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EDITORIAL 

Direction 

The editor remains committed to the three ohjectives for Delta-K stated 
in the last issue. Were the articles in the October 1985 issue useful to class
room teachers? Student solutions to the problems posed have not been received. 
Apparently, this objective may have to be reexamined. The increasing number of 
Alberta mathematics educators whose articles appear in this issue is evidence 
that the third objective is realized. 

Comments 

Dick Holmes, a friend and professional colleague of Marshall Bye, has 
prepared a tribute to the first recipient of the Mathematics Educator of the 
Year Award. Marshall was presented with the award at the MCATA Annual Confer
ence held in Red Deer in October 1985. 

William Cooke discusses three types of reluctant learners found in mathe
matics classrooms, and suggests approaches for therapeutic intervention. The 
results of a survey on the status of implementing problem solving into the cur
riculum in southern Alberta schools is presented by Ron Cammaert. A. H. Skol
rood and M. Jo Maas draw parallels between problem solving in mathematics 
and the inquiry (problem solving) approach in social studies. D. Sawada 
probes the thought processes of a young problem solver, Marvin. All mathematics 
t eachers who have a "Marvin" in their classroom would consider themselves fortu
nate. (Or would they?) Don Kapoor examines reading skills necessary for 
the successful teaching and learning of mathematics. Theory and practice are 
interrelated. 

The next group of articles present ideas teachers may wish to use. Joe 
Krywolt describes how he has organized his classroom for instruction in prob
lem solving. M. Jo Maas offers suggestions for incorporating drill and 
practice with problem solving. The extensions she provides for a basic problem 
are interesting and useful. John Van de Walle reviews pertinent literature 
and offers suggestions that could improve instruction in fractions and <lecimal 
numerals. Three solutions to a calculus problem are presented by D. Duncan 
and B. Litwiller. 

The contributors to the Student Prohlem Corner are L. Esposito anrl 
John Percevault. Try the problems with your students, and encourage students 
to forward their solutions. The next issue of Delta-I< will focus on "Tech
nology in Mathematics Teaching." 

Change in Editorship 

Dr. Arthur Jorgensen has accepted a position in Jamaica for 18 months, com
mencing January 1986, to work on developing an elementary mathematics curricu
lum. Art will be misse<l as co-editor of your journal. Good luck, Art! 

- John Percevault 
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A Tribute to Marshall Bye 

Dick Holmes 
University of Calgary 

Marshall Bye 

Marshall Bye, the first recipient 
of the Mathematics Educator of the 
Year Award, was born and raised in the 
Peace River region of Alberta. He 
worked on the farm and in the mill 
camps of British Columbia to help fi
nance his education. 

Marshall has an outstanding back
ground of academic achievement. He 
earned his B.Ed. degree from the Uni
versity of Alberta, and in 1962, re
ceived a Shell Merit Fellowship in 
mathematics to Stanford University. 

In 1968, he was awarded a National 
Science Foundation Scholarship to 
study mathematics at Wayne State Uni
versity in Detroit, were he earned an 
M.Ed. degree. In 1972, while on sab
batical leave from the Calgary Board 
of Education, he studied in London, 
England, at the University of London 
Institute of Education and was named 
as Associate of the University of 
London. 

The beginnings of an illustrious 
teaching career hegan in Peace River, 
where he taught elementary and junior 
high school. 

In 1952, Marshall left the Peace 
River country and moved to southern 
Alberta. He taught in the County of 
Wheatland and there, in 1959, assumed 
his first principalship, He remained 
with the County of Wheatland until 
1964, when he moved to Bowness High 
School in Calgary. He served as math
ematics department head at Bowness 
High until 1967, when he became a mem
ber of the central office curriculum 
staff as secondary mathematics consul
tant. One year later, he was named 
mathematics supervisor, a position he 
held until his retirement in July 
1983. 

Marshall's interest in, and dedi
cation to, mathematics is reflected in 
the many responsibilities he has as
sumed in this area. He was president 
of MCATA in 1966 and most recently 
served on the executive of the Nation
al Council of Supervisors of Mathemat
ics, He has presented sessions at 
conferences and conventions all over 
North America, is a successful author 
of mathematics textbooks, has taught 
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mathematics methods courses at the 
university level in Calgary and Mon
tana, and has heen a member of many 
provincial mathe111atics committees and 
research teams, 

tions in his motor home with his love
ly wife, Evelyn, Marshall dotes on 
his grandchildren, the offspring of 
his daughters Carole and Joanne, 

We wish him well in his retirement 
and congratulate him on his most re
cent and well-deserved honor, 

Now that he has retired (at least, 
from regular duties with the Calgary 
Board of Education), he hopes to find 
time to pursue some of his interests, 
He likes photography, loves camping 
and hiking, and takes many small vaca-

Dick Holmes is a faculty associate of 
the University of Calgary. 
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Seven-Link Chain Problem 

Basic Problem 

During a revolution, a prince escapes with an expensive seven
I ink gold chain. He finds a haven at the home of a trusted peas
ant, and the prince and peasant agree to the fol lowing conditions: 

1, One link of the chain will provide one day of protection. 

2, A I ink must be given at the start of each day, Stated another 
way, there w i I I be no prepayments or arrears. 

3. The pr i nee and peasant agree that the chain shou Id be cu-t in 
such a manner that a minimum number of I inks are cut, 

How many Ii nks need to be cut so that the pr i nee may pay the 
peasant one link per day with no prepayment or arrears occurring? 

Variations of this problem are given on pages 14 and 35. The 
problems require the same basic analytical ski I ls, but different 
questions are presented in each. 



Mathematics and the Reluctant L,earner 

William A. Cooke 
University of Leth bridge 

The following data will examine 
the problem of motivation as it re
lates to reluctant learners, particu
larly those elementary school children 
who have developed serious emotional 
blocks to the learning of mathematics. 
The degree of success of teachers de
pends directly upon the degree to 
which they understand why such mo
tivational blocks occur. The children 
discussed in this paper are for all 
intents and purposes mentally capable 
of learning, are of perfectly adequate 
intelligence, and there i.s no indica
tion of learning disabilities of a 
"specific" nature, no sensory depriva
tion, neurological impairment, nor any 
identifiable cerebral dysfunction. 

Motivational Blocks: Three Types 

Mathematics blocks are more fre
quently described in terms of adjust
ment problems than in terms of learn
ing problems (Beilin). The difficulty 
generally stems from the affective do
main, rather than resulting from some 
primary cognitive deficit. Numerous 
descriptors have been ascribed to 
children experiencing this type of 
blocking. They have heen described as 
anxious and defensive (Hewitt), as ag
gressive and contentious (Lilly), and 
as social i.zed deviants (Crow). These 
sets of descriptors differentiate 
three of the more significant causes 
of prevalent mathematics blocks. 

The Anxious Defensive Child 

This child might he clssified as 
emotionally disturbed. The block ap-

pears to be psychopathological in na
ture because he has experienced re
peated failure in mathematics. He has 
n ot satisfied his need to successfully 
perform even simple arithmetic tasks. 
Assignments cause him to feel fear, 
nervousness, and tenseness. Anxiety 
and defensiveness increase each time a 
mathematics stimulus is introduced. 
Mathematics, although not necessarily 
the exclusive cause for his neurotic 
abreactions, seems to have become the 
recipient of the child's fixated 
fears. His mathematics block takes on 
the form of a phobic reaction (Keogh, 
Erickson, Long). 

The Aggressive Contentious Child 

The second child might be identi
fied as having a character problem. 
This child is one who, from early 
childhood, has been spoiled, pampered, 
and overindulged. He has not been 
provided with the necessary guidelines 
for developing responsible behavior. 
Somehow he lacks that "built-in" regu
lator of behavior most children have 
developed (Rosenberg, McCord). He has 
not successfully internalized usual 
moral and ethical precepts upheld in 
the normal family unit. Instead, 
he has come to think of himself as the 
centre of the uni verse and is impul
sive, demanding, selfish, and ill
tempered. He has never been encour
aged to practice need-gratification
delay. He is a completely self
centred, hedonistic little outlaw, who 
spends his time and energy seeking 
after that which is pleasurable and 
avoiding that which is in the least 
way distasteful, mathematics not being 
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the least of these things. His mathe
matics block takes on the form of con
scious, <leU her,qte :1voidance (Szurek, 
Werry). 

The Socialized Deviant Child 

The third child is categorizer! as 
being socially disadvantaged. His 
emotional hlnck is due primarily to 
social alienation. He is the chilcl 
who comes from a hackground which 
deviates consiclerahly from the norm -
sociall y, culturally, morally, and 
ethically (Passow). His deviation 
from the norm is so marl<erl that he is 
impl:!rvious to what is being taught 
most of the time, With repetitive 
regularity, he mistnterprets and mic:;
understands. There are just too many 
linguistic gaps, 1-!is mathematics 
block results primarily from cofllm11ni
cation problems (White, Cheyney, Naz
zaro, Fuchigami). 

Intervention Procedures 

I.Ji th this onJ y too brief overview 
of the three identified syndromes, 
what of a practical nature can the 
mathematics teacher rlo to allevi,qte 
these learninp; blocks and facilitate 
effective locomotion? 

The first and perhaps most impor
tant suggestion is that any thera
peutic approach must be implementer! 
with the child's particular learn
ing block in mind. Thus, motivational 
remediation is differential in na
ture. What works beautifully for 
Child A will not meet the nee<ls of 
Child �, and furthermore, what works 
so well with Child f\ will not succeerl 
with Child C, and so on. 

The Anxious Defensive Child 

With reference to the anxious de
fensive child, what is cal led for pri
marily is a warm, accepting, and 
trusting relationship. This child 
needs to be supported and encouraged. 
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Because of the intense fear he associ
ates with mathematics, he finds it im
possihle to relax to the point where 
he can understand the concepts being 
taught. The teacher's motivational 
res pons ibi li ty is to help reduce his 
anxiety level hy making him feel safe 
and sec11re. The notion that he is un
conditionally accepted must he rein
forced. He must nt�ver feel re
ject eel because of his performance 
level. 

In order to break his failure ex
pectancy, the teacher wil l guarantee 
ongoing success hy designing learning 
encounters that will encourage him to 
read and interpret problems, work 
through concrete experiences, and ex
press mathematical concepts. He 
should be encouraged to tal k ahout his 
successes in mathematics, as well as 
many other things which might he 
troubling him. When the chil d recog
nizes that the teacher cares, he will 
feel more free to ventil ate his feel
ings. As negative energy is drained 
off, his negative feelings about math
ematics can be neutral ized. With each 
success, the chil d's concept of sel f 
is enhanced. With increased sel f
esteem and confidence, defensive reac
tions disappear. For this type of 
mathematics hlock, the chi.Id must en
joy an empathic relationship with the 
teacher. The more often the teacher 
can listen as the child expresses his 
suppressed frustrations, the less neg
ative feeling wil l he left to fixate 
on mathematics. 

For therapeutic intervention to be 
successful, the teacher shoul d be sen
sitive to the following: 

1. Allow the child to move easily 
into a relationship because he 
feels safe and wants to be there, 
rather than because the teacher 
insists upon it. 

2. Offer support and encouragement 
without praising too much. Exces-
sive praise can cause 11ndue 
stress. 



3. Encourage a bond of trust by lis
tening effe ctively. Avoid regis
tering shock or surprise. 

4. Move slowly and carefully. Exer
cise patience to avoid pressuring. 

5. Feed back positive information 
making it clear that progress has 
been  made because of the child's 
initiative and success, rather 
than be cause of what the teacher 
has done. 

6. Identify the nature of the child's 
success, and point out how he can 
repeat it. 

7. Help the child to understand why 
he experienced those old blocks 
and how to deal with negative 
stimuli in the future. 
The whole therapeutic process of 

reciprocating positive locomotion for 
negative will take time. As emotional 
ove rlay is alleviated through threat 
reduction, trust and security will 
e me rge from the affective domain, and 
his mathematics blocks will have a 
better opportunity to be removed. 

The Aggressive Contentious Child 

With spe cific reference to our 
second child, an altogether different 
approach is needed. The character 
problem child refuses to participate 
in mathematics simply because it does 
not please hilT'. He becomes resistant 
and reluctant whe n he thinks there is 
nothing particularly worthwhile in it 
for him. He is accustomed to satisfy
ing his ego needs for recogni. tion and 
power without putting forth much ef
fort. If things don't go right for 
him, he simply walks away or attacks 
and blames. Failure is never his 
f au 1 t. He is quite capable of con
cocting elaborate rationalizations to 
protect his own narcissistic need to 
be in a preferred position (Hoyer, 
Rosenberg, Werry). He is an impul
sive , demanding, and impatient learn
e r. Because he finds the going rough 
in grasping mathematical concepts, he 

feels uncomfortable. He has been 
conditioned all through his life to 
e xpect immediate need gratification. 
He has never learned to struggle, to 
persist, nor to wait for positive 
returns. 

Character problem children cannot 
tolerate any degree of discomfort, 
They cannot cope with difficulty. 
Probably one of the most accurate de
scriptors for this type of child is 
that he is excessively hedonistic. 
He continually seeks after that which 
is se lf-aggrandizing and pleasurable, 
while avoiding anything which will in
sult his sense of self and cause him 
pain. As a result, he has le arned how 
to beat the system and con his way out 
of tight situations. He can come up 
with hundreds of e xcuse s explaining 
why he can't cope with mathematics, 
all of which place the blame directly 
upon someone else, usually the 
teacher. 

Therapeutic method for this child 
requires the following dictates on the 
part of the teacher: 

1. Approach the child with a 
straightforward, businesslike at
titude, firmly establishing your
self as the authority figure. Re
fuse to listen to his cock-and
bull stories. 

