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EDITORIAL ____________ _ 

Direction 

DeLta-K has two new editors, Art Jorgensen and John Percevault. At least, 
the initial issue in this volume has been published under their editorship. 

As editors of DeLta-K, we will endeavor to feature articles and ideas 
that will be useful to teachers in the classroom, to provide an opportunity for 
the participation of Alberta students through the "Student Problem Corner, " and 
most importantly, to provide an outlet for Alberta mathematics educators to 
exchange ideas. These three objectives are facets of improving mathematics 
education. 

We anticipate publishing three issues of DeLta-K during 1985-86. The 
next issue should reach you by the end of January, and the third issue by the 
end of May. However, whether or not this is realistic could depend on the con­
tribution of articles. In addition, you can look forward to receiving the 1985 
issue of The Canadian Mathematias Teacher. 

Comment 

In this issue, Al Anderson challenges teachers to examine whether or not 
problem solving is being taught in their classrooms. The implication that 
teachers can arrange time, organization of students, and teachiftg strategies is 
clear. Walter Szetela enlarges on the theme that problem solving can be a 
practical exercise, utilizing the newspaper and students' identification with a 
popular figure. G.S. Bhalla utilizes working backwards. The "Hindu Inver­
sion Method" is intriguing. Does the strategy of working backwards apply to 
geometric proofs as well? Joan Haig shares with us an example of how she 
involves honors mathematics students in exploring content beyond the prescribed 
curriculum. John Percevault suggests that teachers develop a set of prob­
lems that are related to a particular problem-solving strategy. A thought pro­
cess is applied to "families of problems" and is extended to translation. The 
central question posed by Hank Boer challenges teachers to examine the dif­
ference between evaluating the solution to a problem and evaluating the problem­
solving process. A schema is developed. Oscar Schaaf and Ian Beattie con­
tribute ideas that you can try in the classroom Monday morning. Student re­
sponses to Schaaf's and Beattie's contributions will be published. 

Share DeLta-K with your colleagues. Reactions will be appreciated. 

In Appreciation 

The executive of MCATA and the editors wish to acknowledge the contribution 
of the previous editor, Gordon Nicol. 

- Coeditors Arthur o. Jorgensen 
and John B. Peraevauit 
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How Are We Doing - Now That We Know 
What It's All About? 

A.Anderson 
County of Vermilion River 

No other topic in mathematics education, involving curriculum development, 
implementation, or instructional inservice, has received more attention than 
that of problem solving. It has been defined, redefined, exemplified, and 
"works hopped" into submission, it would seem. Publishers of resources, from 
monographs to computer software, have left us with no excuses. Every mathemat­
ics teacher and administrator must know what it is and why it is, and so the big 
question remains: What have we been doing with prioblem solving, now that tJe 
know what it is all about? 

The assumption in this article is that we have passed the "understanding the 
problem" and the "developing and carrying through the plan" stages, and we are 
now looking back. This point is can be argued. However, the question remains: 
"Are children actually experiencing anything different in mathematics than they 
did before the topic emerged into prominence?" My "guess and check" is no. For 
the believer, this is tough medicine, but if we were to look at an overall time­
on-task analysis of Alberta elementary children's mathematics engagements, it 
would be as follows: operations and properties - 60 percent; numeration - 25 
percent; measurement - 10 percent; geometry - four percent; graphing - one per­
cent; and problem solving - zero percent. 

This is another story of curriculum and implementation similar to that of 
the "new mathematics." Problem solving will also fail for the same reasons. 
The topic and content has not had an impact on the belief system of teachers and 
administrators. The word fell on unprepared soil, and the intensity of the nor­
mal classroom snuffed it out. We gave teachers seed packages, but neglected the 
planting and the nurturing. Our workshops and monographs gave episodes of prob­
lem solving, but did not confront the issues of where, when, and how in the con­
text of the total mathematics program. Anyone can set up an appropriate problem 
and get people all excited and involved in finding solutions. To help in this 
regard, we even provided a good list of skills. (See Let Prioblem Solving Be 
the Focus for> the 1980s, an Alberta Education monograph published in 1983.) 

We also failed in not recognizing that change comes only when that which is 
new is perceived as being more appropriate than that which is present, and when 
the new can be accommodated within the teacher's conceptual and operational 
plan. 

We are almost to the point of waiting for something new to come along. 
While we seem to need that, let's not give up on problem solving yet. One of 
the big reasons for not including problem solving in the mathematics program has 
been time. "How can I fit more into my current program?" has been the question. 
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Here are a few ways of recapturing this precious commodity. 
savings: 

Note the 

;@7 
536 

7o�. 

If students are having difficulty, diagnose and treat the 
specific errors. If they are succeeding, restrict practice 
and review to reasonable limits. 

Save 15% 

If you teach the content of an authorized textbook, you are 
keeping children overly busy, including nonprogram obj ec­
tives and missing others. Design and utilize a meaningful 
plan. 

Save 15% 

If you can teach the concept of skill manipulatively, don't 
do it abstractly, We know this, but fail so often to apply 
this most important principle. 

Save 10% 

No more worksheets for basic fact recall - use student-made 
flash cards, and personal and home contracts for mastery. 
Time saved includes helping students overcome dependency 
habits. 

Save 5% 

We can be more comprehensive in dealing with the components of ef fective 
lessons and increase the positive attitude toward mathematics by 50 percent. To 
illustrate, teachers could take any mathematics objective at any grade level -
as an example, compare two or more objects as shorter, longer, thinner, 
thicker, heavier, lighter than" (Grade 1) - and balance one week of instruction 
as follows: 

Instructional Program Emphasis in Minutes 

Day 1 Day 2 Day 3 Day 4 Day 5 Total 

Goal-Objective Orientation 10 5 15 

Introduction Activity 10 5 5 5 5 30 

Lesson Development 15 15 10 40 

Practice Application 10 10 10 30 

Problem Solving 10 35 45 

Assessment Evaluation 10 10 20 

Closure Activity 5 5 5 10 25 
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In this model, problem solving requires but one period per 205-minute week, 
still allowing time for mastery of the core program objectives. Implementing 
the plan will involve describing the specific activities under each of the in­
structional components for the week. Each week is best tied to an overall year­
ly outline. 

Reorganize your physical classroom space while you are at it. The interac­
tive and integrative nature of good mathematics problems requires that communi­
cations flow multidirectionally. Clustered desk arrangements allow for the 
needed get-togethers to include you, the teacher. Let's face it, a good per­
centage of a student's learning is from other students. One step back, and you 
have your individual child work space • 

.. 

o0oOoOo0 
o0oOoOo[J0 

It is critical that problem solving become a part of instruction in the 
mathematics program in the elementary school. Alberta Education will soon re­
lease a monograph on the topic as it applies to the junior high level. 

