
they, too, can do mathematics! While using problem
solving and discussion may be uncomfortable at first,
the long-term benefits for both student leaming and
engagement are phenomenal (NCTM 2000). The goal
of mathematics classrooms is to have students leam
and understand mathematics, and engaging in effec-
tive problem-solving tasks is the best way to accom-
plish these goals.
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Note

1 This research was conducted by the University
of Manitoba CRYSTAL subproject located at
Lakehead University, funded by the National
Science and Engineering Research Council of
Canada.
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