2. Explain clearly and succinctly to 
the child exactly why he is expe 
riencing difficulty in mathematics 
by reviewing the nature of his 
problems. 

3. Appeal to his hedonistic nature by 
complime nting excessively for work 
well done. Even for the slightest 
e ffort in mathematics, provide 
spe cial recognition, privile ge s, 
and rewards. 

4. When he decreases his diligence 
and effort, remove spe cial privi
lege s and attention. 

5. Maintain strict, hardline expec
tancy. The child is cle ver, and 
he needs to be chal lenged. 
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6. Assign the child 
with math problems. 

to help others 
The attention 

and power will reinforce the need 
to learn himself so that he can 
tutor those who will give him 
needed recognition. 

Again, working with the character 
problem child will take time and pa
tience. However, it can be successful 
providing we remember that these chil
dren are quite capable of learning, 
They are not suffering emotional trau
ma, nor are they mentally deficient. 
They are usually just plain lazy and 
will put the necessary effort into im
proving their mathematical skills only 
when they come to realize that the 
personal rewards they gain are truly 
worth the effort. 

The Socialized Deviant Child 

This child's problem stems from a 
deficiency in the communications and 
expectancy areas. Although studies 
have shown that, within the socially 
disadvantaged population, mathematics 
reasoning tops the list insofar as in
tellectual functioning is concerned, 
the child appears most of the time to 
be uninvolved and detached. His atti
tude is one of being uninterested. He 
seems to be peripheral to the other 
students. The simple fact is that he 
has practically nothing in common with 
his peers, nor with the teacher. His 
social distance stems from a hack
ground so entirely different from the 
norm that it is improbable that he 
will accommodate many of the concepts 
being presented (Jones, Deutsch), Al
so, he lacks the perseverance to fo�,s 
on any formal learning task for a pro
longed period of time (Beilin). Other 
problems including self-discipline, 
social graces, deviant behaviors, and 
social attitudes, although quite ac
ceptable at home, cause him to be 
seriously out of step in the regular 
classroom. 

By the time they reach pubescence, 
children from a disadvantaged home mi
lieu are usually so limited in intel-
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lect11al skills that a reversal of 
their condition is very difficult. 
The problem with these children is not 
that they can't learn nor do not wish 
to learn, but rather is one of moti
vating them to feel less and less re
moved frotn the group socially, emo
tionallv, and physically. Their spe
cifi.c need is to he included and to 
become active participants in the 
learning process. 

Therapeutic support 
advantaged child might 
following: 

for the dis
include the 

1. Involving the child in novel, cre
ative, and exciting learning en
counters so he can :-i.void the nega
tive aversions formerly experi
enced within formal learning envi
ronments. 

2. Speaking the child's language so 
communication can be effective 
through common vocabulary mean
ings, thus reducing confusion. 

3. Developing learning packages that 
do not depend upon homework. Ma
terials should be as independently 
self-instructional as possible so 
the child can mark his own work 
and enjoy immediate feedback. 

4. Teaching through games and problem 
solving activities that are fun in 
order to maximize the child's in
herent problem solving abilities. 

5. Employing concrete learning 
through sensory motor activities, 
introducing mathematical concepts 
deliberately through manipulation 
of materials, rather than expect
ing high level abstract, symbolic, 
and representational conceptual
izations. 

6. Providing for the most minimal 
cognitive stimulation to make up 
for lack of perceptual discrimina
tion skills learned in the home. 

The secret in working with the 
disadvantaged child is in knowing the 



degree to which he lags behind the av
erage child verbally and socially. 
Generally, if the teacher can communi
cate with the child and involve him to 
actively participate in the group, the 
teaching act will prove successful. 
As the child becomes more and more 
sure of his environment and more and 
more understanding of what is expected 
of him, he will adjust and learn, and 
his success rate will increase signif
icantly. 

Finally, relative to a practical 
approach for removing blocks with re
luctant learners, what is called for 
is a differential approach. Ninety
nine percent of the problem is re
solved when we are successful in diag
nosing the nature of the mathematics 
block. When we clearly understand ex
actly what underlies the child's re
luctance to participate, an effective 
therapeutic design can be implemented. 
With the emotionally disturbed child, 
love and support reduce defensiveness 
and permit the teacher to reach him. 
In the case of the character problem 
child, a highly structured, behavior
istic reward approach works best. 
Concerning the disadvantaged child, 
what is called for is developing an 
effective communication system and 
making the child feel an i.ntegral part 
of the group. 

Professor Cooke teaches at the Univer
sity of Lethbridge. His major inter
ests lie in the fields of child guid
ance and special education. He is a 
registered psychologist in the prov
ince of Alberta and is actively in
volved in consulting, advising, and 
proqrar.,r.;ing for cliildren experiencing 
a wide variety of adjustment problems. 
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Implementation and Eva luat ion of Problem 
Solving in  Elementary Mathematics 

Ron Cammaert 
Alberta Educat ion 

This paper is an initial evalua
tion of the implementation of a cur
riculum mode l in elementary mathemat
ics in the province of Alberta. The 
paper also examines the poss ible rea
s ons for success or failure of tha t 
implemen tation in various jurisdic
tions in southern Alberta. 

Implementation Model 

A revised ele mentary mathematics 
program was implemented in Alberta in 
Septembe r 1 982. Revis ions to the 1 977 
program were seen to be minor in na
ture ( Alberta Education, 1 982) .  The 
1 982 program placed a greater emphas is 
on problem solving to reflect recom
mendations made by the National Coun
cil of Teachers of Mathematics and in
formation gathe red from school sys tems 
and provincial testing. 

To assist  school jurisd ictions and 
teachers with implementation of the 
revised program, a curriculum guide 
was developed and distributed to each 
s chool in the province. A series of 
one-day workshops dealing with the 
problem solving component of  the pro
gram were spons ored by Alberta Educa
tion. Two teachers from each juris
diction were sent to this workshop 
with the expectation that they would, 
in turn, conduct workshops for the 
teachers in the various schools within 
the ir sys tems .  

To further ass is t  implementation 
of the problem solving component, a 
monograph entitled "Let Problem Solv-

i ng Be the Focus for the 1980s" was 
puhlished hy Alberta Education in Sep
tember 1983. One copy of this mono
g raph was sent to e ach j urisdiction 
central off ice and school in the prov
ince. Additional copies could be . or
dered as needed. 

Evaluation Procedures 

Interviews were conducted with the 
supe rintendent or de legate res pons ible 
for curriculum in each of the juris 
dictions in southern Alberta. To ob
tain res pons es from teachers , a ques
tionnaire was prepared an d distributed 
to approximately 30 percent of the 
teachers .  One hundred and seventy-two 
que s tionnaires were returned. Com
ments on observations made during 11  
s chool evaluation vis its ove r  the 
1983-84 and 1984-85 s chool years were 
a lso included. 

Survey Results 

Results obtained from interviews 
with supe r intendents , questionnaires 
cOJl\ple ted by teachers ,  and classroom 
observa tion seem to be fairly consis
tent. All three sources tend to give 
the picture of an in itia l e ffort and 
of some awareness be ing developed by 
teachers ,  but not a great  deal of 
" ins titutionalization" of the change 
on the part of teachers .  Almos t half 
of the teachers res ponding to the poll 
indicated that  they had not rece ive d 



inservice, and o f  those  who hacl at
tended ins ervice work s ho ps ,  twice as 
many indicated dissatis faction with 
the ioservice than indicated satisfac
tion. It would seem that the ins er
vice delivery system did not meet the 
needs of the teachers . 

Mos t teachers reported having a 
copy of "Let Problem So lving Re the 
Focus  for the 1980s." Unfortunately, 
they were not asked to rate the effec
tiveness of the document. 

The majority of teachers indicated 
that  they teach problem solving , feel 
comfortable with the model, and allo
cate time to the ins truction of prob
lem so lving. One of the problems con
n ected to a discussion of this concept 
is that there are several interpreta
tions a teacher may give to the words 
" problem solving." The concept is 
very different from traditional word 
problems found in mos t  textbooks , but 
" problem solving " can refer to both. 
When a teacher indicates comfort with 
the concept,  there is no way of know
ing if the teacher is referring to the 
o ld or new vers ion.  :Rased on inter
views with superintendents , classroom 
o bs ervations , and given the fact that 
a lmost half of the teachers reported 
that they had not been given ins ervice 
o rientation , one would be skeptical 
tha t the majority of teachers actually 
do teach problem so lving in the manner 
being discussed .  

Teacher comments were reflected in 
s tatemen ts made by s uperintendents . 
Both groups desire more ins ervice as
s istance and feel thc1t more reso urces 
s ho uld be made available. 

Discussion of the 
Implementation Model 

In Alberta , the developmen t of 
prov incial programs is centralized, 
but includes broad cons ultation . Cen
tralized development is favored for 
economic efficiency and to ens ure 
s tructured un iformity. In this par
ticular case, the need for change was 

recogniz ed at the provincial level as 
a res ult of a thrus t in mathematics 
ed ucation in North America. The Na
tional Co uncil o f  Teachers of Mathe
matics , among other groups in mathe
matics education , has identified the 
teaching of problem solving as highly 
important in the curriculum of our 
classrooms. This perception comes 
from analys is of the needs of society. 
It is des irable to have people who are 
a ble to solve ever-increasing compli
cated problems. 

However, the extent to which an 
innovation meets local needs , as per
ceived by school personnel , is related 
to s ucces s ful implementation (Fullan 
and Pomfert, 1 977). The uniqueness of 
the local environment,  the need for 
local fiscal control ,  the need for in
creased local public participation , 
and recent developments in management 
theories are cited as reasons fo r lo
cal school involvement. 

Inservice orientation was des igned 
to pers uade teachers o f  the need for 
change. Personnel from the University 
o f  Al berta attempted to make teachers 
aware of the model adopted by Alberta 
Education. References were made to 
materials that teachers could access , 
and some strategies for problem solv
ing were given. The major emphasis 
was to have teachers become committed 
to purs ue the idea on their own. Lit
tle, if any , follow-up was planned or 
o ccurred. 

Generally, curriculum development  
plans receive more attention from Al
berta Education than do implementation 
plans (Alberta E ducation , 1980). Pro
vincial res pons ibility for curriculum 
implementation in the past  decade or 
so  has mainly been with regional of
fice cons ultants in the Program Deliv
ery Division. It  is the perception of 
Alberta F.ducation that each schoo l  
jurisdiction sho uld have its own local 
implementation plan for new or revised 
curricula in kee ping with the intent 
o f  the provincial thrust (Alberta Edu
cation , 1985). In the final analysis , 
it is the classroom teacher who bears 
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t he maj ority of t he responsibility for 
curriculum implementation, wit h sup
port comi ng from system supervis ors , 
professional ass ociation resources , or 
cons ultative assistance from the uni
versities in Alberta or from A lberta 
F.ducation. 

There were no formal plans made 
for evalua t ion, nor for monitoring of 
t he process .  Some jurisdict ions moni
t ored t he implement ation on an infor
mal basis ,  and regional office person
nel evaluated t he process as part of 
t heir school evalua t ion program. 

The unit of change, as perceived 
by Albert a Education and school juris
dict ions , was t he school sys tem. 
There is considerable research evi
dence to s upport t he view t hat  t he in
dividual school is t he unit of cha nge 
t ha t  is mos t s uccess ful in bringing 
a bout curricular improvement. A major 
finding of t he st udies conducted by 
John I .  Goodlad  and t he Rand Change 
Agency Study indicate  the need for lo
cal involvement and t he reali ty of 
local control of education des pit e t he 
influence of forces operat ing at t he 
s tate and nat ional levels (Goodlad, 
1 9 7 5 ;  Berman and McLaughlin, 1 975 ) .  
Unless conditions for change exis t at 
t he school building and in t he indi
vidual class,  no change will occur 
(Neal, Hailey, and Ross ,  1 9 8 1 ) .  

Alberta Educat ion includes teach
ers in provincial committ ees when cur
riculum changes are heing planned. 
Teacher res ponses to t he ques tionnaire 
indicated the desire to ' develop ma te
rials at the local level. No s uch ac
t ion occurred in t his zone. Inves ti
ga tors in the Rand st udy found that 
s uccess ful change res ulted when mut ual 
adaptation occurred, t hat is, when 
bot h t he innovative practice and t he 
local school organiza tion were changed 
(Berman and �cLaughlin , 1 975 ) .  

Responses from teachers indicated 
t hat  having representatlves from each 
s chool sys tern attend a training ses
s ion, so t hat  t here would be "expert s "  
i n  each jurisdiction, failed to serve 
its purpose. The day-long session was 
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not see n as inten�e enough t o  allow 
mos t people to s ufficiently develop 
t he knowledge base and training tech
niq ues neces sary for them to feel com
fortable with  this role in t heir jur
isd ict ions . The people selected to  
a tt end t he works hop had varying de
grees of experience wi th  t he model, 
varying degrees of abilit y to conduct 
inservice orientations , and varying 
degrees of commitment to the model. 
Some teachers were not aware of what 
t neir role wol1 lci be upon returning to 
t heir school sys t em. The selected 
personnel were given no training on 
how to provide coaching wi t hin their 
s ys t ems, and t here was little or no 
p rovision for t his in mos·t j urisd ic
t ions . 

When Lippitt and his ass ociates 
s urveyed teachers to determine what 
t hey believed were t he forces facili 
tating innovation of teaching prac
t ice, t hey found that the availability 
of help from cons ultant s  was consid
ered very important (Li.ppit t ,  1967). 
Teachers indicated t hat  t he innovator 
needs to work t hrough t he new ideas 
with the teachers to solve problems at 
t he pract ical level, rather t ha n  sim
ply conduct a one-s hot information 
s ession (Tanner and Tanner, 1 980 ) . 