So the question remains: "What are we going to do with problem solving now 
that we know what it is all about?" 

DP, AndePson is Assistant SupePintendent of Schools fop the County of Vemilion 
RiveP. He pPeViously sePVed as CooPdinatoP of Mathematics foP the Medicine Hat 
Public School system and as Math Consultant fop AlbePta Education, Gmnde 
PPaiPie Regional Office. 
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The Newspaper Wedge: Motivate Students 
to Solve and Create Problems 

Walter Szetela 
University of British Columbia 

Motivation is a daily problem for 
teachers who want their students to be 
active learners, especially with the 
competition of television, rock video, 
space exploration, and so forth. The 
problem is perhaps more severe with 
the learning of mathematics and, in 
particular, with problem solving. 
Students will have more desire and ex­
pend greater effort in the solution of 
problems that they can relate to their 
real-life experiences than most of 
those found in textbooks. 

Teachers need to be alert to 
events that appeal to students and 
which can be used as a realistic con­
text for learning. Newspaper reports, 
advertisements, sports news, travel 
information, financial pages, and even 
the comic strips can help teachers to 
motivate students and can serve as a 
vehicle for interesting problem­
solving activities. Such problems can 
provide opportunities for a variety of 
solutions and stimulate additional re­
lated problems. Even more important, 
discussions about methods of solutions 
and the solutions themselves are more 
likely to generate new ideas and en­
able students to approach other prob­
lems with more confidence. 

Current Events Context 

Consider, for example, an event 
such as Steve Fanya's "Journey for 
Lives" across Canada. One newspaper 
report gave the following information 
about Fonyo: 

His daily 32-kilometre distance is 
marked by a series of orange cones 
placed at one-kilometre inter­
vals.* Between one set of two 
cones, he took 1, 179 steps. At 
that rate, how many steps will he 
have taken on his 7,320-kilometre 
cross-Canada journey? 

This hit of information can be 
used to devise interesting mathematics 
activities and problem-solving situa­
tions for students, who are likely to 
show more interest and effort because 
of their knowledge, awareness, and ad­
miration of a young Canadian hero. 
Children will be eager to solve the 
problem suggested by the news item. 
It is preferable to have students com­
pute the answer with a calculator 
after they have determined that the 
product of 1, 179 and 7, 320 w ill pro­
vide the answer. This problem becomes 
a lead-in to several other interesting 
problems, such as the following. 

1. How many steps do you take to 
walk a kilometre? 

This is a good problem situation 
in which there are no numbers. The 
f irst thing that must be determined is 
what information is needed. Next, how 
will the information be obtained? 
These conditions make the problem more 
realistic than the standard textbook 
variety. 

*The actual report had the cones at one­
mile intervals. The number of steps has been 
a djusted for one-kilometre intervals. 
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It is an excellent situation in 
which to involve the class in a dis­
cussion of how such a problem might be 
solved for each individual student. 
In such a discussion, teachers can ex­
pect some impractical suggestions amid 
some unusual and productive ones, but 
no suggestion should be dismissed 
without allowing the student to see 
why the idea may not be helpful. 
Sometimes, when that opportunity is 
given, a seemingly unproductive idea 
actually turns out to be a brilliant 
one. Class discussions that encourage 
students to speak without threat of 
embarrassment may do much to encourage 
confidence and persistence in problem 
solving, instead of frustration and 
futility. 

It is my belief that if you try 
out such a discussion with the above 
or similar problems, you will reap a 
harvest of more interesting ideas than 
you expect. Eventually, the discus­
sion will conclude with an agreement 
that, in order to solve the problem, 
each student must find the length of 
his step, or pace. Further discussion 
will result in decisions on methods 
and materials to be used for determin­
ing pace length. When each student's 
pace length has been determined, there 
are several ways in which the problem 
might be solved. 

Determination of Pace Length 

Method 1 • Have students work in 
pairs. One student should take a few 
steps and then freeze in position. 
The other student should use a metric 
tape to measure the distance from toe 
to toe or heel to heel. 

Method 2. Have the class work 
outdoors. Working in pairs, one stu­
dent starts from a marker, walks 10 
steps, stops, and marks the terminal 
spot. The two students use a long 
metric tape to measure the distance. 
The pace length is determined by di­
viding the distance by 10. 
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Solving the Problem 

Using a pace length of 40 centi­
metres: 

Method 1. There are 1,000 metres 
in a kilometre. We also know there 
are 100 centimetres in a metre. Con­
vert 1,000 metres to 1,000 X 100, or 
100,000 centimetres. Divide 100,000 
by 40. The number of paces = 2,500. 

Method 2. 

to 0. 4 metres. 
get 2,500. 

Method :3. 

Steps 
10 

100 
1,000 
2,000 

Convert 40 centimetres 
Divide 1,000 by 0. 4 to 

Make a table: 

Distance 
4 metres 

40 metres 
400 metres 
800 metres 

Note that with 2,000 steps, you would 
travel 800 metres, leaving only 200 
metres more to go. Note also that 
with 1,000 steps, you travel 400 
metres. Then, to cover 200 metres 
more, you need 500 more steps, or a 
total of 2,500. 

Method 4 • Guess and test. The 
goal is to walk 1,000 metres, or 
100,000 centimetres. 

FIRST GUESS: 1,000 steps. 
This takes you 1,000 X 40 centimetres, 
or 40,000 centimetres. This is much 
too small. 

SECOND GUESS: 2,000 steps. 
This takes you 2,000 X 40 centimetres, 
or 80,000 centimetres. This is much 
closer to our goal. 

THIRD GUESS: 2,500 steps. 
�his takes you 2,500 X 40 

r 100,000 centimetres. 
right. 

centimetres, 
That's just 

These various solutions are given 
to show that there are many ways of 
looking at a problem, any one of which 
may fit a student's learning style 
better than a preconceived convention­
al solution. Teachers who invite such 
a variety of solutions will find that 



students will he more successful and 
more positive in their problem-solving 
behavior. 

The above was a detailed discus­
sion of just one problem. Solving such 
a problem may actually whet the appe­
tites of students for additional re­
lated problems, such as the following: 

2. If you take 1,850 steps to walk to 
school, about how far is your home 
from school? 

3. How many steps would you take to 
Pun one kilometre? (Is your pace 
length for walking the same as for 
running?) 

4. A marathon distance is about 42 
kilometres. About how many steps 
would you take to walk that dis­
tance? 

5. The distance around the earth at 
the equator is about 40, 000 kilo­
metres. About how many steps 
would you have to take to go that 
distance? 

After problems like this, you may 
find that your students wish to create 
problems of their own. Such problems 
might be created individually or in 
groups for a "best problem of the day" 
contest. 

Advertisement Context 

Advertisements offer many opportu­
nities for motivating students. How 

many different problems could your 
students construct and solve using the 
information shown in the ad at the 
bot tom of this page? Here are a few 
examples: 

1 • How far would the Mercedes Benz 
190 E 2.3 go in 24 hours? 

