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The Lord said, "Le t  there be 
light, " and so there was, and i t  was 
good. The mathemati cian said, "Let x 
be the unknown q uantity, " and so it 
was. Many problems were so 1 ved, and 
i t  was good. The NCTM said,  "Let 
problem solving he the focus, " and in­
deed it was, and it was good. In  
fact, there was a great flurry of ac­
tivity and enthusiasm and commitment, 
and thi s was very good . 

It came to pass that the id eas of 
a great scholar named Polya were car­
ried far and wide, eventually to be 
accepted and enshrined as " The Four 
Commandments, " which all di sciples 
preached and som etimes practiced. 
Children, both young and old, were en­
couraged and guided to practice the 
Commandments, for it  was bel ieved 
that, in this way, genuine problem 
solvers would come about. 

One day, a young lad, a most suc­
cessful problem solver to be sure, 
realiz ed that i t  was the Fourth Com­
mandment, often called "looking hack, " 
t hat enabled him to conti nue to grow 
and to harvest the fruits of hi s past 
activi ty ,  for i t  was the Fourth Com­
mandment that i nd eed commanded him to 
harvest, although he had not reali zed 
thi s before, si nce he thought it was 
simply a commandment to review, a com­
mandment that hi s teachers routinely 
practised i n  many other settings al­
most to an excess. 

He continued to solve problems, 
for the environment was rich i n  prob­
lems.  He devoted more and more of his 
time to the Fourt h Commandment, look-

1 8  

i ng hack at hi s work with antici pation 
of seeing something he had overlooked , 
and each time was rewarded handsomely ,  
so percepti ve had he h e  come. He had, 
i nd eed , become a master of looking 
back, of reflecti ng upon hi s acti vi­
ties, sometimes to the exclusion of 
other activities. 

"Have you e ver wondered what happens 
to a problem on i ts way to a 
solution?" 

His teacher noticed that he was no 
longer the first one to ask for new 
problems. He had taken to only solv­
i ng the " problem of the week." He di d 
thi s  masterfully and wi th kee n i n­
sight, sometimes programming general 
solutions on the microcomputer when 
thi s  was appropriate, but his teacher 
was worried about his lack of produc­
tivi ty. Noticing that hi s teacher was 
concerned , and knowing his teacher was 
truly a beli ever in  the Four Command­
ments, he sat down beside her one day 
and asked , "Have you ever wondered 
what happens to a problem on i ts way 
to a solution? "  Somewhat taken aback, 
but not totally surprised, she re­
plied , "Well not really. The FC (Four 
Commandments) don't really lead us to 
ask such a question, do they ? "  

"No, I guess they don't, " he said, 
" and I suppose that's one reason why I 
haven't felt that it  was appropriate 
to ask. " 



Sensing that he was still somewhat 
hesitant to ask, she said, "Now that 
the question' s been raised, I find it 
intriguing. Wh at led you to it?" 

" I' m  not really sure, but in fol­
lowing the Fourth Commandment, it came 
to me one day that all these problems 
that you have provided for us are 
really not that different at all. " 

"You mean, for example, that the 
chickens and pigs problem is similar 
to the motorcycles and cars problem? " 
she asked. 

"That' s part of it, I guess, but 
only a small part of it. It' s  much 
bigger than two problems being alike. 
It' s all problems being alike. Like 
there' s more to it than the problems. 
In fact, the problems themselves 
aren' t very important. Even the math­
ematics in the problems isn't very im­
portan t! " H is voice quivered. 

This was the first time she had 
ever had a student who had dared to 
probe beyond the FC. " I ' m fascinated. 
Tell me more." 