The commitment of central office 
personnel was one of the most  signifi
cant variables in det ermining the suc
ces s  of curriculum implementation in a 
s ys t em. Where curriculum project s 
have been s uccess ful, one of t he mos t 
s ignificant elements is t ha t  t he pe r
s onnel involved were deeply committ ed 
t o  t he project . Activit ies to inform 
principals were not part of t he imple
mentation plan. Principals became 
a ware only if they happened to attend 
in-sys tem presentations , were infor
mally contacted by regional office 
p ers onnel, undertook professional 
reading on their own, or were apprised 
a t  t he system administ rators' forum. 

Curriculum development mus t  have 
t he s upport and hacking of school 
adminis tra t ion (Zenger and Zenger, 
1 984 ) .  In developing commitment, the 



f irs t stage is to make certain all 
t hose affected understand the change 
and the reasons for the change . As 
i nd icated earlier

,, 
a li t tle more than 

hal f of the teachers reported at tend
i ng one inserv ice  session . Central 
office personnel developed the i r  un
d ers tanding in a different setting ,  
and principals may or may not have re
ceived any information regard ing the 
change . 

If  teachers are to fully implement 
t he problem solving mode l within thei r  
teaching , they must shi f t  from a con
t ent  orientation to a process  one . It 
is likely that thi s  d ispari ty between 
t he value s  and obj ec t ives of teachers 
and the planned innovation would cause 
d i ff iculty  in developing commitment in 
t eachers . Problem solving reflects a 
" di scipline" approach to curriculum 
rather than a "subj ect " orientation . 
One of the cri ticisms of "discipline"  
o rganizat ion is that insuf ficient in
s ervice ass i stance is given.  If the 
values  and goals in a part icular 
change proj ect match those of proj ect  
part icipants , then commitment is more 
l ikely to occur (Le ithwood and Fullen , 
1 984 ; Neil l ,  1982 ; Kienappe l ,  1 984 ) . 

The fact that the innovation was 
not seen as maj o �  hy the province 
could also account for the rli ff iculty  
in developing the commi tment  of  school 
personnel , since they have been 
charged wi th a large number of press
i ng and maj or changes in the school 
env i ronment . No more than one or two 
areas of the curriculum should be 
s tudied or changed at one time ( Zenger 
and Zenger ,  1984 ) .  

Summary 

At th is t ime , the innovat ion has 
not been internalized by a maj ority of 
teachers in southern Albe rta . How
ever , the innovat ion has been picked 
up hy some teachers , and one needs to 
keep in mind that the implementation 
process is still  continuing . The pro
vincial ma thematics achievement tests 

at Grades 3 and 6 will reflect 
emphas i s  in the curriculum , and 
educators feel that this wil l  

this 
some 
help 

t eachers develop the awareness re
q ui red . In order  to enhance the like
l ihood of successful implementation of 
a curriculum change , it may be neces
s ary for educators to use some of the 
results of current research and modify  
t he implementat ion model now used . 

Ron Cammaert is the mathematics con
sul tant for Alberta Fducation, Leth
bridge Regional Office . Mr . Cammaert 
is past president of MCATA , having 
served as president for two years . He 
served as principal of Barnwell School 
prior to joining the Department of 
Education . 
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Var i at i on # 1  

Seven-L i n k  Cha i n  Pro b l e m  
(conti nued from page 4) 

The pr i nce ' s  brother escapes w i th a sect i on of the go l d  cha i n  
a nd a I so f i nds haven at the home of another peasant . The same 
cond i t i ons ( one l i nk per day , w i th no prepayment or arrears ) are 
negot i ated . 

The pr i nee states that he needs to cut wo 'links onZy to 
meet the cond i t  i ans .  What i s  the m:i:ximum I ength of the cha i n  
(measured i n  l i nks )  t hat th i s  second pr i nce had when he escaped ? 

7 Zink.s . 1 2  Zin1<.s 30 links? 

Var i at i on 12 

The o l dest pr i nce escapes w i th a sect ion  of the go l d  cha i n  
t hat i s  63 I i nks I ong . A th i rd peasant of fers a haven to th i s  
p r i nce, and aga i n  the same cond i t i ons  are negot i ated . 

The pr i nce and peasant agree that the cond i t i ons may be met by 
cutt i ng thy,ee I i  nks . Wh i ch I i  nks were cut ? What i s  the I ength 
of the l ongest segment? 

"Plan-

� 



Problem Solving : Mathematics and 

Social Studies 

A. Harold Skolrood and M. Jo Maas 
U n iversity of Leth br idge 

Effective parallels can be drawn between the intel lectual process es inherent 
in the so cial inquiry process in social studies and problem solving in mathemat
ics . Both require knowledge of content and specific problem solving proces ses ,  
and both lead to finding a solution to a problem. Both emphas ize an " inq uiry" 
approach which invol ves s tudents in thinking about pos s ible solutions to 
problems . 

Inquiry may be viewed as a process in which s tudents are activel y involved 
in seeking knowled ge. It is a sys tematic process for thinking about a problem 
o r  so cial iss ue and cons ists of  a number of intel lectual process es such as defi
nition of a problem, gathering data and organiz ing, anal yzing, and evaluating it 
in terms of relevance to solution of  the problem, making inferences and general 
iz ations from the data. All of these skil ls are appl ied in inductive and deduc
tive reasoning in the solution of a mathematical problem and in making a deci
s io n  about an iss ue in so cial s tudies . John newey has been cred ited with taking 
s cientific method of the pure sciences and ad apting the process involved to 
problem solving in the social sciences . Dewey describes the inquiry proces s  in 
terms of: 

active, pers istent, and careful cons ideration of any belief or supposed 
form of knowledge in the light of the grounds that support it and the 
further conclusion to which it tend s . 1 

Learning through inq uiry is a process of formul ating and tes ting ideas. To 
this end , a number of inquiry or problem solving models have been developed , but 
in general , the majority of them seem to apply to both mathematics and so cial 
s tudies : 

Problem Sol ving in Mathematics Inquiry in Social S tudies 

Unders tand the problem. Identify and fo cus on the problem. 

Pl an the solution. Formulate research q ues tions .  

Implement the plan. Data process ing: gather, organize, 
analyze, evaluate, and s ynthes ize. 

Solve the probl em. Make a decis io n. 

l John Dewey , How We Think : A Res tatement of the Relation of Reflective Thinking to the 
Education Process ,  revised edi t ion , p .  8 ,  Chicago : Regnery , 1 97 1 , 
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Curref' t  educat ional literature has reemphasized the need to t each children 
t o  think more effect ively. F.ffort s  have been made to ident ify suhs ets  of think
ing skills  in herent in the thin king  proces s,  al ong wit h some teaching strat egies 
t o  accomplish this des irable goal. Many of t he s kil ls required in learn ing one 
subj ect are trans ferrable to the learning of an other subj ect , and the teacher 
has to be alert to opportunit ies to help students effect the trans fer of learn
ing t hat should t ake place. Sound ped agogy demands this type of reinforced 
l earning. 

Too often the skills in one subj ect have been taught as d iscrete ent it ies , 
with t he students  being left to discover, often incid en t ally, the s imilarity of 
s kill between subject s .  There is probabl y l it t le that is more reward ing for the 
t eacher t han to see a student  sudd enly have a "revelat ion" in d iscovering that 
what he is learn ing in one subj ect has some carry-over into another subj ect . 
Reinforcement of specific s kills ,  in t his case ,  becomes aut omat ic. Interes t ing 
p arallels can be mad e  between t he s kills needed in problem solving in mathemat
ics and thos e needed in t he social inquiry process in social stu<l i es .  

Problem Solving Process 
in Mathematics 

I .  Understand the problem. 
(What is t he quest ion?) 
Students are to t hink about t he problem 
before att empt ing the skills . 

SKILLS: 
- ident ifying key words 
- us ing man ipulat ives 
- interpret ing p ictures 
- rest at ing t he problem in your own words 
- asking relevant ques t ions 

ident ifying wanted , g iven , and needed 
informat ion 

- ident ifying extraneous informat ion 
- cons id ering alt ernat ive int erpretat ions 

2 .  Develop a plan. 
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(Strategies for solving the problem 
are cons idered .) 

SKILLS: 
- collect ing and organ izing d at a  

( charts and graphs) 
- act ing it out 
- us ing manipul at ives 
- ident ifying and appl ying rel at ions hips 
- making d iagrams and models 
- us ing a s impler problem 
- using log ic or reason 
- cons truct ing flow chart s 

Social Inquiry Process 
in Social Studies 

Ident ify and focus on t he 
issue. 

SKILLS: 
- int erpret and as k 
- coherent in issue 
- vocabulary needed 
- d efinit ion of t erms 
- int erpretat ion of int ent 

of quest ion 
- paraphras ing to clarify 

meaning 
- clues to type of � at a  

required 

Formulate research questions. 

SKILLS: 
- hypot hes ize poss ible 

solut ions 
- formulate research quest ions 

to guide informat ion 
gathering 

- s elect sources of 
informat ion 



3. Carry out the plan. 
(Carry out the plan developed i n  
Step 2. ) 

SKILLS: 
collecting and organ1 z1ng dat a  
( chart s and graphs) 

- act ing it out 
- using manipulatives  
- ident i fying and applyi ng relationships 

making di agrams and models 
- using a simpler problem 
- using logic or re ason 
- construct ing flow chart s 

4. Solve the problem. 
(Encourage st ude nts to assess t he 
e ffe ct i ve ness of the solut ion process. ) 

SKILLS: 
- st at ing an answer to the problem 
- restating the problem wi th the answer 
- determining the reason able ness of the 

answer 
- e xplaini ng the answer 
- re viewi ng the soluti on process 
- consideri ng the possibi li ty of other 

answers 
- looking for alte rnat i ve ways to solve 

the problem 
- making and solving similar problems 
- ge neralizing soluti ons  

Dat a  processing. 
Gather pri nt ,  visuals, 
interviews, and surve ys. 

ORG ANIZE: note-t aking,  
outlining, paraphrasing,  
t abulati ng, mappi ng, charti ng,  
and graphing 
ANALYZE: categori ze , look for 
relat i onshi ps, di scriminate 
relevant and i rrelevant dat a  -
detecting bi as, subje ct ivi t y ,  
and obj e ctivi ty 
SYNTHESIZE:  relate cause and 
effe ct , formulate generaliz a
tions, and summari ze 

Resolve the issue . 

SKILLS: 
formulate alte rnati ve 
solut ions 

- analyze value s unde rlyi ng 
e ach alternat i ve 

- e valuate alternatives  and 
make deci si on on t he i ssue 

An examination of the above compari son between problem solving in  mat hemat 
i cs and the soci al inQ ui ry process in soci al studies  suggests that teache rs be 
cognizant of the commonali ty of problem solving ski lls that exi st be tween two 
very di ve rse suhj e ct s. Since le arning ski lls are intellectual in nature and 
competent ac(]uisi ti  on of the se ski lls i s  cumulati ve , teachers need to e xplore 
e very opportun i t y  to reinforce the i r  at t ainment . Students  will discove r that 
" t hinking" in mathematics i s  much like "think ing" in soci al sturl i e s  and other 
suhject s. Integration of ski lls from one suhject area to anot he r will not be 
left  ent irely to chanc�. 

Dr. Skol rood is a professor of educat ion specializing in social studies curric
ul um and instruction at the University of Lethbridge. Co-author Mary J. Maas is 
a teacher seconded to the Faculty of Educat ion at the University of Lethbridge. 
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Enl ightened Problem Solving : 
A Parable 

Dr. Dai yo Sawada 

U n iversity of  A l berta 

The Lord said, "Le t  there be 
light, " and so there was, and i t  was 
good. The mathemati cian said, "Let x 
be the unknown q uantity, " and so it 
was. Many problems were so 1 ved, and 
i t  was good. The NCTM said,  "Let 
problem solving he the focus, " and in
deed it was, and it was good. In  
fact, there was a great flurry of ac
tivity and enthusiasm and commitment, 
and thi s was very good . 

It came to pass that the id eas of 
a great scholar named Polya were car
ried far and wide, eventually to be 
accepted and enshrined as " The Four 
Commandments, " which all di sciples 
preached and som etimes practiced. 
Children, both young and old, were en
couraged and guided to practice the 
Commandments, for it  was bel ieved 
that, in this way, genuine problem 
solvers would come about. 

One day, a young lad, a most suc
cessful problem solver to be sure, 
realiz ed that i t  was the Fourth Com
mandment, often called "looking hack, " 
t hat enabled him to conti nue to grow 
and to harvest the fruits of hi s past 
activi ty ,  for i t  was the Fourth Com
mandment that i nd eed commanded him to 
harvest, although he had not reali zed 
thi s before, si nce he thought it was 
simply a commandment to review, a com
mandment that hi s teachers routinely 
practised i n  many other settings al
most to an excess. 

He continued to solve problems, 
for the environment was rich i n  prob
lems.  He devoted more and more of his 
time to the Fourt h Commandment, look-
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i ng hack at hi s work with antici pation 
of seeing something he had overlooked , 
and each time was rewarded handsomely ,  
so percepti ve had he h e  come. He had, 
i nd eed , become a master of looking 
back, of reflecti ng upon hi s acti vi
ties, sometimes to the exclusion of 
other activities. 

"Have you e ver wondered what happens 
to a problem on i ts way to a 
solution?" 