2. How long would it take the car to 
go across Canada? 

3. How much fuel would the car use in 
one hour? 

4. How long would it take the car to 
travel 50,000 kilometres? Could 
this be done in eight days and 
nights? 

S. How much fuel was used to travel 
50,000 kilometres? 

6. The world's fastest human can run 
100 metres in 10 seconds. How far 
would the Mercedes Benz travel in 
10 seconds? 

Some of the above problems have 
insufficient information. Such prob­
lems provide an excellent basis for 
developing ideas about the problem 
conditions and estimation skills. For 
example, the question about fuel con­
sumption at 248 kilometres per hour 
compared to consumption at l 00 kilo­
metres per hour should be discussed. 

For students who are interested in 
things other than automobiles, numer­
ous other ads will provide them with 
interesting and challenging problem 
situations. 

In the past nine years, 
Mercedes-Benz has raced 

the clock four times­
and set fo�-one 

international records. 

ON A TRACK IN :-wIDO, fPJ.Y. on a 
sweltering August day, a l&vaJve 
four-cylinder �lercedes-Benz 190 E 2.3 
cros.ses its mark Jt 248 kilometres an 
hour. A cheer goes up from rhe 
gJthered techniaans. 

Nm because the cir is craveling at 
248 kilometres an houc 

Because me cir has been aiemg­
ing 248 kilometres an hour for eight 
days and nights. 
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Comic Strip Context 

The comic strip illustrated at the 
bot tom of this page provides another 
example of a situation which can be a 
highly motivating instrument for the 
construction of problems by students. 
The task is to formulate problems for 
which the answer is 11 potatoes. 

Here are a few examples, although 
your students will likely invent more 
interesting ones: 

1. For lunch, I ate four potatoes, 
and for dinner, I ate seven pota­
toes. How many potatoes did I eat 
altogether? 

2. There were 24 potatoes in a 
My mother cooked 13 of them. 
many were left? 

bag. 
How 

3. Polly filled five bags with 55 po­
tatoes. Each bad contained the 
same number of potatoes. How many 
were in each bag? 

4. On Sunday, Mike ate one potato. 
He ate three potatoes on Monday, 
five potatoes on Tuesday, and sev­
en potatoes on Wednesday. If he 
continues this pattern, how many 
potatoes will he eat on Friday? 

5. Two carrots have the same mass as 
one potato. How many potatoes will 
it take to balance 22 carrots? 

6. Instead of candles, my mother puts 
potatoes on my birthday cake. 
Last year, I was 10. What will my 
mother put on my next birthday 
cake? 

PEANUTS 

LL,'I-IAT 010 YOU M DOWN 
FO� THE FIRST QUESTION? 
I PUT DOWN ''ELEVEN" 

Sports Context 

It is not difficult to see how 
sports stories and statistics provide 
a wide variety of problem possibili­
ties that have wide appeal. Consider, 
for example, the daily standings of 
professional hockey teams. What prob­
lems might be suggested by the follow­
ing year-end standings? 

Goals 

Won Lost Ties Points Goals Against 

Edmonton 57 18 5 446 314 

Calgary 34 32 14 82 311 314 

Vancouver 32 39 9 73 306 328 

Winnipeg 31 38 11 73 340 374 

Los Angeles 23 44 13 59 309 376 

These figures provide an illustra­
tion of well-organized data and pro­
vide pr act ice for identification and 
selection of relevant data in various 
problems. Here are some possible 
problems students or teachers might 
construct at different grade levels. 

1. How many games did Winnipeg play? 
(Primary) 

2. How many more games did Edmonton 
win than it lost? (Primary) 

3. The number of points for Edmonton 
has been left out. What should 
Edmonton's point total be? (In­
termediate) 

4. If the number of wins and losses 
for Vancouver were reversed, how 

11Ll MAKE ff 
� UE\JEt,i POTAT0c5 .i 



many points would they have 
earned? (Intermediate) 

5. What was the average number of 
goals scored per game by Calgary? 
(Upper Intermediate) 

6. Vancouver and Winnipeg had the 
same number of points. If tie 
games were not counted, which team 
had the better percentage of games 
won? (Upper Intermediate) 

Feature Article Context 

Newspapers often contain articles 
which highlight a seasonal, recrea­
tional, or historical topic of special 
interest. An article written to com­
mernmorate the fiftieth anniversary of 
the legendary indestructible airplane, 
the Douglas DC-3, gave the following 
information about one particular air­
plane built in 194 2, which is still in 
service with the French navy. The 
plane's log book shows that it has 
used up 700 tires, 35, 000 sparkplugs, 
and 160 engines. Following are some 
examples of problems that could be 
constructed and solved. 

1. 

2. 

3. 

4. 

For every tire that had to be re­
placed, how many sparkplugs needed 
replacement? 

For each engine replacement, how 
many sparkplugs were replaced? 

What is the average number of 
tires, sparkplugs, and engines re­
placed each year since the plane 
was built? 

If the plane lasts 
years, about how many 
wi 11 be needed to keep 
vice? 

five more 
spark plugs 

it in ser-

A useful and interesting assembly 
of newspaper problems, appropriately 
titled "Newspaper Math, " is available 
from Collier Macmillan Canada Ltd. 
(Fraser, 1980). 

Summary 

The main purpose of this article 
is to illustrate the wealth of prob­
lem-solving material in daily newspa­
pers that has appeal for students. 
Such problems bring the real world 
into the classroom and motivate stu­
dents better than textbook problems. 
Sometimes the problem situations do 
not contain enough information; other 
times, they contain more than enough. 
In either case, students should be 
challenged to construct problems. 

It is also suggested that students 
should be given every opportunity to 
solve problems by different methods. 
Even if a method given by a student­
seems cumbersome, it may have the vir­
tue of being understood by that stu­
dent, and comprehension in problem 
solving is more important than churn­
ing out meaningless answers. Teachers 
who risk some loss of control in a 
truly open problem-solving atmosphere 
may be surprised by the growth in 
problem-solving skills and the im­
provement in attitude toward problem 
solving. 

WaZteT' SzeteZa is Associate PT'ofessoT', 
DepaT'tment of Mathematics and Science 
Education, UniveT'sity of BT'itish 
CoZumbia. He has chaiPed sessions and 
given pPesentations at the annuaZ 
meeting of the NCTM. IJr>. SzeteZa is 
the authoT' of "Pr>obZem SoZving in 
Mathematics: AT'e Reading SkiZZs ImpoT'­
tant?" pubZished in MCATA Math Mono­
graph No. 6, Reading in Mathematics. 