" I' m  having trouble understanding 
it myself, but I ' ll try. Actually, it 
is more than j ust the question of what 
happens to a problem on its way to a 
solution - much more, in fact. Even 
so, I think the best place to start is 
with the question that got me started. 
That question is this: What is an an­
swer? For some time now, I have been 
asking myself this question each time 
I came up with an answer to a problem. 
Now I ask myself this question before 
I come up with an answer, and believe 
me, it really helps me to understand 
both the problem and what I' m doing to 
solve it. " 

"That sounds fascinating, but I ' m 
not quite sure T understand, "  she 
said. "Could you give me an example? "  

"I ' ll  try. Remember last week 
when you asked me to help Marvin with 
his mult i. plication facts? I think I 
learned more than he did. He couldn ' t  
seem to remember anything and didn ' t  
want to. I said it was important. He 
said it wasn't. I tried to explain 

why it was, but to be honest, I really 
dido ' t even convince myself that it 
was important. That bothered me. I 
remember one thing very well. When I 
asked him what is 2x8, he said 8+8. I 
was just about to tell him he was 

"We have gotten so used to expecting 
the answer to be in tens and ones that 
we have forgotten that we expected it 
in that way. " 

wrong again, but I didn' t. I just 
looked at him and he looked at me. He 
wasn' t wrong ! 2x8 = 8+8. In fact, 
there were a whole lot of correct an­
swers: 4 x4 ,  20-4, 4 squared, 10+6. At 
that moment, it dawned on me that I 
could keep on giving correct answers 
forever, and all of them would be dif­
ferent, yet correct. Then why do we 
insist that 16  is the correct an­
swer? I asked Marvin, but he didn' t 
know. Marvin asked me. As I stumbled 
my way to an explanation, I eventually 
stated that 1 6  is the answer sim­
ply because it is the simplest way to 
write the number 2x8. Marvin wouldn ' t  
let me off the hook with that. He 
wanted to know what was so simple 
about 16. It didn' t seem so simple to 
him. Perhaps it was simple only to 
simple minded persons ! I told him 
then that I really didn ' t  know. He 
said that' s why he hated math. Then 
it dawned on me : 1 6  is si[f!ple because 
it is the answer according to tens and 
ones. We always group by tens and 
ones. If we always write a number ac­
cord ing to tens and ones, it becomes 
simple. We get used to it. We expect 
it. We have gotten so used to expect­
ing the answer to be in tens and ones 
that we have forgotten that we ex­
pected it in that way. " 

" I  think you' re really onto some­
thing here , "  she sai<l . "What you' re 
saying is that basic facts like 2x8 = 
? are real ly problems, but that we 
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have got ten so used to experiencing 
t hem as facts that we overlook wha t 
constitutes an answer to these prob­
lems . I think you may be right. But 
I think I may have interrup ted your 
s tory." 

"Not really , but there is more. 
When I tol<l Marvin that  16 was the 
answer hecause it was the name for 2x8 
in tens and ones , he shrugged his 
shoulders as if to say , ' So what? ' I 
started to get exci ted because I 
thought I saw a way to ge t him into 
t his . Even though you have said that 
t he math balance is not a very good 
device , I got it off the shelf and put 
two weights on the P.ighth peg on the 
lef t side , and told Marvin that that 
was two groups of eight or 2 x8. He 
had no trou hle with that. I then put 
four weights on the fourth peg on the 
right-hand side , and said that was 
4 x4 .  The balance was level , so we 
knew that 4x4 was a correct answer. I 
asked Marvin to put on some other cor­
rect answers. He put two weights on 
t he eighth peg of the right-hand side , 
and it worked. I wouldn ' t  have done 
t hat , but 2x8 certainly is a correct 
answer to 2x8. ' Rut what is the 
answer , Marvin? '  Without hesitating , 
he put a weight on the tenth peg and a 
weight on the sixth peg , and nearly 
glared at me. We must have <lone 40 or 
SO basic facts on the balance that 
morning , and I don ' t  think it entered 
Marvin ' s  mind that he should be 
bored." 

"That explains Marvin ' s  behavior. 
This week he hasn ' t  been nearly as 
disrup tive. But what has this got to 
do with problem solving ? "  

"That ' s  exactly what I asked my­
self when I did the Fourth Commandment 
after working with Marvin. I asked 
myself why Marvin pursued so many ex­
amples on the ma th balance. He didn ' t  
ge t bored , but I c ertainly did. I 
tried to look back at what we were do­
ing. First , we had some information 
about a number (such as 2x8) , but the 
i nformation was not in the form that 
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we wanted it. What we wanted was the 
same information to be in the form of 
t ens irnd ones . So next , we put the 
initial information (2x8) on the math 
balance , and then arranged it in tens 
and ones on the other side. And fi­
n ally , we read off the number as 16. 
And Marvin knew that was the answer 
because it was in the form we wanted." 