His teacher noticed that he was no 
longer the first one to ask for new 
problems. He had taken to only solv
i ng the " problem of the week." He di d 
thi s  masterfully and wi th kee n i n
sight, sometimes programming general 
solutions on the microcomputer when 
thi s  was appropriate, but his teacher 
was worried about his lack of produc
tivi ty. Noticing that hi s teacher was 
concerned , and knowing his teacher was 
truly a beli ever in  the Four Command
ments, he sat down beside her one day 
and asked , "Have you ever wondered 
what happens to a problem on i ts way 
to a solution? "  Somewhat taken aback, 
but not totally surprised, she re
plied , "Well not really. The FC (Four 
Commandments) don't really lead us to 
ask such a question, do they ? "  

"No, I guess they don't, " he said, 
" and I suppose that's one reason why I 
haven't felt that it  was appropriate 
to ask. " 



Sensing that he was still somewhat 
hesitant to ask, she said, "Now that 
the question' s been raised, I find it 
intriguing. Wh at led you to it?" 

" I' m  not really sure, but in fol
lowing the Fourth Commandment, it came 
to me one day that all these problems 
that you have provided for us are 
really not that different at all. " 

"You mean, for example, that the 
chickens and pigs problem is similar 
to the motorcycles and cars problem? " 
she asked. 

"That' s part of it, I guess, but 
only a small part of it. It' s  much 
bigger than two problems being alike. 
It' s all problems being alike. Like 
there' s more to it than the problems. 
In fact, the problems themselves 
aren' t very important. Even the math
ematics in the problems isn't very im
portan t! " H is voice quivered. 

This was the first time she had 
ever had a student who had dared to 
probe beyond the FC. " I ' m fascinated. 
Tell me more." 

" I' m  having trouble understanding 
it myself, but I ' ll try. Actually, it 
is more than j ust the question of what 
happens to a problem on its way to a 
solution - much more, in fact. Even 
so, I think the best place to start is 
with the question that got me started. 
That question is this: What is an an
swer? For some time now, I have been 
asking myself this question each time 
I came up with an answer to a problem. 
Now I ask myself this question before 
I come up with an answer, and believe 
me, it really helps me to understand 
both the problem and what I' m doing to 
solve it. " 

"That sounds fascinating, but I ' m 
not quite sure T understand, "  she 
said. "Could you give me an example? "  

"I ' ll  try. Remember last week 
when you asked me to help Marvin with 
his mult i. plication facts? I think I 
learned more than he did. He couldn ' t  
seem to remember anything and didn ' t  
want to. I said it was important. He 
said it wasn't. I tried to explain 

why it was, but to be honest, I really 
dido ' t even convince myself that it 
was important. That bothered me. I 
remember one thing very well. When I 
asked him what is 2x8, he said 8+8. I 
was just about to tell him he was 

"We have gotten so used to expecting 
the answer to be in tens and ones that 
we have forgotten that we expected it 
in that way. " 

wrong again, but I didn' t. I just 
looked at him and he looked at me. He 
wasn' t wrong ! 2x8 = 8+8. In fact, 
there were a whole lot of correct an
swers: 4 x4 ,  20-4, 4 squared, 10+6. At 
that moment, it dawned on me that I 
could keep on giving correct answers 
forever, and all of them would be dif
ferent, yet correct. Then why do we 
insist that 16  is the correct an
swer? I asked Marvin, but he didn' t 
know. Marvin asked me. As I stumbled 
my way to an explanation, I eventually 
stated that 1 6  is the answer sim
ply because it is the simplest way to 
write the number 2x8. Marvin wouldn ' t  
let me off the hook with that. He 
wanted to know what was so simple 
about 16. It didn' t seem so simple to 
him. Perhaps it was simple only to 
simple minded persons ! I told him 
then that I really didn ' t  know. He 
said that' s why he hated math. Then 
it dawned on me : 1 6  is si[f!ple because 
it is the answer according to tens and 
ones. We always group by tens and 
ones. If we always write a number ac
cord ing to tens and ones, it becomes 
simple. We get used to it. We expect 
it. We have gotten so used to expect
ing the answer to be in tens and ones 
that we have forgotten that we ex
pected it in that way. " 

" I  think you' re really onto some
thing here , "  she sai<l . "What you' re 
saying is that basic facts like 2x8 = 
? are real ly problems, but that we 
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have got ten so used to experiencing 
t hem as facts that we overlook wha t 
constitutes an answer to these prob
lems . I think you may be right. But 
I think I may have interrup ted your 
s tory." 

"Not really , but there is more. 
When I tol<l Marvin that  16 was the 
answer hecause it was the name for 2x8 
in tens and ones , he shrugged his 
shoulders as if to say , ' So what? ' I 
started to get exci ted because I 
thought I saw a way to ge t him into 
t his . Even though you have said that 
t he math balance is not a very good 
device , I got it off the shelf and put 
two weights on the P.ighth peg on the 
lef t side , and told Marvin that that 
was two groups of eight or 2 x8. He 
had no trou hle with that. I then put 
four weights on the fourth peg on the 
right-hand side , and said that was 
4 x4 .  The balance was level , so we 
knew that 4x4 was a correct answer. I 
asked Marvin to put on some other cor
rect answers. He put two weights on 
t he eighth peg of the right-hand side , 
and it worked. I wouldn ' t  have done 
t hat , but 2x8 certainly is a correct 
answer to 2x8. ' Rut what is the 
answer , Marvin? '  Without hesitating , 
he put a weight on the tenth peg and a 
weight on the sixth peg , and nearly 
glared at me. We must have <lone 40 or 
SO basic facts on the balance that 
morning , and I don ' t  think it entered 
Marvin ' s  mind that he should be 
bored." 

"That explains Marvin ' s  behavior. 
This week he hasn ' t  been nearly as 
disrup tive. But what has this got to 
do with problem solving ? "  

"That ' s  exactly what I asked my
self when I did the Fourth Commandment 
after working with Marvin. I asked 
myself why Marvin pursued so many ex
amples on the ma th balance. He didn ' t  
ge t bored , but I c ertainly did. I 
tried to look back at what we were do
ing. First , we had some information 
about a number (such as 2x8) , but the 
i nformation was not in the form that 
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we wanted it. What we wanted was the 
same information to be in the form of 
t ens irnd ones . So next , we put the 
initial information (2x8) on the math 
balance , and then arranged it in tens 
and ones on the other side. And fi
n ally , we read off the number as 16. 
And Marvin knew that was the answer 
because it was in the form we wanted." 

"This is interesting . You 're 
t elling me that problem solving is 
simply transforming information . That 
we begin wi th some information as giv
en  in the problem. Then , knowing that 
t he answer is simply asking for a par
ticular form for the initial informa
tion , we transform the information 
(using the math halance in this case) 
until we ge t it into the desired form. 
Have I izot it?" 

"I  think you ' ve got it exactly. 
What was really bothering me earlier 
was that I didn ' t  realize that for ba
sic facts , there was a desirable form 
for the answer. It  now seems perfect
ly clear to me that if  I didn ' t  know 
the desired form for the information , 
finding an answer would make no sense 
whatsoever. And I t hink that was Mar
vin ' s  case." 

"I t hink you ' re onto something im
portant here , and I hate to dampen 
your enthusiasm , but perhaps other 
problems do not fit your scheme , "  she 
said. 

"You may be right. All I c an say 
is that I ' ve tried it with all the 
problems you gave as problems of the 
week , and they all fit the scheme. 
The pigs and chickens problem is a 
good example. Remember :  18 animals ; 
SO legs. How many chickens ; how many 
pigs? I ' ll never forget when you 
asked us to imagine that we were 
c ommanders-in-chief of the barnyard 
and all an fmals would obey us. ' All 
animals on your back. ' We see SO legs 
up. ' Each animal put down two legs . ' 
Now we see 2xl8 , or 36 legs,  go down , 
leaving 50-3 6 ,  or 1 4  legs , rewaining 
up. We also see that only pigs have 
legs up and that each pig has two legs 



up. So, with 1 4  l egs up and two pe r  
p ig, th ere mus t be 1 4 / 2  or seven pigs . 
There mus t then he 18-7 , or 1 1  chick
ens . We had th e initial in forma tion : 
1 8  animals ( pigs and ch ickens ) and SO 
l egs . We kn ew the final form for the 
informa tion : so man y  chickens , so man y  
p igs . So w e  began trans formin g the 
initial in forma tion , p uttin g  it into 
various form s ,  each hop eful l y  gettin g 
us clos er to th e d esired form . Wh en 
we saw  the 1 4  l egs up with two per 
p ig, we kn ew we had th e in formation 
n earl y  th e way we wanted it. At this 
point, th e probl em was al l hut sol ved 
( we nearly had th e in formation in fi
nal form) . S eeing the s even pigs and 
the 1 8-7= 1 l chickens was then s eeing 
the ans wer, the final form for the 
informa tion . "  

"Yes ,  tha t does fit nicel y. But 
d on ' t  we also have probl ems in which 
we don ' t  kn ow th e form for th e answer? 
In fa ct, sometimes we don ' t  real l y  
know wha t  an answer looks like, and 
the probl em real l y  is finding out what 
an ans wer might be. For exampl e, wh en 
a math ema tician is trying to solve an 
unsolved problem, he or she may not 
know th e exa ct form for th e ans wer, 
making it very difficul t to trans form 
the initial in formation un til it is in 

final form. " She paus ed al mos t as if 
she were trying to ans wer her own 
q ues tion . "But yet, in s uch a cas e ,  
the probl em is to find an appropriate 
form for an ans wer and to d efend the 
appropria ten ess of any form we may 
crea te. " 

Th e lad did not choos e to argue 
with his teach er. Somehow he fel t 
tha t wha t  she had jus t said ind eed did 
fit what he had done when he thought 
h e  had come up with what, for him, 
were new forms for problem sol vin g .  
His sch eme was a n  ans wer to th e op en 
end ed probl em, "What happens to a 
p roblem on its way to an ans wer? " 
Whether or not his s ch eme was an ap
p ropria te form for the ans wer, onl y  
time would tel l .  In the meantime, 
Ma rvin s ure seemed to be a chan� ed 
p ers on , and so was his tea ch er. 

Dr . Sawada , professor of education in 
the Department of El ementary Education 
at the University of Al berta, has been 
a frequent contributor to MCATA annu
al meetings. He has given presenta
tions at NCTM annual meetings and has 
published in The Arith metic Teacher. 
Currentl y ,  Dr. Sawada is on sabbatical 
leave from the University of Alberta. 
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Content Reading Ski l ls in  Mathematics 

Don Kapoor 
U n ivers ity of Reg ina 

Words and symbols are parts of the 
language of mathematics. If students 
cannot read Mathematics with under
stand i ng , they w i l l  be handicapped 
whether they are read i ng to carry out 
a task , for information or enjoyment , 
or to further their academic knowl
edge. 

Read i ng mathemati cs is not easy. 
To he able to read mathematics , chil
dren must acquire some special skills. 
While every teacher teaches read ing , 
t he mathemati cs teacher has the spe
c ial respons ibility of teachi ng chil
dren to read mathematics. The reader 
o f  mathematics must : 

1 .  possess a specialized vocabulary. 

2. know the meaning and various uses 
of  special symbols. 

3. follow notati onal agreements and 
abbrevi at ions. 

4. be aware of the sequence of steps 
recorded when computations are 
displayed. 

General Guidelines for Reading 
Mathematics 

Reading SLOWLY for DETAIL 

Mathemati cs should be read slowly 
and carefully - usually more than once 
using paper and pencil. Often , stu
d ents are not aware of this. As chil
dren develop their ability to read, 

Reprinted from the Saska tchewan Mathema tics  
Teachers ' Society Journal with permission of 

the Society and the author. 
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t hey are encouraged to read as rap idly 
as they can. When reading stories , 
they seldom reread. In readi ng mathe
matics,  however, speed is only a minor 
concern. Comprehension of every de
tail  is so important that rereading is 
a highly recommended procedure. 

Why is it necessary to read slowly 
and carefully  and reread passages of 
mathematics? The answer li es in the 
compactness of the symbolism , the pre
c ise meani ng of most items , and the 
n eed for the read er to reason and re
c all relevant and previously learned 
i nformation. Reasons for using this 
t echnique should be discussed with 
children. They must he convinced of 
the need to re read • 

Reading QUICKLY for an OVERVIEW 

In various situations , it can be 
advisable to have children practice a 
read ing technique called skimmin,g. 
Skimming is rap id reading to obtain a 
general impression. 

Skimmirq to preview. Skimming 
can be useful in prev i ewing a chapter 
in a mathematics texthook. It can he 
d one by exami.n ing the chapter title, 
t he table of contents , and page ti
tles. This should he done with the 
t eacher, who points out the important 
top ics com ing up. 

Previewing a printed mathematics 
lesson alerts students to the mai n  
ideas of the lesson ,  to new terms , new 
p hrases , or new principles. These 
ideas are usually highlighted. Pre-
v i ewing 111ay also help recall related 
knowledge or encourage a review of 
forgotten material. 



Skimming to review. Skimm ing 
may also be used to look back over a 
unit of stu dy. Under the guidance of 
the teacher, children can rapidly read 
through section heading s and page ti
tles of material, noting the topics 
they have studied. 

Skimming to understand the organi
zational pattern of a book. Skim
m ing may be useful in helping children 
recognize the org anizational pattern 
of their textbook. Most mathematics 
textbooks follow some organizational 
pattern. Ideas or algor ithms are 
usually presented in one or two ways 
and are followed by exercises and 
problems. 

In  general, teachers should have 
children skim mater ial before they be
gin slow and careful reading. These 
two general guidelines may appear 
somewhat contradictory as one advises 
r ap id reading; the other a deliberate 
approach. However, there is no con
flict when these gu idelines are ap
plied. Students should be instructed 
and helped to preview m ater ial rapidly 
and then to read and reread slowly and 
carefully, mak ing sure they understand 
every line. 