REFERENCE 

Fraser, Don. Newspaper Problems. Collier Mac­
millan Canada, Ltd., 1980. 
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Hindu Inversion in Present-Day 
Algebra Classrooms 

G.S. Bhalla 

Bronx Community College 

Hindus used inversion to solve 
number problems that were posed for 
intellectual pleasure. The method, 
known as "vilomagati" (working back­
wards), was a favorite method of Hin­
dus and was commonly used by them 
since early years of the Christian 
era. Beginning from the end, the sug­
gested operations were inversed: ad­
dition was changed to subtraction, 
multiplication changed to division, 
square to square root, and vice versa. 
Bhascara's Lilavati gave the rule of 
the method as: 

To investigate a quantity, one 
being given, make the di visor a 
multiplicator, and a multiplier a 
divisor; the square a root, and 
the root a square; turn the nega­
tive into positive, and a positive 
into negative. If a quantity was 
to be increased or diminished by 
its own proportionate part, let 
the lower (denominator) be in­
creased or diminished by its nu­
merator, and the numerator remains 
unchanged; and then proceed with 
the other operations of inversion, 
as before directed. 
(Brahmagupta, 1817) 

I have made use of inversion in my 
elementary algebra classes with excel­
lent results. The procedure rein­
forces basic algebraic operations, in 
addition to providing an insightful 
review of the solution of linear and 
quadratic equations. 
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Cons ider the following example: 

What is that quantity which, when 
divided by seven, then multiplied 

by three, then squared, then in­
creased by five, then divided by 
three-fifths, then halved, and 
then reduced to its square root, 
happens to be the number five? 
(Datta and Singh, 1935) 

Beginning from the end, the solu­
t ion by inversion proceeds as follows: 

Number 5 

Squared 25 

Doubled 50 

Multiplied by 3/5 30 

Decreased by 5 25 

Root 5 

Divided by 3 ± 
5 
3 

Multiplied by 7 ± 
35 

3 

Hence, Quantity ± 
35 

3 

The problem is solved using alge­
braic procedures as follows: 

Let the number X 

Divide by 7 
X 

7 

Multiply by 3 3x 
7 

Square 9x2 

49 

Add 5 9x2 
+ 5 49 



Divide by ¾ 

Halved 

Square root 

By question: 

/2 (9 x2 

+ 5 ) 6 49 

5 
3 
5 
6 

/¾ 

5 

9 x2 

<49 
+ 5) 

9 x2 

(49 
+ 5)  

9 x
2 

C49 
+ 5 ) 

To solve this, we square both sides to 
get: 

i (9 x2 

+ 5) 2 5  6 49 

Multiply both sides 
have: 

9x
2 

+ 5 49 

Subtract 5 :  

9 x2 

49 

Multiply by 49 /9 : 

x2 

by 6/5 , and we 

30 

25 

49 (25)  
9 

Take square root of both sides: 

X = ± 7 ( 5 ) 3 
+ 12  
- 3 

which is the required quantity. 

Steps of inversion and the alge­
braic solution are compared, and the 
technique of inversion of operations 
is  emphasized. 

Students are encouraged to do sim­
ilar problems by both procedures. 
They are asked to construct their own 
problems and solve them by both meth­
ods. The results of the stn. �egy are 
very interesting . Students o�velop a 
better understanding and appreciation 
of the algebraic operations. 

Dr-. Bhalla teaches in the Deparotment 
of Mathematics at Br-on:r: Corrurtunity Col­
lege, Broon:r:, New Yorok . 

EDITORS' COMMENT: Dr. Bhalla's article 
caused the editors to look at the pro­
cess of teaching solving equations. 
Two parallel but reversed processes 
are given. Should students be pro­
vided the opportunity to develop equa­
tions, as well as solve equations? 

Developing an Equation 
X = 2 
x + 3 = 5 (Add 3) 
3(x  + 3) = 15 (Multiply by  3) 
3 Cx

5
+ 3) = 3 (Divide by 5) 

Solving an Equation 

3(x + 3) = 3 5 
3 (x + 3) = 15 (Multiply by 5) 
x + 3 = 5 (Divide by 3) 
x = 2 (Subtract 3) 
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Broadening Horizons - Individual Student 
Projects in Mathematics 

Joan Haig 
Lethbridge Collegiate Institute 

During the past few years , I have toyed wi th ways to tap student interest in 
mathemat ics and to encourage students to go beyond what is req ui red by the cur­
riculum .  Time pressures are such that there is not a great deal of class time 
available for thi s .  A club works wel l  for the students who can f i t  it  into 
t he i r  busy schedules . What to do ? Back to the old proj ect ide a .  

M y  f i r s t  serious ass ignment o f  proj ects  was made at the Math 20  l evel in an 
honors clas s .  We talked about possible  topics , possible  sources of information , 
peop le who wou ld be helpful , and time limi t s .  The students we re then given a 
two-week period to inves t igate and select a topic  they we re interested in , and a 
f urther six weeks to develop the i r  idea . 

S ince this class was qui te  highly mot ivated and of a very verbal nature , it  
was decided that there wou ld be  three aspects  to each proj ect . The proj ect 
chosen wou l d  have to : 

1 .  demons t rate or explain some mathemat ical principle or be related to a spe­
c if ic branch of mathematics ; 

2 .  be presented to the class and have a vi sual , as wel l  as a verbal , aspe ct ; 

3 .  be handed  in as a text . 

The marks were divided among the three aspe ct s ,  and the results  were very 
exci t ing .  

Please bear i n  mind that these students were i n  thei r  first  semester  of 
Grade 1 1 .  The proj ects varied widely in scope and in method of presentation.  
The range included paper folding geometry , a proj ect that mapped tone patterns 
of di fferent musical scales , a computer  version of slot mach ines , models  of a 
s tel  lated dodecahedron , and a flexi hexagon.  I was very impressed wi t h  these 
young people , in bot h  their  choice of topics and their presentat ions . 

I have selected for your enj oyment one proj ect that reflect ed the s tudent ' s  
personal interes t , was very wel l  present ed , and d i d  not involve a great  deal of 
complicated paraphernal i a .  Kathy Prat t ' s  inves t igat ion of tessellat ions is an 
example of a personal interest topic that would not otherwise have been explored 
during high school . The fol lowing represents the handed-in port ion of Kathy ' s  
ass ignment . 
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Tessel lations 

The Romans decorated their buildings and towns with mosaic floors and pave­
ments made of very small tiles cal led tessel lae. From this word comes the word 
tessel lation, which is used to describe ways of fi l ling space. The study of 
these is one of the bridges between mathematics and art. Such decorations have 
been used for centuries, but today, artists, arthitects, and designers are mak­
ing more and more use of simple geometric shapes and the ways in which they fit 
together. 