"This is interesting . You 're 
t elling me that problem solving is 
simply transforming information . That 
we begin wi th some information as giv­
en  in the problem. Then , knowing that 
t he answer is simply asking for a par­
ticular form for the initial informa­
tion , we transform the information 
(using the math halance in this case) 
until we ge t it into the desired form. 
Have I izot it?" 

"I  think you ' ve got it exactly. 
What was really bothering me earlier 
was that I didn ' t  realize that for ba­
sic facts , there was a desirable form 
for the answer. It  now seems perfect­
ly clear to me that if  I didn ' t  know 
the desired form for the information , 
finding an answer would make no sense 
whatsoever. And I t hink that was Mar­
vin ' s  case." 

"I t hink you ' re onto something im­
portant here , and I hate to dampen 
your enthusiasm , but perhaps other 
problems do not fit your scheme , "  she 
said. 

"You may be right. All I c an say 
is that I ' ve tried it with all the 
problems you gave as problems of the 
week , and they all fit the scheme. 
The pigs and chickens problem is a 
good example. Remember :  18 animals ; 
SO legs. How many chickens ; how many 
pigs? I ' ll never forget when you 
asked us to imagine that we were 
c ommanders-in-chief of the barnyard 
and all an fmals would obey us. ' All 
animals on your back. ' We see SO legs 
up. ' Each animal put down two legs . ' 
Now we see 2xl8 , or 36 legs,  go down , 
leaving 50-3 6 ,  or 1 4  legs , rewaining 
up. We also see that only pigs have 
legs up and that each pig has two legs 



up. So, with 1 4  l egs up and two pe r  
p ig, th ere mus t be 1 4 / 2  or seven pigs . 
There mus t then he 18-7 , or 1 1  chick­
ens . We had th e initial in forma tion : 
1 8  animals ( pigs and ch ickens ) and SO 
l egs . We kn ew the final form for the 
informa tion : so man y  chickens , so man y  
p igs . So w e  began trans formin g the 
initial in forma tion , p uttin g  it into 
various form s ,  each hop eful l y  gettin g 
us clos er to th e d esired form . Wh en 
we saw  the 1 4  l egs up with two per 
p ig, we kn ew we had th e in formation 
n earl y  th e way we wanted it. At this 
point, th e probl em was al l hut sol ved 
( we nearly had th e in formation in fi­
nal form) . S eeing the s even pigs and 
the 1 8-7= 1 l chickens was then s eeing 
the ans wer, the final form for the 
informa tion . "  

"Yes ,  tha t does fit nicel y. But 
d on ' t  we also have probl ems in which 
we don ' t  kn ow th e form for th e answer? 
In fa ct, sometimes we don ' t  real l y  
know wha t  an answer looks like, and 
the probl em real l y  is finding out what 
an ans wer might be. For exampl e, wh en 
a math ema tician is trying to solve an 
unsolved problem, he or she may not 
know th e exa ct form for th e ans wer, 
making it very difficul t to trans form 
the initial in formation un til it is in 

final form. " She paus ed al mos t as if 
she were trying to ans wer her own 
q ues tion . "But yet, in s uch a cas e ,  
the probl em is to find an appropriate 
form for an ans wer and to d efend the 
appropria ten ess of any form we may 
crea te. " 

Th e lad did not choos e to argue 
with his teach er. Somehow he fel t 
tha t wha t  she had jus t said ind eed did 
fit what he had done when he thought 
h e  had come up with what, for him, 
were new forms for problem sol vin g .  
His sch eme was a n  ans wer to th e op en ­
end ed probl em, "What happens to a 
p roblem on its way to an ans wer? " 
Whether or not his s ch eme was an ap­
p ropria te form for the ans wer, onl y  
time would tel l .  In the meantime, 
Ma rvin s ure seemed to be a chan� ed 
p ers on , and so was his tea ch er. 
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