Stucients will not do these things 
natur ally. It is your responsibility 
to help them see the wisdom of these 
guidelines and to provide practice i.n 
following t hem. 

Reading Skil ls in  Mathematics 

There are several speci fie skills 
which are necessary in order to read 
mathematics efficiently. In some 
cases, these are extensions of the 
skills taught i n  l anguage arts; in 
other cases, the sk ills are qu ite dif
ferent. Teachers who are planning to 
hel p children learn to read the best 
book need to in corpor ate these skills 
i nto thei r instruction. 

Knowledge of Vocabulary 

Mathematics has its own vocabu
lary. While many mathematical terms 

are borrowed from everyday English, a 
r eader of mathematics must be skilled 
in knowing both the mathematical and 
everyday meanings of words . Words 
have many meaning s. Often there is a 
difference between the everyday mean
ing and the mathematical meaning of a 
word. See Table 1 on the following 
page for examples. 

In order to teach the meaning of a 
word, a teacher should provide: 

1. Examples of ohj ects with reasons 
to which the term refers, examples 
of objects that have the property 
denoted hy the term, or examples 
of actions the term signifies. 

2. Nonexamples, explaining why the 
object is not an example of the 
term you are teaching. 

3. Character izations or conditions of 
the concept contained in the term 
or obj ect. 

4 .  Compar isons or contr asts of a word 
with related words. 

Pr actice is essential in building 
a vocabulary. In teaching reading and 
in pr actice sessions, include discus
sions and exercises on using: 

I .  root words 
2. prefixes 
3. different phrases having the same 

meaning. 

Some examples of root words 
are: Add serves as a root, or stem, 
for at least six mathematical terms 
( add, addition, adding, arldenrl , addi
t ive, and adds). Measure, measur ing, 
and �easurement all share a common 
r oot, as do multiple, multiplier , mul
tiply, and multiplication. 

Roots can he important clues to 
the meaning of a word. Students are 
not always aware of this. A national 
study of seventh and eig hth gr ade stu 
dents revealed that 98  percent knew 
the meaning of sum, but only 1 7  per
cent knew the meaning of summation; 92 
percent reported knowing the meaning 
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TABLE 1 .  
A List of Words in School Mathematics Having an " Everyday Meaning" 
and a "Mathematical Meaning" 

acute 
add 
alte rnate ( interior 

angle )  
a ltitude 
angl e ( s )  
a rray 
associate 
axes 
balance 
bar 
base 
between 
borrowing 
boundary 
braces 
cancel 
cardinal 
carrying 
casting ( out nine s )  
check 
chord 
clock ( arithmetic )  
closed 
column 
common 

(denominator)  

commute 
compass 
complement 
concave 
cone 
convex 
correspond 
count 
cross ( product) 
curve 
degree 
d istance 
distribute 
d ivide 
element 
even 
exte rior 
face 
factor 
foot 
greater 
intercept 
interior 
intersect 
intersection 
invert 
irrational 

of equal , but only 24 percent knew the 
meaning of equate . 

Pref ixes ,  too ,  play a role in the 
d evelopment of vocabulary. In school 
mathematics , the fol lowing pref ixes 
are common: 

bi
ex-

in-

in
mid
non-

poly-
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binary ,  bisect ,  bisection 
exterior, extract, extreme , 
expand , exponent 
interior, inscribe , incentre , 
internal , intersect 
infin ite , inequality 
mi<lrHe , m idpoint 
nonsimpl e ,  nonnegative , 
nonterminating , nonmetric , 
nonlinear 
polygon , polyhedron 

lateral (area ) 
law 
leg 
less 
like ( f ractions ) 
lowest (terms ) 
majo r  (a rc ) 
map 
mean 
minor ( arc) 
mixed (numbe r )  
natural (numbe r)  
negative 
odd 
opposite 
origin 
pe rfect (number ) 
place 
plane 
plot 
point 
power 
prime 
product 
prope rty 
radical 
rational (numbe r )  

ray 

real (number )  
right ( ang le ) 
( square) root 
round ( off) 
row 

ruler  
scale ( d rawing) 
second 
set 
s ign 
s imilar ( figures ) 
simple ( closed 

curve ) 
s imple ( fo rm of 

fraction) 
solution 
space 
square 
term 
twin ( pr imes )  
union 
unit 
volume 
yard 

re- rename , replace , regroup 
trans- transversal , trans form ,  

trans itive , translate , 
translation 

tri- triple ,  tri sect, tripod 
un- unequal , undefined , unknown , 

unlimite d ,  unl i ke 

Pref ixes behave much l ike roots 
and can he incorporated into practice 
sessions involving root words .  

In addition to helping children 
with roots and pref ixe s , you should 
a lso alert them to d ifferent forms 
of  the same terms or phrases .  The 
following set of terms or phrases -
associative , associative principle , 
associative law , associativity - mean 



e ssentially the same thing. Simi lar 
sets of te rms and phrases can be con
structed for commutative , distribu
tive , and transitive. 

Knowledge of Symbols 

Symbols are the shorthand of math
ematics. Children learn the me aning 
of symbols and their pronunciation by 
me ans of explanation, demonstration, 
advice , and usage . Many mathematical 
symhols are use d in more than one way. 
See Tables 2 and 3 for different uses 
and pronunciations. Since the use of 
symbols is extensive and complex, stu
dents need a gre at de al of practice 
using and recognizing them. 

TABLE 2 .  
A List of Symbols Used in 
School Mathematics 

0 2 3 4 5 6 7 8 9 10  

+ X 

< > 

% 0 

< > 

$ d 

'f 
I I I  

I II III IV V VI VI I VI I I  IX X 

TABLE 3 .  
Different Uses and Pronunciations 
of Symbols 

Di fferent use s  of "3" :  

3 , 34 ,  342 , 2 3 , p 3 , 25 , 3 

Different uses of 1 1 - 1 1 • 

3 4 
- 4 , 2, 1 8 - 1 2 , -2 , AB . 246 34 

Different uses of " " ·  

. 33 3 . . • , 
1T ,;. 31' 3 • 5 

Note also how 3, -, and • can 
be used together: 

1 
3 · 3 , -3 · 3 , 3 - 3 ,  -3 . 3 ,  3' 

all 

Special Reading Problems 

There are seve ral reasons why com
putations are difficult to read. The 
first has to do with eye movement. 
See Table 4 for e xamples. Eye move
ment in reading a computation is sel
dom left to right. Children have to 
l e arn many different eye movement 
seq uences - practically one for each 
different algorithm. Teachers must 
demonstrate the order for an al gorithm 
and get students to practice following 
it. 

Reading Graphs and Tables 

Learning how to read a graph or 
table is an essential skil l in re ading 
mathematics and in reading periodi
cals, newspapers, and other printed 
material. Although tables and graphs 
can take many forms, reading them is 
e asier if done in two steps. First, 
have the students skim the table or 
graph for the topic. Have them iden
tify al l the categories reported. Let 
them obtain a general impression. 
Then, ask for a detailed study. 

Reading Word Problems 

Word problems, whether they are 
simple applications of previously 
learned computational procedures or 
challenging mirrl benders, are an 
important part of a mathematics pro
gram. Problems must be re ad and un
derstood before the y can be worked. 
Chil dren should foll ow the two general 
guidel ines discussed earlier. Once 
they can do this, then they can move 
on to the algorithm needed to solve 
the problem. Discussion of Ge orge 
Poly' s four phases of problem solving 
can be a useful exercise for se tting 
up and solving the problem • 

Diagnosing Mathematics Reading 
Problems 

One way to me asure a child's abil
ity to re ad mathematics is to test his 
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TABLE 4. 
Reading Computational Exercises 

3 9 
4 12 

+ l  8 
3 12 

17 5 

12 
1

12 

COULD BE READ : 

&i ·t 
u 1 7 

l 

4 7  40 + 7 

+ 26 20 + 6 

60 + 13 70 + 3 = 73 

COULD BE READ : 

+;;-;�3 70 I 3 

1 

or her knowledge of the mathemat ical 
t erms and s ymbols he or she reads . 
Mos t textbooks or t eachers' guides 
cont ain vocabulary lists for this pur
pose at the end of each unit of st udy. 
Another method is to  periodically com
plete a reading ability checklist on 
each ch ild. This can be done by ob
s erving a ch ild read a selected pas
s age and res pond to direct ions in the 
pas s age, and by t alking with the ch ild 
about that material that has been 
read. The follow ing s ample items 
might serve as a guide to compiling 
the checklist .  
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Basic Techniques: 
l • Us ually s kims a pass age and ob

t ains a valid general impression 
of the main topic. 

2. Is able to s kim a passage and ob
t ain a valid general impress ion of 
t he main topic. 

3. Reads at an appropriat e pace for 
the difficulty of the material and 
h is/her ability to underst and. 

4 .  Us ually rereads material to ens ure 
unders t anding. 

5. Is aware of the need for skimming, 
careful reading, and rereading. 

General Skills : 
1. Realizes terms can have mathemat i

cal and nonmathemat ical me anings. 
2. Can give a valid explanat ion of 

t he mathemat ical t erm being read. 
3. Can use the meaning of the rdot s 

and prefixes previously s t udied to 
explain the meaning of a term. 

4 .  Can pronounce terms being read. 
5. Can pronounce names given to  sym

bols being used. 
6. Can relate words and symbols to a 

p icture in a given sit uat ion. 

Special Skills :  

1. Comput at ions 
( a) Can read an algorithm in the 
proper order. 
( b) Can relate a given algorithm 
t o  a previous ly understood and 
more det ailed algorithm or to the 
manipulat ion of real or pict orial 
obj ects. 

2. Graphs 
( a) Can s kim a graph to  obt ain the 
t opic ,  main categories, elements 
in each category, and the general 
relat ionship expres sed in the 
graph. 
(b) Can extract details from a 
graph. 

3. Word Problems 
( a) Skims a problem to  obt ain a 
general impress ion, then reads and 
rereads the problem. 



( b) Can restate a given problem in 
own words and identify the ques
t ion to be answered. 

Reading as a Teaching Technique 

A primary reason why children have 
di fficulty reading mathem atics is that 
reading is rarely taught or utili zed 
in  mathematics classes. Children 
quickly learn that the most ef ficient 
way to study mathematics is to li sten 
carefully , watch the teacher work sam
ple problems, then go directly to the 
problems in the text and work through 
them in the same way . They see no 
n eed to develop reading skills until 
it is too late. If we are to change 
this, · we must make reading the mathe
matics text a frequent part of in
class and out-of-class activi ties. We 
must strive to teach children skills 
they need to read mathematics, and we 
must make sure these skills are used. 

Some suggested activi ties are: 
1. Have students read the mathematics 

book aloud in class. Pi ck a page 
f rom the textbook that gives a 
clear explanation of the topi c you 
want  to teach. Have the students 
skim and state their general im
pression. Then have the students 
t ake turns reading port ions of the 
page aloud. When graphs, tables, 
examples, pictures, or other ex
planatory material are referred to 
in the text,  examine them care
fully. Encourage the reader and 
the other students to pay atten
tion by asking questions. 

2 .  H ave stuents read the text silent
ly and begin working the assign-

ment.  While the students are 
reading and beginning to do the 
assignment, you should be avail
able to answer questions. Use 
this time to ascert ain wh ich stu
dents have di fficulty reading si
lently and what thei r speci fic 
problems are. 

3. Give a homework assignment in 
which students learn by reading 
how to do the work. Thi s  proce
dure should be used only after 
students are doing well on the as
signment s. Make sure the students 
understand that they read first 
and work the problems afterward . 

Dr. Kapoor , professor of education at 
the Univers ity of Regina , is currently 
on sabbatical leave. He serves as ed
itor for the Saskatchewan Mathemat
i cs Teachers' Soci ety Journal.  

REFERENCES 

Barney, L .  "Problems Associated with the 
Read ing of Arithmetic . "  The Arithmetic 
Teacher 19 ( 1 9 72 ) :  1 31-3 3 .  

Feeman,  G . F .  "Reading and Mathematics . "  .!.b.!_ 
Arithmetic Teacher 20 ( 197 3 ) :  523-29 .  

Hater , M .A ;  R .B .  Kane; and M.A.  Byrne . 
"Building Reading Skills in the Mathemat
i cs Clas s . "  The Arithmetic Teacher 2 1  
( 1974 ) :  662-68 . 

Kane , R . B . ; M .A .  Byrne ; and M.A.  Ha ter. Help
i ng Children Read Mathematics . New York : 
Ame rican Rook Co . ,  1974 . 

McKillip ,  Cooney , et al . Mathematics Ins truc
t ion in the Elementary Grades .  Glenview, 
Ill . :  Silver Burdett Company , 1 978 .  

27  



A Grade 5 Classroom : 
Organizing for Problem Solving 

J.M. Krywolt 
Park Meadows E lementary School ,  Leth bridge 

How do teachers g e t  s t a r t ed in teach ing s tudents to solve prohlems ? How can 
t he husy teacher keep the  problem s o l v i ng mod e l  be f o r e  the s t uden t s ?  One me t ho d  
t ha t  h a s  prov e n  suc c e s s ful i s  ou t l i ned bel ow .  

A good beg i n n i ng i s  based on es t ab l i sh ing a pos i t ive c l a s s r oom a tmos phere 
f rom day on e .  Stud e n t s  mus t  feel com fo r t ab l e , rece ive po s i t ive reinfo rcement ,  
and have oppo r t un i t i es  t o  be succe s s ful . Rou t i nes and expe c t a t ions m u s t  he es
t ab l i s hed earl y .  Con tent  and i n i t i a l  problem s o l vi ng expe ri ences should he rel
a t ive l y  easy in order to deve l op conf idence and es tab l i sh a pos i t ive a t t i tude . 
Bonu s ac t iv i t ies  can be i nc luded to chal lenge the high achiev e rs . 