A definition of a tessel lation is a repeated pattern of shapes, which are 
often polygons, that wi l l  completely cover a flat surface, leaving no gaps or 
overlaps. The following is an example of a tessel lation of rectangles: 

Shapes in a tessel lation must be capable of fitting together. An example 
would be a square that is changed slightly. To make the new shape tessel late, 
the added feature must be taken off the opposite side. The new shape wi l l  
tessel late. 

The square is 
changed to 

Take the added 
feature off the 
opposite side. 

The new shape tessellates. 

More complex shapes can be made using curved lines as wel l  as straight lines: 

Alter two sides 
of a triangle. 

This figure will have 
the same area as the 
original triangle. 
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Tes s e l l a t ions can be used 
t hree-dimens i o na l  e f f e ct s .  An 

c au s e  a t e s s e l la t ion can appear 
j u s t  by t he way it i s  col ored , 

to create cu rved l e ng thening , sho r t e n i ng ,  
impo rt ant aspe ct of t e s s e l la t i o ns i s  c o l o r ,  

one way and ent i re l y  d i f fe rent in anot her 

and 
be­
way 

These are t r i angu lar-based t e s se l la t i o ns , 
c o l ored d i f fe rent l y ,  

Some are the s ame t e s s e l la t i ons 
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Tessellations can be found in buildings, on material, wallpaper, floor cov­
erings, wrapping paper, and quilts. A tessellation of hexagons appears in hon­
eycomb and chicken wire. The following pattern is common on floor coverings :  

Shapes within tessellations can eas ily be adapted. The basic quadrilateral 
tessellation could be turned into two shoals of fish swimming in opposite 
directions: 

The Dutch artist Mauritz Escher visited the Alhambra Palace in Spain and was 
fascinated by the tiling patterns on the walls and floors. He began to experi­
ment to find how a surface might be regularly divided and filled with congruent 
figures without leaving any gaps. This led him to devote his life to developing 
more and more complex tessellations. 
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Even though we don ' t  usually notice tessel lations around us, they are a big 
part of our 11 ves . They affect our architecture, fabric , wal lpaper , floors , 
quilts, and art . They are also a part of our history . Tessel lations have been 
around for a long time, but there are always new and fascinating discoveries to 
be made . No matter how often they are used , they never fail to be interesting 
and remarkable . 

Joan Haig is head of the Mathematics Depar>tment at LethbT'idge Collegiate Insti­
tute. Joan has been active in the South West Regional of MCATA . 
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Families of Problems : Changing Conditions, 
Variables, and Information Sought 

John 8. Percevault 
University of Lethbridge 

S ince 1 980 , mathemat ics curricula 
have shown an increased emphas is  on 
problem solving .  Problems dif fering 
f rom the problems in  the text and non­
rout ine problems have been presented 
as al ternat ives . How success ful has 
this  emphas i s  on problem solving been  
in  developing be tter  thinkers and be t­
t er problem solvers ? 

The problems not ed below are be ing 
presented to upper-elementary students  
who have not learned to trans late , 
t hat is , to develop an equation .  Often 
the problem is presented in iso lat ion , 
solved , and subsequently forgotten .  

Alt ernatively,  groups of  related 
problems can be developed and solve d .  
Teachers can share their  thought pro­
cesses wi t h  students by asking ques­
t ions as problems are developed and 
s olved . Relationships and pat terns 
can be explored . The process of 
t hinking , the problem-solving strate­
gy,  can be emphasized as the proces s 
i s  used i n  solving the related prob­
l ems . Data from the problems can be 
organized to faci l itate  the abi l i ty to 
t rans la t e .  Students become problem 
s o lvers , not just  solvers of a 
problem. 

The process used throughout this 
a rt ic le involves the development of an 
o rganized lis t .  Admi t tedly , other 
s trategies could  be use d .  Sample 
q ue s tions , ind i cators of the teacher ' s  
t hough t , are pos ed . Relat ionships are 
probed . As the problem vari es , the 
t eacher and the student not e what has 
changed , namely , the condi tion , 
the var>iab le , or the inf or>mation 

sought . F inal l y ,  the organized li s t  
i s  used as the bas i s  for trans lation.  

Sample Problem 

A farmer has a un ique manner of 
determining how many animals - chick­
e ns or cows - he has . He counts the 
t otal number  of legs and the number of 
head s .  From this , he can determine 
the numbe r of chickens or cows . One 
day ,  he counted 26 legs and 1 0  heads . 
How many of each animal were there ? 
The solut ion , obt ained through use of 
an organized li s t ,  fo l lows : 

Figur>e 1 .  

N o .  of  No . of Chickens ' Cows ' Total N o .  
Chi ckens Cows Legs Legs o f  Legs 

0 I O  O 40 40 
9 2 36 38 

2*  8 4 32 36 
3 7 6 28 

6 8 24 
5 5 I O  20 
6 1 2  1 6  
7 3 1 4  1 2  26 
8 2 1 6  8 

9 I I 8 4 
I O  O 20 0 

*At this  point , students cou ld be chal ­
l enged t o  look for pa t t e rns . 

Sample quest i ons includ e :  

How i s  the numbe r o f  chickens 
changing? 

- How is the number of cows ' legs 
changing? 
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How is the total number of legs 
changing? 

Other questions that model the teach­
er ' s  thought processes could include: 

- Could we have a total of 33 legs? 

- What is the largest total of legs? 

- What is the smallest possible to-
tal of legs? 

- How many addition facts (two ad­
dends) are there? 

- Can you develop another problem 
from this data? 

- How many problems could be devel­
oped? 

Note that the basis for transla­
tion is being developed. Figure 1 is 
completed below, including two sample 
translations. 

N o .  o f  No . of Chickens ' Cows ' Tot al No . 
Chi ckens Cows Legs Legs of Legs 

X 1 0-x 2x + 4 ( 1 0-x) 26 

OR 

X y 2x + 4y 26 
(x+r l O )  

Variation #1  

The next time the students meet 
this type of problem, the farmer is 
sitting on his veranda. He counts 
wheels of vehicles and notes that the 
vehicles are either cars or bicycles. 
One evening, he counts 10 vehicles and 
26 wheels, or any of 1 1  possible to­
tals of wheels. The question is ob­
vious. 

A condition has changed. The 
pPocess used to solve the problem 
remains the same and transfers to 
another problem. Furthermore , when 
the student is taught to tPansfor'IT1, 
the thought process remains constant. 
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The process applies to other problems 
as well. Consider the following 
problem: 

Ten kilograms of a mixture of can­
dy sells at $ 2  and $4  per kilo­
gram. The value of the 10 kilo­
grams is $ 26 (or $38, or __ ). 
How many kilograms of each type of 
candy are there? 

Or, substitute : 

Twelve coins - nickels or dimes. 
The value of the coins is $ 1 ,  

Variation #2 

Change the location to a furniture 
shop that specializes in making chairs 
(four legs) and stools (three legs) . 
During one hour, 10 articles were pro­
duced that had a total of 34 legs. 
How many of each, chairs and/ or 
stools, were produced? 