Begin the year hy " b a i t ing " s tude n t s  wi th a se l e c t ion of highl y  mo t iv a t i ng 
p roblems and ac t ivi t i e s  ( abou t  two or three a week) . They can be placed on the 
o ve rh ead , and all should be short at t ent ion-ge t t ing problems that stude nt s e n
j oy .  Af t e r  a few of these , mos t s tu d e n t s  beg i n  asking , " When can we do more 
problems ? "  

FIGURE 1 .  
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It  is at this point that "Proble m  of the Week" corner is initiated. This is 
most successful when stude nts have been " captured" hy the initial problems and, 
i n  turn, reque st more on a regular basis. It becomes the ir corner and, wi th a 
little guidance, they  build the entire prog ram in the form of a contest. 

A new problem is posted each Monday. Stude nts are allowed to enter a solu
tion that day, but are only permitted one entry. The entries are checked that 
e ve ning ,  and correct en tries rece ive five points. On day two (Tuesday), eve ry
one else can enter again. The corre ct solutions on this day are worth four 
points. On Wednesday, three points can be awarded; on Thursday, two points; and 
on Friday, one point. After 1 0  weeks, prizes and certificates are awarded , and 
a new round begins. 

Although optional, about two-thirds of the class participates regularly. 
Select problems to complement class work that week or to demonstrate or practice 
a particular strategy. 

The first two or three prohlems are relative ly easy, and most stude nts earn 
three or more points. A good selection of bonus problems is necessary to chal
lenge those who have solved the problem of the we ek on the first d ays. Having a 
panel of students hring in , make up, or select bonus proble ms is worthwhile . 

Once the problem of the week program has bee n  established, group stude nts 
into teams of four, and prese nt the ge ne ral frame work for problem solving 
(Polya's model). Since there are four steps involved, it is relative ly easy to 
direct students to create a wall display similar to that shown in Figure 2. 

Introduce problems that are solved by using certain strategies. Attach 
these strateg ies to the appropriate step. As new strategies are discove red, 

FIG URE 2. 

Steps to Success 
Look Back ! 

Carry Out  
the P lan  

M a ke a P l an  

U nderstand  
the  Prob lem 
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FIG URE 3. 

Look Back !  

Steps to Success 

Carry Out 
the Plan 

Hake a Plan 

I • Re tel 1 the 
Problem and 

Understand the I •  Organized Answer 
Problem List or Table 

l • Use Simpler 
Problems 

2 ,  Guess and 2 .  Make and 
l • Ask Ques tion Test  Solve Similar 

2 .  Draw a Problems 

2 .  Re state the Diagram 3 .  Work 
Problem Backwards 

3 .  Identify 3 .  Choose 
Key Words Operation 

4 .  Act It Out 

they are added, and the lists grow throu ghout the year. Posting them serves as 
a reminder a nd reinforces the strategies learned. 

Try to provide problem solving lessons that teach specific strategies on a 
regular basis during the school year. The emphasis is placed on the strategies 
themselves rather than the final answer. Providing a variety of meaningful and 
interesting problems in an atmosphere of success and having students work in 
small groups are integral to having a successful program. Getting your stud ents 
involved in the problems, encouraging them to create their own, and maintaining 
your enthusiasm also helps to maintain that successful program. 

Joe Kry1-mlt teaches Grade 5 in Park Meadows Elementary School in Lethbridge. 
Currently ,  Mr. Krywol t serves as director of the r1athemat ics Council of The Al
berta Teachers' Association. 

30 



Drill ,  Review, and Practice in a 
Prob lem Solving Setting 

M. Jo Maas 
U n iversity of Leth b ridge  

One act ivity that I have used in my mat hemat ics class is "Dig it Draw. " This 
can be found on pages 57 thr ough 60 in the Grade 7 book of the Lane Coun ty prob
l em solving material , published by Dale Seymour. 

I e special ly like this activity because it can he ad apted to suit t he var i
ous skill levels of student s. It is an excel len t way to give studen t s  dr ill  and 
pract ice in whole numbers, decimal s, and place value. The act ivity can be used 
at any time, but is useful at the beginn ing of the school year for review and/ or 
drill and pract ice. 

Division II studen t s  can pl ay the game in the following manner to reinforce 
pl ace value and addit ion skills. 

Basic Activity 

Students copy the following arrangement of boxes: 

□ □ □  
+ D D □ 

OR 
□ □  

+ D D 
If three digits are too many , m ake  it two two-digit numbers. Expl ain that 

you will draw out six card s ( fr om a set · of 10 cards numbered zero to nine), one 
at a time. The student s place the digit in one of the boxes. The digit cannot 
be moved once it is placed in a box. Be sure all student s  have wr itten t he dig
it in be fore drawing the next card. The object is for st udent s  to make the lar
gest possible sum that they can. 

Af ter the six cards are dr awn , have students find their sum ,  and then see 
who has the largest. The basic act ivity may be modif ied. Not e that Al l four 
basic processes could be used. Further draws may be made wit hout replacing the 
digit or after the dig it is replaced. The following examples show several ways 
in which this basic act ivity can he modified. 
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Application 1 

After everyone has found the ir sum , ask stu dents ho w they coul d use the s i x  
dig i t s  dra wn in an arrangement tha t pr oduces the larges t __ sum po s s i ble . 

You can also di rect the class to find the smallest  sum, or the sum clos e s t  
t o  a chosen number ( for e xample , 600 ) . 

This ac t iv i ty can be adapt e d  for mul t i plicat ion , subtract ion , divi s i o n ,  an<l 
place value . 

Appl ication 2 

An e xampl e of ho w to give s tu<le nts  dri l l  and prac t ice  i n  seq ue ncing and 
place value fo l l o ws . 

Prov i de the fo llo wing arrangement of si x bo xe s ,  or have students dra w  the ir 
o wn :  

Dra w s i x  cards , one at a time , and have the stu dents record the numeral in 
the bo xe s  so that a true mathema tical statement is made . 

You may wish to mo di fy this act ivity to four bo xe s  for t wo t wo-digit 
numbers . 

Appl ication  3 

A fract ion dr i l l  an d practice can be done eas ily  by us ing the fo llo wing 
a rrangement : 

□ □ 
+ 

□ □ 
Have the students find the largest fract ional ans we r  or the ans wer closes t 

to  a number you have chosen . The sign can al so be changed to give practice in 
any of the other operat ions . 
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The activity may be applied or varied by excluding or replacing the card af
t er each draw. Some teachers have replaced the 10 cards  with a I O-sided die or 
tumbler, m arked from zero to nine. Using this tumbler allows student s to work 
with a part ner and play some of the drill and pract ice games that follow. The 
act ivities may be undert aken with a draw of a digit . 

Have student s place the following arrangement of seven boxes on  t heir page :  

□ □ □ □  
+ D D □ 

Divide t he clas s into pairs of student s, and give each pair a tumbler. The 
object of t he game is to  make t he largest sum, with the following conditions : 

Each student takes a turn rolling the tumbler. The student who rolls 
t he tumbler has the opt ion of using t he digit for his/her own sum or 
giving it to his/ her part ner. 

For example, if Student A rolls a two on the first roll, she would real
ize that this wouldn't give her the largest sum, so she writes it in the 
t housands box on Student B's page. Then Student B rolls and must decide 
if the number he rolls will help him or hinder S tudent A. When al 1 stu
dents have filled up t heir seven boxes, each student adds up his/her 
numbers, and t he winner is determined. 

Application 4 

The following exercise using the tumbler involves several operations. Have 
students set up the following mathem at ical sentPnce: 

Tell student s that you will roll t he tumbler or draw a digit and t hat t hey 
are to place it in any of the boxes. The objective is t o  make the largest ( or 
smalles t) answer. 
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Application 5 

S t i ll another game can be pla yed to give stude n t s  further pract ice in  place 
value and ad d i t io n .  

Have students copy the fol l o wing table : 

A 

B 

C 

D 

E 

F 

G 

TOTAL 

100s 10s l s  

The obj e ct ive i s  to be the clos e s t  to 500,  o r  be t ween 2 7 5  a nd 300, or some 
s imi lar total . The teach e r  ro lls the tumb l e r .  Students  mus t  de cide whe ther to 
place i.t in the hundred s ,  ten s ,  or ones column. Suppose a t wo i s  rolled. It 
c an he 200,  20, or t wo .  On the next rol l ,  a f ive comes up. It can be a 500, 
50, or five . After seven ro lls , the stude n t s  total up their charts to see if 
t he y  have me t the obj e ctive . 

Summary 

Digit  Draw, in  all of i t s  various forms , using cards or a tumble r ,  also fos 
t e rs problem-solving strategies  such as eliminat ing pos s ibi l i t ies and breaking 
t he problem into manageable pa rt s .  One me thod used to help s tude n t s  deve l op 
problem-solving ski ll s ,  whi l e  do ing this act ivi ty , is to have them ex plain to 
t he clas s ho w they found their ans we r .  

For example,  in  

clos e s t  to 500,  

the s t ucient might  say that when the number eight or nine was dra wn , she kne w  
t h a t  i t  wa sn ' t  an y help t o  place i t  i n  the- hundreds pos i t i on ,  bu t i t  might he 
u se ful i n  the tens or ones place . 

34 



In  this way , the class is exposed to a var iety of s tra teg i es , anrl student s 
can then choose their favorite method to try nex t t ime . 

The adaptability of this activi ty for di fferent grade leve l s ,  prohl em solv
ing stra tegies , and review of var ious concep t s  makes l)ig i  t Draw an excel len t 
act ivity.  

Mary Jo Maas was a teacher at G.R. Davidson School in Fort Macl eod , anil current
l y  oolds the position of secretary for MCl\T1'.. nuring 1 985-86 , Nary Jo has hecn 
seconded to the Faculty of Education , University of I,ethbridge , to teach curric
t1l un and instruction courses in mathematics and supervise student teachers. 
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vice District , 1 98 1 . 

Seven-Li nk  Cha i n  Prob lem 
(continued from page 1 4) 

Once you have so I ved the ba s i c  prob I em on 
var i a t i ons on page 1 4 ,  arrange the rlata i nto 
Ana l yze the  data to determ i ne re l at i on s h i p s. 
t i ons cou ! d  i n c l ude : 

page 4 a n d  the  two 
an organ i z8d l i st.  

Some samp I e q ues-

• How does the shor test I i  nk that i s  mo re than one un i t  I ong 
ca,,pare to the number of i nd i v  i d ua I I i n k s ?  

• How do t h e  l i nks  t h a t  mea s ure more t h a n  one l i n k i ncreasA? 

• Can a formu l a  be der i ved for the l ength of the l ongest l i n k ?  

A part i a l  chart i s  prov i ded be l ow ,  and t h e  ba s i c  prob l em i s  
s o l ved : 

Lengt h s  of Mu l t i p l e- L i n k Segments  

Cha i n  Length Un i t  T a i l y  F i r st Second T h i r d ----- n • 

7 I i  n ks 1 2 4 

-

? 1 • 1 ? ? ? 
-

6 3  I i  n k s  1 • 1 • 1 ? ? ? ? 
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Fraction and Decimal  Numeration Suggestions 
for Curricu lum Revis ion 

John Van d e  Wal le 

V i rg i n i a  Comm onwea l th  U n iversity 

Dur ing the last five years, sig
ni fic ,rnt  stud i es have produced con
vincing evidence that we are doing a 
rathP r poor job of connect ing concep
tual meanings or und e rstandings with 
the symbol i zation of fract ions and 
d ecimal s in the fourth through seventh 
g rad es. Peck and Jencks ( 1981 ) found 
that out of 20 s ixth graders, nine  
could  d raw p i ctures of s imple frac
t ions like 1 /4 ,  1 /3, l / 5 ,  and 1/4. 
On ly  five of the n ine could use these 
i deas to com pa re fr act ions correct ly, 
and only two of the five could use a 
conceptual approach to adrl fractions 
s uch as  2 / 3  and l /4 . Peck and Jencks 
ma int a i n  that thi s  smal l sample i s  
rep resentative of huncl reds of children 
they inte rvi ewed. 

In another stu<ly, less than 30 
percent of entering freshman at City 
Univers ity of New York coul d  correct l y  
s el ect the smal lest o f  a li st of five 
d ecimal numhe rs , while much higher 
p ercentages were able to compute accu
r atel y wi th decimals (Grossman, 1 983) . 
The Second National Assessment of Edu
cat ioncll P rogress repo rted that less 
than 10 p ercent of 1 3-year-ol ci  chil
d ren sel ected the correct cleci.mal 
equivalent for s imple fract ions such 
as 5 / 8 ,  and 38 percent selected . 5  as 
an eq nival,:,nt to 1 / 5 (Carpenter, et 
a l., 1 98 1 ) . These and many other re
searche rs and rev i ewers have concluded 
that sign i f i c;:intly more time must he 
s pent on concept1rn ]  rlevelop!Tlent of 
both fract ions and decima l s . 

Hi ebert poi nts out i n  an excel lent 
r eview of current research (1984 ) that 
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a major flaw in children ' s  mathemati
cal learning is  a failure to . mqke con
n ections between understandi ng and 
s ymbols. According to H iebert, con
n ections are possible at three sites : 
meaning of symbols,  unde rstand i ng of 
procedural rules, and cons iderat i on of 
the reasonableness of solut ions (a 
sort of real world  understand i ng 
linked - to symbol i c  mani p ulation). The 
f irst and thi rd s ites have received 
the least amount of attention in  cur
r iculum development. He contends that 
" i f  s tudents �an he assisted in devel
o p i ng rich mean ings fo r the symhols 
and i n  recognizing that solutions to 
written problems should make sense, 
t he i r  strugg le to l i nk form and under
s tanding, to learn mathematics in a 
mean ing ful way, would be greatly 
enhanced." 

Perhap s the JJtost cietailed and ex
t ens ive invest igation i nto what chi l
d ren know about fract ions and how they 
l earn fraction concepts i s  being done 
i n  a se ries of studi es by Post, Wachs
muth, Lesh, and Rehr (198 5 ) . Their 
teaching experiments and i nterviews 
with chi ldren have revealed that the 
c on cept of fraction i s  a complex and 
s lowly evo lved construct. The i r  work, 
howeve r, is beg in n i ng to lead the way 
for curr i c u l um refo r.m in the area of 
f ract ion concept development . Many of 
the i.deas pres ented as suggestions in  
thi s  paper are derived from their  
studies. 

Less 
d one on 

research 
the use 

seems to have heen 
of  models such as 



place value materials to develop deci
mal concepts or on ways to help ch il
dren connect fraction and decimal con
cepts. The suggestions in the activ i
ties section of this paper are based 
on extension of the fraction work by 
Post, et al. , and on my own experience 
with fifth grade children earlier this 
year. 

The current curriculum simply does not 
permit teachers the time to do 
required concept development.  

The overriding suggestion is that 
curriculum revisions must he made to 
create a signi fican t period of time 
for students in the fourth through 
sixth grades to work with a variety of 
both fraction models and place value 
models. This would allow them to de
velop not only the concepts of ration
a l  numbers, but also the connections 
that these concepts have with the sym
bolism of fraction s and decimals. 
This time, which seems essential from 
both a developmental standpoint and 
from results of empirical research, 
can he created by postponing all rules 
for fraction and decimal symbol manip
ulation until at least the la tter half 
of the sixth grade. The current cur
riculum simply does not pe rmit teach
ers the time to do req uired concept 
development. 

In a fifth grade class in wh ich I 
was working this year, students at one 
point had not begun the stud y of deci
mals and were well into multiplication 
and division algorithms for fractions. 
Yet only one of the seven children I 
interviewed had a firm concept of 
fraction. None of those I talked with 
had even a vague idea of the meaning 
of decimal numerals, and none could 
give any conceptual explanation of the 
fraction algorithms with wh ich they 

were becoming quite adept. About 
three weeks later, the study of deci
mals had progressed to the multiplica
tion algorithm. However, in a class 
discussion which I conducted, there 
was virtually no indication that  stu
dents understood decimals as represen
tations of simple fractions. 

To change th is relatively absurd 
situation , the curriculum must shift 
from an emphasis on symbolic rules, 
which appear meanin gless to children. 
Also, activities must he developed so 
that teachers will know wha t  to do 
with the va rious models for fractions 
and decimals. 

The activities suggested in the 
following pages are offered as ideas. 
The objective of these activ ities is 
to develop an understancl in g  of ra tion
a l  numher concepts and to connect 
these ideas to the symbolism of frac
tions and decimals. Special attention 
is given to the effort of relating the 
symbolism of fractions to that  of 
decimals. While many of the activi
ties are ba sed on recent research , 
many remain  to be tested and further 
developed. The intent i.s to get ll'ore 
physical models and activities with 
models into the classroom. Whenever 
possihle, connection of an oral form 
of the concept is con nected with the 
models prior to symbolization . Sym
bolic rules for equivalent fr act ions 
a re not cU scussed , although some ac
tivities guide students to develop 
these ideas in an intuitive man ner. 

Another focus of these activities 
is to utilize a variety of models 
whenever appropriate. Evidence sug
gests that  a well-formed mathematical 
concept becomes model free. Depen
dence on a single model has a tendency 
to leave a concept tied in flexibly to 
the model. One observes this q uite 
readil y in ch ildren who seem to have 
their concept of fraction firmly tied 
to circular reg ions. 
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Suggested Activities 

OBJECTIVE: 

To make meaningfu l transformations between models and symbols. 

1. Develop fraction " words" (halves, t hir<l s, fourths, fifths, and so on) in 
connection with assorted models. For each fraction word, there are two fac
tors that are essential: the correct number of parts must be presented, and 
all parts must be the same size. 

r 
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Introduce this notion with as many models as possible: 

• c ircular pies 
• squares and rectangles subdivided into smal ler parts for shading 
• sets of two-color or two-sided counters 
• colored fraction strips or Cuisenaire rods 

number lines, subdivided into various subunits 
• regions Made from posterboar<l squares or eq uilateral triangles 

e. o o o  

e o o o  

9 0 0 0  

D ' 

Fourths 

Whole 

, 
���� 
I I I I I I I I I 
0 

() 

BBBBBB 



2. Orally , count unit f ractions with each model. 

DD D DD DD 
"�-fourt h ,  two-fourths 

"�-th i rd, two-thirds 

0 

0 

"�- fourth , two-fourths 

• seven-fourths." 

• f ive-thirds." 

s i x-fourths." 

3. When children can identify  fractional words and can count them accu r atel y ,  
introduce the wr itten form for fractions as the counting i s  done. llse as 
many model s  as possible. 

It i s  sign i f i cant to count several di f ferent fractional parts in a pa ral lel 
fashion. Thi s  help s to develop the di f f icult inverse relationsh ip hetween  
number of  parts to make a whole , and s ize of  the parts. In compa rison of 
3/4 with 5/ 1 2, fo r example, chi l dr en need to see that wh ile five is more 
parts than three , the fourths are much larger. This type of reasoning i s  
s low to develop and requi res a signi f i cant amount of var i ed experience. 

0 0000 
1 / 3  • • •  2/ 3 • • •  3 / 3  • • •  4 / 3 • •  , 5/3  

(ONE) 

V V V V V V . 7 V V V 
1 / 10 • • •  2 / 10 • • • 3 / 10 • • • 4 / 10 • • • 5 / 10 6 / 10 7 / 10 8 / 10 9 / 10 10/ 10 

( ONE) 

4. Use models to go from either a given unit or who le to a gi ven fract ion and 
vi ce versa. A progress ively di f f icult seri es of five question types i s  
s uggested. 
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( a )  Given a unit fraction , f ind the whole. 

EXAMPLE : [ f  the red ( 2 )  s t r ip i s  1 / 5 ,  what  strip  is the whole ? 
Answe r :  Orange ( 1 0 ) .  

EXAMPLF. : I f  three coun ters riakes 1 / 5 ,  how many beans in a whole set? 
Answe r :  1 5 .  

(b)  Given a unit fraction , find a nonunit fraction . 

EXAMPLE : T f  the li.ght green ( 3 )  s t r i p  is 1 /4 ,  what s t r i p  is 3 / 4 ?  
Answer :  Rlue ( 9 ). 

EXAMPLE : I f  four coun ters are 1 / 2 of  a se t ,  how many coun ters in 3 / 2  o f  
a se t ?  
Answe r :  1 2 .  

( c )  Given a nonunit fraction , find the unit fraction . 

EXAMPLE : I f  the clark green (6)  s t r i p  is 3/4 , what strip is 1 / 4 ?  
Answer : Red ( 2 ). 

EXAMPLE : I f  1 2  count ers are 3 / 4  o f  a se t ,  how many counters in 1 /4 o f  a 
s e t ?  
Answer : 4 .  

(d)  Given a nonunit fraction , find the whole . 

( e )  Given the whole , find a nonunit fraction . 

N OTE : The above quest ions cannot he <lone wi t h  pie pieces , nor any model i n  
which the whole is  a fixed size . 

OBJECTIVE: 
Develop the basic concept of equivalence. That is, multiple fraction names can be used 
to represent the same amount. 

I .  Provide ri n1wi ngs or cutouts of a fract io nal pa rt of a reg i on , and have chil
d ren find  frac t io n  names for the reg i o n  by covering i t  i n  as many ways as 
possible 1 1 s ing p i eces of the same size. Chi ldren shoul<l wri te all results. 
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Lat e r ,  ex tend thc> exe r c i se to inclurie  pieces not in  the se t of  man ipula
t ives . For example , " What i f  all of •J1 ir 1 / 8 p i eces were cut in half . Wha t 
c01 1 l <l  we cal l  this  pa rt ? "  



2. Provide sets of counters or drawings of counters in two d ifferent colors. 
What fraction is each color? By rearranging the pi. eces, ch ildren can find 
di fferent fracti on names. 

• • • • • •  
• • • • • •  
0 0 0 0 0 0  
0 0 0 0 0 0  

2 / 4 , 1 / 2 ,  1 2 / 24 

· · · · • • 0 0 0 0 0 0  
· · · · • • 0 0 0 0 0 0  

6 / 1 2  

OBJECTIVE : 

• • • o o o  
• • • o o o  
• • • o o o  
• • • o o o  

3 / fi  

• • • • o o o o  . •· e .  0 0 0 0 
, • • • • 0 0 0 0  

4 / 8  

To make comparisons between two o r  more fractions. 

1 .  F ind a way to show two fractions of the same un it or whole at the same time. 
(This activity is only useful with strips or counters, or with other models 
in wh ich the size of the whole can vary. 

2. Fraction pairs should he given to ch ildren in written form. Children use 
models to determ ine wh ich is greater. Many children will "know" (either 
correctly or incorrectly) which is greater without recourse to models. 
These ch ildren should use models to con firm or check their though ts. Frac
tion pairs can be given in three d ifferent categories: 

( a) like denom inators and unlike numerators 
( b) l ike numerators and unlike denominators 
(c) both numerator and denom in ator d ifferent 

Select fraction pairs so that it is possible with in the availah le mo<lel to 
form equivalent fractions with like denominators. 

The last two activities provide experience with all of the con cepts that are 
necessary for creating a general equivalen t fraction concept. However, no algo
r ithm nor symbolic rule is developed ( such as multiplying or dividing top and 
bottom number by a constant), nor should such a rule he introduced . Expe rience 
ind icates that as soon as such a symbolic rule exists, ch ildren will mindlessly 
use the rule and will ignore the conceptual referent no matter how poorly their 
ideas are formed. The next activity will challenge ch ildren even further toward 
d evelopmen t of their own symbolic rule for equivalent fractions. No rule should 
be provided .  
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OBJECTIVE :  
To investigate in a symbolic mode the concept of equivalent fractions. 

Provid e models for children to use in completing eq uations of 
shown. Notice that there are four different types of exercises. 
should be worked on within the context of several different models. 

the type 
Each type 

6 

8 

□ 
4 

2 

3 

□ 
9 

3 

5 

9 

□ 

8 

12 

2 

□ 

OBJECTIVE :  
To help with the connection between fraction and decimal notation. 

The models described here permit fractions with denominators of 1 0  and 100 
to be shown easily. Some models even show thousand ths. 

• Circular pie pieces whic h include tenths and fifths. ( If not used earli
er, they should be included prior to work with decimals, since children's 
connections with fractional parts of pies is very strong.) 

• Larger interlocking pie pieces marked around the ed ge in tenths and 
hundred ths. 

• Sq uares d rawn on paper cut into tenths, hundredths, and thousandths. 
(Models are given on page 43.) 

• Metre stic ks with decimetre strips and centimetre sq uares of tagboard. 

• Place value pieces, suc h as centimetre strip s and sq uares. 

These materials can all be used as fraction models, and many of the activi
ties described earlier s hould he done with these. It is important to use some 
of the same models for fractions and decimals so that connections between the 
two can be developed . 

OBJECTIVE : 
To extend previously learned fraction concepts to fractions with denominators of 1 0, 
1 00, and 1 000. 

l .  Using all of the models above, go from fraction to model and from model to 
fraction. That is, given a model, name the fraction and vice versa. 

2. F.mp hasize fraction eq uivalences between tenths, hundred ths, and thousand ths. 
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Show by means of the models that 23/ 100 is the same as 2/ 10 and 3/ 100. (Oo 
not use any reference to common denominators or symbolic a<ldi tion rules. 
U se only models.) 

The foll owing examples are to be done with children first in an oral mode 
using !TlOdels. 



2 7 / 1 00 = Q 1 0  and Q l0O 

6 / 1 0  = Q lOO and 

and 4 / 1 0  and 3 / 1 00 = Q 1 00 

40/ 1 00 = 0 1 0  

Use simi lar examples wi th thousand ths when appropri a t e  mode ls  are ;ivailah le . 
Children apparently do not automatical ly extend these ideas to thous and t hs 
without working wi th models . 

Dec imal1  Squares 

I I I i I 
-

I 
I 

I 

-

I 
I 

I I 

1 l l I 

I 11 I I 
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OBJECTIVE:  
To develop equivalences between s imple and fami l.iar fractions and fractions with 1 0, 
1 00, and 1 000 as denominators. 

l .  Using the rlecimal fraction models, have children find equ ivalent names for 
these simple fr actions: 

• halves, fourths, fifths ( requires only tenths and hun dredths) 
• eighths ( requ ires thousandths) 
• thirds (requires a discussion of continuous subdivision by tens) 

2.  Provide common and fam iliar models ( coun ters, pies, and strips) for fr ac
tions in the above families, and ask students to show the same amoun t  using 
one of the decimal models. 

OBJECTIV E :  
T o  introduce decimal symbolism. 

The following ac tivities are based on children's familiar ity with the whole 
number place value system. In particular, children should know that 10 of any
thing in one po sition is the same as one in the position to the left. Ten ones 
makes one 10, 10 tens makes a hun dred, and so on. Likewise, one in any po sition 
can he exchanged for 10 in the position to the right. 