Questions that could be asked include: 

- As the number of chairs increases 
and the number of stools de­
creases, how does the sum of the 
legs di ff er? 

- How many sets, each containing two 
addends , are there that have a sum 
of 10? 

- How many possible totals of legs 
are there? 

- How many different questions could 
have been asked? 

Another change in variables could 
roduce the following problem: 

Another day, the carpenter shop 
p reduced sofas (six legs) and 
stools. Twelve articles were pro­
duced using a total of 5 1  legs (or 
any other suitable replacement). 
The question is obvious. 

Questions, as well as those previously 
posed, could include: 



- How will the total number of legs 
vary over the 13 possibilities? 

The teacher may also wish to use 
the table that could be produced to 
develop the equation or system of 
equations. The process of developing 
an organized list transfers to a seem­
i ngly different problem. 

Figur>e 2 .  

No. of No , of Total  Legs Total Legs 
S tools Sofas ( S tools ) ( Sofas ) 

Total  
Legs 

0 1 2  

l 1 1  

0 

3 

7 2  
66 

72 
69 

4 ? 

? 5 

rr 39 
1 2  0 36 0 36 

X 1 2-x 3 (  X )  + 6 ( 1 2-x ) s SI  

OR 

X y 3x + 6y E S i  
( x + y : 1 2 )  

A variable, a number, has changed ; the 
process remains constant . 

Variation #3 

The basic problem is varied again. 
The information sought is changed. 

One day, the carpenter shop sold 
furniture orders to 1 1  customers. 
Each cus tamer bought 10 articles, 
either sofas and/or stools, chairs 
and/or stools, sofas and/or 
chairs . None of the 11 orders was 
the same. How many legs were re­
quired to complete all the orders? 

All of the questions posed previously 
are appropriate. Further questions 
may need to be asked, namely :  

- Have you solved a problem similar 
to this one? 

- How did you solve that problem? 

- Can you develop a chart? An or-
ganized list? 

- What must be done to answer the 
question posed in the problem? 

Variation # 4  

Some problems, such as the follow-
ing, have multiple solutions : 

One day, the farmer counted 32 
legs of chickens and /or cows, but 
forgot to count the number of 
heads. What combination of chick­
ens and/or cows could have a total 
of 32 legs? 

The conditions of the problem are 
satisfied with 16 chickens or eight 
cows, the largest and smallest total 
of animals. Many of the questions 
previously presented may be used. 
Once again, the strategy of a logical­
ly organized list will allow students 
to determine the other possible solu­
tions. 

Conclusion 

As the student experiences prob­
lem-solving situations, opportunity 
should be given to examine groups of 
related problems. Problems may be al­
tered by changing conditions, by 
changing the variables, and by chang­
ing the information sought. The pro­
cess of problem solving, the thought 
process, remains constant. Such a 
planned approach should allow students 
to solve problems, not j ust to arrive 
at the solution. Finally, problems 
may also be selected to assist the 
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students in translation , developing 
equations. 

The final problem posed in this 
article could be used to relate to in­
formation from other subjects or to 
have students seek information. 

Among the inhabitants of the plan­
et of Skol are giant spiders , each 
of which is fed by little men 
cal led Roods. Each day , the spi­
ders require exactly 48  fly legs. 
The flies of Skol are abnormal 
compared to the flies on planet 
Earth. Each female fly has two 
more legs , and each male fly has 
two less legs than the flies on 
Earth. How many combinations of 
female and/or male flies does the 
Rood need to catch to ensure his 
and the spider's survival? If  fed 
too many fly legs, the spider , 
Phoenix-like , explodes , and the 
little spiders devour the Rood. 
If  fed too few legs , the Rood is 
eaten to complete the spider's 
meal. 

Embellish the conditions toore if you 
want to. By now , you probably have 
had enough of legs. 

Acknowledgment 

The writer acknowledges the influ­
ence of John LeBlanc ,  in his address 
at the 1981  NCTM annual meeting. The 
schema presented by LeBlanc follows : 
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Effective Teachers Structure 
Questions -

For Understanding 
(a) Questions related to given 

information. 
(b) Questions related to stated 

conditions. 
( c) Questions related to questions 

asked ( main idea). 
( d) Questions related to a 

proposed solution. 

For Extension (Modifying 
Problems) 
(a) Modify variables. 
(b) Modify conditions. 
( c) Modify information sought. 

John Pe-,.cevauZt is Associate Py,ofes­
so-,., Faculty of Education, Unive-,.sity 
of Lethb-,.idge. He ser>Ved as a teach­
e-,., p-,.incipal, supe-,.intendent of 
schools, and mathematics consultant 
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te-,.ests include teaching thinking, a 
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Evaluating Problem Solving 

Hank Boer 
Lethbridge School District No. 5 1  

As problem solving becomes a 
greater part of mathematics education 
in Alberta schools, its overall com­
plexity will increase. Rather than 
giving students instruction about sin­
gle problems that have single answers, 
they will be provided with complex 
problems that require a more complete 
effort to solve. Here is an example 
of a complex problem. 

Consider 12. It has four numbers 
less than it that only have a fac­
tor of one in common with 12 (11, 
seven, five, and one). These are 
called monodivisors of 12. 
Similarly, six has two monodivi­
sors (five and 1). Investigate 
the number of monodivisors for 
different numbers. 

The above problem is taken from 
some British "O" level investigations. 
It is obvious that a student's comple­
tion of this problem will require 
greater effort than more traditional 
problems. After students are finished 
answering complex problems, the teach­
er is left with the difficult task of 
evaluating the student's work. The 
amount and type of work accomplished 
throughout the problem-solving process 
needs to be acknowledged and recorded. 
The student's work will vary in the 
type of solution and level of comple­
t ion. This type of problem requires a 
"holistic" approach to evaluation. In 
this article, an Impressionistic Scor­
ing Criteria scheme will be presented, 
which will give educators a valid ba­
s is for problem-solving evaluation. 

Problem Complexity 

A better understanding of problem­
solving evaluation can be developed if 
there is an appreciation of how prob­
lems vary in complexity. Relative 
measurement of complexity can be done 
using six factors. These factors are : 

1. stage implementation 
2. stage depth 
3. strategy implementation 
4. strategy depth 
5. open-endedness 
6. duration 

Stage implementation refers to 
the number of stages the student is 
required to execute for the successful 
completion of a problem. Alberta Edu­
cation suggests a framework of four 
stages. These are: 

- understanding the problem 
- developing a plan 
- carrying out the plan 
- looking back 

Complex problems usually use four 
stages. Less complex problems use 
one, two, or three of the stages. 

Stage depth refers to the degree 
w ith which each stage of the four­
stage framework is implemented for the 
successful completion of a problem. 
Complex problems require that stages 
be fully implemented. Less complex 
problems require only partial imple­
mentation of a stage. 