With this understanding, decimals may be introduced as another convention 
for writing fr actions. That is, we can show children a way to write simple 
fractions using "regular" numbers. Decimal numeration in this scheme comes af
ter an understanding of fractions and even fractions with "decimal" denom inators 
( 10 ,  100, 1000 • • •  ). The reverse approach is essentially to assume that chil
dren can somehow extend the whole number decimal concept to place values less 
than one. Later, we try to explain that these are really just fractJons. The 
latter way seems developmentally awkward, if not backward. 

1. Using centimetre str ips and squares, agree that the 10 by 10 s quare will 
r epresent one. n iscll SS  hr iefly how a ten would be made of 10 of these 
s quares ( a  10 by 100 str ip), and a hundred made of 100 of these squares ( a  
100 by 100 s quare). D iscuss where each would go on a place value chart. If 
you wanted to place the str ips ( that the children already know to be 1/ 10), 
where would they go? Clearly, to the right of the ones ( by pattern or pro
gression). Now ask students to show, using their place value pieces, a num
ber such as 3 7 / 10. Place the pieces on the place value chart, and wr ite 
down what the chart shows. Enter the decimal point, becau se without the 
decimal, 3 7/ 10 looks like 37. The decimal is needed to indicate which dig
it is the ones digit. 
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With this introdu ction , have childr en first model with the str ips and 
s quares var iou s fractions and mixed numbers that are tenths and hundredths. 
The pieces are then moved to a place value chart and the decimal number 
written. 
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Mod el a s  a fract ion . Put on pl ace value chart . Writ e decimal . 

2 .  Use oth er fr act i on model s subdivid ed in tenths and hunrl r ed t h s  ( f rom the list 
provid ed earlier) , and have ch ildr en transla t e  fract ion s il lu strat ed with 
th ese model s to d e cimal numerat ion . To do this, they f ir st show the same 
f ra ct ion using str ips and sq ua r es,  and th en move these pieces to a pla ce 
val ue chart . 

3 .  Give childr en fract ion s with the fa mil iar fract ion mod el s  ( pies, fract ion 
strips, set s of coun t ers) , and have them show the sa me fract i on with a d eci
mal fract ion mod el. 

4. Starting with nond ecimal fract ion s from the li st of famil iar fract ion s in 
the pr evious set of act ivit ies ( hal ves, fourths, f ifths, eighths, and 
third s) , have st ud ents  tran slate these to decimal numeral s. This is done by 
mod el ing the fraction with str ip s  and sq ua r es,  transla t ing it to a pla ce 
val ue chart , and then writing the decimal numeral . 

S .  Give children decimal numeral s, and have them show these with a decimal 
f ra ct ion model ( the reverse of act ivity #2 above) . 

6 .  Give children decimal numeral s,  and have them show th ese usin g re� ular frac
t ion mod el s  ( th e  reverse of act ivity #3 above) . 

7 .  Have children mo ve ba ck and forth between decimal and fract ion eq uival ent s 
using assort ed models to verify their r ea soning . 

8 .  Use decimal model s  to il l ustrate decimal s that are not "nice" fract ion s, but 
which are close to 1110 r e  fa mil iar fract ions. For exa mpl e ,  wh ich of th ese 
f ract ion s is . 2 3  close to: 1 / 2 , 1 / 3 ,  1 /4 ,  or 1 / 5 ?  Similar approximat ion ex 
er cises should be d on e  with a wid e assort ment of on e ,  t wo, and thr ee- place 
d ecimal numbers. 

Discussion 

Th e tradit ional curricul um ha s kept the subject s of fract ions and decima l s  
f airly sepa rat ed .  Even in the best d ev el op men t s ,  oral and writ t en names for 

4 5  



f ract ions are connected to a very special set of frac t ion mode l s  ( FM) . S imi
l arly , decimal nume ration in both oral and wri tten form is  related to a very 
d i f fe rent se t of models for de cimals ( OM) . La ter , children are taught decimal
f ract ion eq uivalent s . Thi s  is freq uently done through an unf amiliar meaning of 
fractions , divi sion . Bot tom numbers are divided into top numbe rs , and decimal 
equivalents  somewhat magically appear . The meanings that chi ldren give to de ci
mal s in thi s  approach is  based large l y  on their abi l i ty to extend the who le num
ber sys t em and understand the words tenths , hundred ths , and thousand t h s .  Evi
d ence sugge s t s  that this understanding of de cimals is weak , and that there is 
very little  understanding of the relat ionships between frac t ions and de cimal s .  

FM 

Oral ._--.,...--�� symbo l i c  
Frac t ions Fra c t ions  

II) 
.µ 
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QJ 
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QJ > 
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t'd � 
t'd 
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QJ 
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DM 

Oral '--�--�__, symbo l i c  
Decima l s  Dec imals 

The obj ective proposed throughout the sequence of introductory act iv i t ies 
for  decimals is  essential ly to firmly develop frac t ion concept s  wi th standard 
f raction mode ls . These concep ts mus t  he devel oped to the po int that the not ion 
o f  frac t ion becomes rode l free . That is , ch ildren wi l l  demons trate an abi l i ty 
t o  trans late frac tion concep ts from one mode l to another , and to use any mode l 
t o  illustrate meaning behind symbo lic activi t ies . When this i s  done , models  
that  read ily illus trate tenths , hund redths • • •  ( DM) are  introduced fo r famil
i ar i ty wi thin the alread y  es tabli shed concept scheme . Next , the symbolic scheme 
for de cimal nume rat ion is int roduced and connected wi th the concepts via the al
ready familiar mode l .  De cimals are , in this deve lopment , simply a new way of 
writ ing about ideas ch i l dren al ready unde rs tand . 

Oral 
Frac t i on 

FM 

\ 
\ 

\ 
Wri t ten 
Frac t i o n  

Or al 
Frac t i on 

FM _ nM 
� \ 

\ 
' 

\ 
\ 

....... ♦ Wr i t t en F r a c t i on 

♦ Wri t t en Decimal 

No t ice that oral fract ions and oral decimals are essent ially ind i s t inguish
able . A new oral language does not need to be devel oped . 
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Clearl y, this is not a complete development of rlecimals .  Comparison of dec
imals is a conceptual skil l t hat is import ant, hut was not addres sed here spe
cifical ly. Nor was a general convers ion scheme hetween fract ions and decimals 
( if t hat is , in fact, desired) .  The ideas here are present ed for trial intro
duct ion and discus sion as t his complex area of nu merat i on is researched furt her 
in t he cl assroom. 

Dr. John Van de Walle is a professor of education at Virginia ComIOCJnwealth Un i
versity , Pichmond , Virginia. Dr. Van de Walle ' s  article was presented to the 
NCTM annual meeting in San Antonio, Texas, in April .l 98 5 .  
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Reconci l ing Differing Anti-Derivatives 

David R. Duncan and Bonnie H. Litwiller 
U n ivers ity of Northern I owa 

Three students, Cindy, Ginger, and Roy, took a calculus test. One of the 

questions was to evaluate the indefinite integralf( sin x • cos x)d x. 

d x 

Cindy fi rst made the sub stitution u = sin x, yielding 

co
d

: x Then,J(sin x • cos x)d x =f(u cos x) c:: x 

du = cos x d x  and 

=ju du 

u2 
= 2 + C 

sin2 x 
2 + C • 

Ginger fi rst made another sub sti tution, n amely u = cos x. Then, 

du = - sin x d x and d x = �d u . J (s in x • cos x)d x =/(s in x d u) ( �du ) 
sin x sin x 

= -f u. ( du) 
., -u� 

= -2- + C 
-cos2 x 

2 + C • 

In his work, Roy recalled that s in 2 x  = 2(sin x)(cos x), and thus 
sin 2 x  sin x • cos x = 

/< sin x • cos x)d x =f (si
� 

2�)d x 

= ¾/< sin 2 x)d x 

Next, Roy s ub stituted u = 2 x, yi elding du = 2d x and d x 

tion, the integral is written = ¾/( sin u) �u 

= ¾Jsin u du 

1 
4 

cos u + C = 

1 
4 

cos 2 x  + C 

du = - Now, b y  sub stitu-

Are these three answers , whi ch d i ffer in appearance, all e quivalent? Recall 

t hat the constant added to the results of the integration i s intended to reflect 

t he fact that an in fini te n umb er of anti -deri vati ves ( all di ffering by constants) 

may ari se from the same integrati on p roblem. 
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To see the meaning o f  this  concept  in the integral p roblem/( sin x ·  cos x)d x, 

rewrite Ginger ' s and Roy' s r esults in forms resembling Cindy' s.  

- cos2 x -( 1 - sin 2 x) GINGER: 2 2 
sin2 x - 1 

2 
sin2 x 1 

2 2 

Cin dy ' s answer -

1 2 x  1 2sin2 x) ROY : cos :; - -( 1 4 4 
1 . 2 1 - sin x 4 2 
sin2 x 1 

2 4 

Cindy' s answer 

1 

2 

1 
4 

It is now app arent that these three answers do, in fact, di ffer  by  a con

stant. Thi s  sho ws that a c alc ul us teacher must be alert in grading tests ! 

Chal lenges for the Reader: 

1. Integr ate/( tan x •  sec 2 x)dx in several ways and sho w that the answers di ffer 

by  a constant. 

2.  Find o ther examples o f· this  type o f  prob l em. 

Dr . Duncan and Dr. Litwiller are professors, Department of Mathematics and Com
puter Science , University of Northern Iowa , Cedar Falls, Iowa . Dr . Duncan is 
chairman of the department . In addition to their teaching responsibilities 
within the department , both offer methods courses to elementary and secorrlary 
preservice teachers .  
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Students are encouraged to examine the problems presented below. 
Send your explanation or solution to: 

The Editor 
Delta-K 

c/ o 2510 - 22 Avenue S 
Lethbridge, Alberta 

TlK 1 J5 

Delta-K will publis h the names of students who success fully solve 
the problems. 

Finding the Sum of Circ led N u m bers : 
Mag, ic  and Math,ematics 

John B. Percevault 
Ed itor 

NOTE : The following problem is suitable for students at the junior high school 
level. 

Many tricks of magic have a mathematical basis. The magician uses knowled ge 
of algebra to as tound the audience. 

Discuss the following directions and the result with your friends to deter
mine the algebraic basis the magician used to determine the sum of the circled 
numbers . 

Instructions 

1 .  The magician hands a calend ar and a pair of scissors to a member of the au
d ience and asks that person to cut a four-by-four array of numbers from one 
month of the calendar. 

The magician states that he is not to see the four-by-four array. 

2. The array is then passed to a second member of the aud ience, who has previ
ously been given a "magic" marker. The magician asks the second pe rs on 
to circle one number only, and then to cross out the numbers in the row 
and column in which the circled number appears . 
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While these ins tructions are being completed , the mag1.c1. an retrieves the 
res t of the calend ar page, crumples it, and tosses the remains into a waste 
basket. 



3 .  The array is now passed to a third person, and the inst ruc tions given in 
i tem 11 2 ahove are repeated .  No number tha t  has a line through it may be 
circled . 

Again, the magician repeats that he is not to see the circled numbers or 
t hose t ha t  are crossed ou t .  He turns his back to the audience . 

4 .  Now the array is passed to a fourth  person, and di rections given in item 112 
a re repea ted once again . 

The magician wri t es something on an acetate sheet that is to be used on an 
overh ead proj ector . 

5 .  The array is now passed to a fi f t h  member of the audience , who verifies that 
only one number remains which is not ci rcled and does not have a line 
t hrough it . This number i s  then circled . 

6 .  The array is passed to a sixth person, who det ermines the sum of t he four 
circled numbers . 

The magician moves to the overhead proj ector . 

7 .  As the sixth person states the sum , the magician turns on the overhead pro
j ector . The sum given oral ly is the same as the numeral which appears on 
the screen . 

Your Challenge 

How did the magician know the sum? 

A clue is provided . The piece of paper that was crumpled and discarded is 
reproduced below . 

F E B R U A R Y 1 9 8 6 

SUNDAY MONDAY I TUESDAY I WEDNESDAY I THUR SDAY I FRIDAY SATURDAY 

1 

2 7 8 

9 THIS IS  THE 1 4  1 5  

FOUR-BY-FOUR ARRAY 
1 6  2 1  22 

23  2 8  

5 1  



Variation of a Problem 

Lu igi  Esposito 
Stu dent, U ni iversity of Leth bridge 

NOTF: The foll owing problem is suitable for students at the upper elementary and 
junior high school levels. 

On e hundr ed ( 1 00)  cows wer e in a farmer ' s  pa s tur e. Suddenly, a spaces hip 
appeared , za pped t he herd wit h a spac e ray, and changed som e  of t he cows into 
g iga n t ic spid ers . A battle ensued ,  wit h cows killing spiders and spid ers kill
ing cows . All t he bodies of t he spiders and cows wer e disin t egr a t ed .  The legs 
were lef t  intac t .  T he las t  animal s elf-des truc t ed ,  leavin g  only t he legs. 

In t he r11orning , t he farmer found not hing but cows ' or s pid ers ' l egs.  He 
c ol lec t ed 500 legs. 
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How m any cows wer e turned i n t o  gian t spid ers?  

H E L P !  

We need art i c l es for The Canadian Mathematies 
Teaaher. Th i s  i s  your pub l i cat i on ,  and i t  i s  
on  I y as good as the members want to make i t .  
P l ease l et u s  share act i v i t i es or methods you 
have found  to be success f u l  i n  your c l a ss .  
Prov i de the i deas ,  and we w i  I l put them i n  f i 
n a I form tor pub I i cat i on .  Handwr i tten cop i es 
are acceptab l e .  Send your i deas to your 
Detta-K ed i tor . 

Let ' s  hear from you ! 
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