Strategy implementation refers 
to the number of strategies that can 
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be or must be used to success full y  
complete a problem. Some examples of 
strategies as outl ined in Alberta Edu­
cation documents include: 

- l ooking for patterns 
- identifying key words 
- using a simpler problem 
- app lying patterns 
- looking for alternative ways to 

solve the problem 
- making diagrams and models 

Comp lex problems tend to have more 
possible strategies or require the im­
p lementation of more than one strategy 
for their successful completion. Less 
complex problems use fewer strategies 
( usually  one). 

Strategy depth refers to the de­
gree of imp lementation of the strategy 
such that the problem is completed. 
More complex problems have higher de­
grees of strategy implementation than 
less comp lex problems. 

Open-endedness has primary ap­
p lication to the "looking back" stage 
of the problem-solving framework. If 
the comp letion of a problem leads to 
the exploration of many facets of that 
problem or problems like it, then the 
problem is said to be open-ended. 
Complex problems tend to be more open­
ended than less complex problems. 

Duration refers to the amount of 
time and ef fort required to complete a 
problem. Complex problems have higher 
duration levels than less complex 
problems. 

Comp lex problems have high levels  
of  stage implementation, stage depth, 
strategy implementation, strategy 
depth, open-endedness, and duration. 
Complex problems have an inherent 
"creative" aspect to them, which al­
l ows students to explore problems 
rather than just find right answers. 
This creative element of mathematics 
motivates and inspires teachers and 
students. The inclusion of problem 
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solving (especially open-ended comp lex 
problems) in the mathematics curricu­
lum can enhance the environment for 
creative learning in the mathematics 
classroom. 

Evaluation of Problem Solving 

The evaluation of complex problems 
requires a dif ferent approach than 
trad itional right-answer or part-mark 
approaches. Ideal ly, recording a stu­
dent's performance and behavior during 
a complex problem-solving session 
would give a teacher the best data for 
making accurate and objective evalua­
tions. However, the logistics and 
t ime required for such an evaluation 
technique is limited by the time 
needed to observe and interact with 
each student. There are two possible 
solutions: (1) use an instrument that 
records objective and observable stu­
dent behavior data quickly and eff i­
ciently, or (2) evaluate the written 
work and make inferences about the 
student's ability at completing each 
complex problem. An Impressionistic 
Scoring Criteria scheme assists the 
teacher in evaluation of student be­
havior and written material. 

The Impressionistic Scoring Crite­
ria scheme, developed by the writer 
and outlined on page 26, was borrowed 
heavily from a scheme previousl y  <le­
vel oped by Dr. Terry Ru snack and the 
writer for evaluating process skil ls 
in science. It rates students on a 
scale that is linked to observable 
student behaviors. The teacher uses 
it in checklist fashion. It looks at 

he complete problem-solving process 
r ather than at just evaluating stu­
dents on the correctness of their 
answers. 

The criteria were developed in 
four categories: 

1. problem-solving stages 
2. strategies 
3. solution, and 
4. participation. 



These categories can be changed to fit 
various teaching situations . All of 
them can be used at once, or they can 
be used individually .  In addition, 
they are not exhaustive, and educators 
could easily develop other categories . 

In using the scheme for observable 
student behavior, a teacher could cir­
culate around the room and record data 
as students do their work. Also, it 
is sufficiently flexible that teachers 
could use it to evaluate students' 
written solutions . 

Teachers who have used it have re­
ported that it is quick and accurate. 
In addition, these teachers have re­
ported an increased understanding of 
problem solving because they had been 
forced to look at the complexity of 
student behavior in solving these 
problems .  They have found there is 
more to problem solving than just 
finding solutions . 

In conclusion, complex problems 
require more involvement from teachers 
so that students will receive fair and 
just evaluation . The Impressionistic 
Scoring Criteria scheme can assist 
teachers with evaluating student solu­
tions to complex problems. 

Hank BoeP is CooPdinatoP of Mathemat­
ics and Science, LethbPidge School 
DistPict No. 51 . CUPPently, MP . BoeP 
is pPesident of the South West Region­
al, MCATA . 

EDITORS ' NOTE: Readers may be inter­
ested to compare the Impressionistic 
Scoring Criteria scheme presented in 
this article with the Mathematics 
Problem-Solving Behavior Scale dis­
tributed by Alberta Education . This 
rating scale is provided on page 27. 
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N °' 

5 

4 

3 

2 

1 

Problem-Solving 
Steps 

made an effort using 
four of the s teps 

made an e f f ort using 
three of the steps 

made an e f f ort us ing 
two of the steps  

made an e f fort using 
one of the steps 

Excused Absence 

COMMENTS : 

Impressionistic Scoring Criteria 

Strategies ( ? ) Solution Participat ion 

has cons ide rab le dep t h  - comple t e  - i nvolves oneself  
and expertise in  us ing - correct solut ion quick ly 
the strategy - used more than one strategy 

- manipulated the problem and 
solut ion 

has expert ise in using - complete  - needs a s tart 
the strategy - correct solution 

- used more t han one s t rategy 
or  manipulated the problem 

has some expertise i n  - somewhat complete  - needs periodic  
using the strategy - correct solut ion as s i s t ance 

needs to develop exper- - incomplete  - needs constant 
t ise in the strateg y  - has errors attention 

Excused Absence Excused Absence Excused Absence 

COMMENTS : COMMENTS : COMME NTS : 



Mathematics Problem-Solving Behavior 
Rating Scale 

1 .  CIRCLE the number> indicating your> roting for> each of the four> indicator>s, 
based on the defined obser>vabie behavior>s. 

2 .  Add the cir>cled number>s to detemine the scor>e. 

Understanding the Problem 

- Asks the questions to clarify the problem 
- States relevant facts in the problem 
- Perceives implied relationships 

Devising a Plan 

- Summarizes data by making a table, graph, 
or diagram 

- Develops approaches ( looks for patterns, 
works backwards, makes predictions and 
verifies , decomposes problem into parts) 

- Recalls related problems previously solved 
- Estimates solution 

Carrying Out the Plan 

- Uses a table or diagram to arrive at 
solution 

- Applies a formula 
- Performs computation required for solution 
- Decides where to begin 
- Switches strategy when it is no longer 

applicable 

Looking Back 

- Describes strategy used in solving the 
problem 

- Verifies that solution satisfies 
conditions of the problem 

- Looks for alternative ways to solve the 
problem 

- Creates applications or related story 
problems 

Observed to a 
High Degree 

5 4 

Observed to a 
High Degree 

5 4 

Observed to a 
High Degree 

3 

3 

5 4 3 

Observed to a 
High Degree 

5 4 3 

Not 
Exhibited 

2 l 

Not 
Exhibited 

2 1 

Not 
Exhibited 

2 1 

Not 
Exhibited 

2 l 

SCORE : 
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1 .  

Investigating Number Relationships 

Study the 

( a) Write 

(b) What 

(c) What 

Oscar Schaaf 

University of Oregon 

1 + 2 = 3 
4 + 5 + 6 = 7 + 8 

9 + 10 + 11 + 12 = 13 + 14 + 15  
16 + 17 + 18  + 19 + 20 = 21 + 22 + 23 + 24 

number patterns in the above sequence of equations. 

the next two equations. 

would be the first number in the tenth row? The last number? 

would be the first number in the nth row? The last number? 

2. In the second row, the sum of the consecutive numbers on each side of the 
equal sign is 15. 

(a) Write another set of consecutive numbers whose sum is 15. 

(b) Are there other such sets whose sum is 15? Explain. 

3. The third row shows two sets of consecutive numbers with a sum of 42; the 
fourth row shows two sets with a sum of 90. 

(a) Is it possible for every integer less than 35 to be a sum of two or more 
consecutive positive integers? Make a systematic list. 

(b) Which numbers, if any, cannot be sums of consecutive numbers? 

(c) Which numbers can be sums of two consecutive positive integers? 
important characteristic or property of these numbers. Write 
braic expression which describes these numbers. 

Give an 
an alge-

(d) Which numbers can be the sums of three consecutive positive integers? 
Give an important property of these numbers. Write an algebraic expres­
sion that describes these numbers. 

4. Write two questions involving consecut ive numbers for other class members to 
answer. Be certain you can answer your own questions ! 

Many mathematics educators consider the study of relations and functions as 
the heart of algebra. Students should be expected to search for relationships 
in their physical environment. In mathematics itself, they should express these 
relationships using word descriptions, tables, graphs, equations, and other al­
gebraic expressions, and use these expressions in solving problems and making 
predictions. This lesson on investigating number relationships can be done in 
an algebra class early in the year while students are becoming familiar with al­
gebraic expressions and variables. 
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Comments 

Have students study the lesson sheet on their own for several minutes before 
allowing them to work together in groups of three or four. Encourage students 
in the group to answer their own questions before seeking your help. Questions 
l (c), 2 (b), 3 (c), and 3 (d) should be discussed during the lesson 1 s culminating 
session. 

ANSWERS:  

1.  (a) 25 + 26 + 27 + 28 + 29 + 30 3 1  + 32 + 33 + 34  + 35. 
36 + 37 + 38 + 39 + 40 + 41 + 42 43 + 44 + 45 + 46 + 47 + 48. 

(b) 100, 120. 
(c) n, (n + 1) -1 or n + 2n. 

Ask pupils to discuss the method they used to get the last number in the 
nth row. Several methods will likely be mentioned. 

2 .  ( a ) 1 + 2 + 3 + 4 + 5 .  

3.  

(b) Not with positive integers. There are several more if students choose 
to use negative integers and zero; for example, -3 + -2 + -1 + 0 + 1 + 2 
+ 3 + 4 + 5 + 6. There are only three solutions - one with two consecu­
tive numbers, one with three, and one with five. The last sum with six 
consecutive positive integers is 2 1. 

(a) No. 
(b) 1 '  2, 4, 8, 16, and 32. 
(c) 3, 5, 7, 9, 1 1, 13, 15 . . . 35. Odd numbers from 3 through 35. 

2n + 1 where n is a positive integer. 
(d) 6, 9, 12  • . . 33. Numbers divisible by 3 from 6 through 33. 

3n + 3 where n is a positive integer. 

4. Answers will vary. These questions should be used as a follow-up lesson. 

OscaP Schaaf is PPofessoP EmePitus, College of Education, UnivePsity of 0Pegon . 
He has been a speakeP at rrany NCTM meetings, induding those held in AZ.bePta . 
DP . Schaaf was diPectoP of the Lane County Mathematics PPoject, which focused on 
pPoblem solving . He suggests this pPobZ.em-solving lesson is suitable fop use at 
the junioP and senioP high school, level . 

EDITORS' NOTE: Students are encouraged to submit questions to the editors at the 
following address: 

The Editors 
Delta-K 

c/o 2510 - 22 Avenue S 
Lethbridge, Alberta 

TlK !JS 

29 



Students are encouraged to examine the problem presented below. Why 
does it work? Send your explanation to: 

The Editors 
Delta-K 

c/o 2510 - 22 Avenue S 
Lethbridge, Alberta 

T lK 1J5 

The names of students who successfully explain the trick will be 
published. 

Lightning Addition 

Ian D. Beattie 

University of British Columbia 

For many years, magicians have used mathematics to entertain and 
t heir audiences with amazing feats of mind reading, prediction, and rapid 
lation. Most of these feats can be explained simply and learned quickly. 
who know the "trick" can derive great satisfaction from mystifying 
friends, or, for teachers, their pupils ! 

The Trick 

puzzle 
calcu­

Those 
their 

1 .  Ask a friend to write down any two one- or two-digit numbers, one below the 
other. 

2. Tell him to add these two numbers and write the result below the other two. 

3 .  Now, ask him to add this new number to the one above it to get a fourth 
number. 

4. Ask him to keep doing this until he has 10 numbers written in a column. 

5. Make sure that, while he is doing this, you cannot see the numbers. When he 
has obtained the 10 numbers, ask to see them. 

6. You then quickly write in the total of the 10 numbers. 

7. How? The total of the numbers is found by multiplying the fourth last num­
ber by 1 1. 
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This works no matter what numbers your friend chooses. The request that he 
use one- or two-digit numbers is just to keep his addition simple. It is help­
ful to do this on a blackboard so that classmates can check your friend 's addi­
tion as he goes along. 

An Example 

Let's say the numbers 21 and 32 are chosen. Then the 10 numbers are: 21, 
3 2, 53, 85, 138, 223, 361, 584, 945, 1, 529. Their sum is 3,971. The fourth 
last number is 361. Eleven times 361 is 3971. 

Dro. Beattie is Associate Proofessoro, Deparotment of Science and Mathematics 
Education, the Univerosity of Broitish CoLumbia . 
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What Is the School? 

Who Is the Pupil? 
A child of God, not a tool of the state. 

What Is the Teacher? 
A guide, not a guard. 

What Is the Faculty? 
A communi ty of scholars, not a union of mechanics. 

What Is a Principal? 
A master of teaching, not a master of teachers. 

What Is Learning? 
A journey, not a destination. 

What Is a Discovery? 
Quest ioning the answers, not answering the quest ion. 

What Is the Process? 
Discovering the ideas, not covering the content. 

What Is the Goal? 
Opened minds, not closed issues. 

What Is the Test? 
Being and becoming, not remembering and reviewing. 

What Is the School? 
Whatever we choose to make it. 

- Source Unknown 
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