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EDITORIAL 

During the Calgary Conference of the National Council of Teachers of Mathematics, we were asked to 
become coeditors of delta-K, in lieu of Linda Brandau, who can no longer continue as editor because of 
illness. We would like to acknowledge her contribution, and we and the Mathematics Council of the ATA 
wish her a speedy recovery. 

We believe delta-K should 

• serve the mathematics teachers of Alberta, 

• provide a vehicle for the exchange of ideas among mathematics teachers, 
• communicate advances in mathematics instruction to teachers outside Alberta. 

We anticipate publishing two more issues of this journal this school year. The section featuring teaching 
ideas, initiated by Dr. Brandau, will be retained. To achieve these ambitious objectives we need your cooperation 
in sending us your manuscripts. Don't be misled into thinking that membership in MCATA is limited to 
reading. Members' ideas and reactions are vital contributions. 

In this issue 

• Dale Burnett talks about the notion of randomness and demonstrates the power of guessing, testing, refin-
ing and discovery; 

• Irvin Burbank suggests that a continuing focus on problem solving may have to be revisited in the '90s; 

• Dennis Connolly presents an analysis of mortgage rates, a potential topic for senior grades; 

• Gurcharan Singh Bhalla provides an analytic geometric proof of Heron of Alexandria's ancient formula 
for determining the area of a triangle given the length of its sides; 

• David Duncan and Bonnie Litwiller, regular contributors to delta-K, continue their analysis of number 
patterns. 

We contributed the last two articles as ideas for teaching. However, we would much rather publish your 
articles! 

A. Craig Loewen 
John B. Percevault 
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Computer Programming in the Schools: 
Emphasizing Structure—An Example 

Using "Inebriated Turtles" 

J. Dale Burnett 

Dale Burnett is a professor of computer education at the University of Lethbridge, Lethbridge, Alberta. 

The following account should be interpreted at many levels. Life and "artificial life" are too complex 
to permit simpleminded generalizations and conclusions. 

This article itself is a complex product. Obtained by incorporating one software package (Logo) into an-
other (Word 4.0), and with structural flowcharts inserted from a third (More 3.0), it exemplifies some of 
the possibilities that are now within the reach of students and teachers with access to computers. 

The vehicle I used for exploration was the Logo programming language. The activity I describe ii; thus 
a Logo programming exercise designed to solve the problem: How can you construct a set of Logo proce-
dures that direct the turtle to perform a random walk within an enclosed space? 

I look at random walks because this exercise provides an opportunity to develop an appreciation of ran-
domness. What does it mean to talk about degrees of randomness? Are there different types of randomness? 
What do you notice when you look at a random path? Looking at randomness is also a way of expioring 
a new topic. How do you go about it? There are obviously many ways. What follows is a description of 
my first steps. 

These procedures were originally written using Terrapin Logo for use on an Apple IIe. However, the ex-
amples of screen displays that follow were created using Logo (LCSI version 1.0) on a Macintosh computer. 
Some changes to the procedures may be necessary depending on the version of Logo that you use. This ac-
count builds on ideas from Turtle Geometry by Abelson and diSessa (pp. 56-57). . 

The concept of randomness may be approached from either end of the continuum of randomness.. Thus 
one may either begin with 

1. "pure" random behavior and slowly impose constraints, or 
2. "pure" nonrandom behavior and slowly impose randomness. 

First Approach 

Here I follow the first alternative (I leave the second for your consideration). 

TO SIMPLE.RANDOM.WALK 
RT RANDOM 360 
FD RANDOM 20 
SIMPLE. RANDOM. WALK 

END 
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Here are two samples of screen displays that were created by typing SIMPLE.RANDOM.WALK. 

With Terrapin Logo, Ctl-G will stop the stagger. Other versions have a similar program-interrupt feature. 
The "endless" feature results from the third line in the SIMPLE.RANDOM.WALK procedure, where the 
program calls itself (forever!). The term for a program calling itself as a subprogram is recursion. 

A principle for exploration is wherever there is a constant, substitute a variable. 

TO SRW :MAX.DEGREE.TURN :MAX.STEP.SIZE 
RT RANDOM :MAX.DEGREE.TURN 
FD RANDOM :MAX.STEP.SIZE 
SRW :MAX.DEGREE.TURN :MAX.STEP.SIZE 

END 

SRW stands for SIMPLE.RANDOM.WALK. Abbreviations are important when the name of a procedure 
must be typed repeatedly. :MAX.DEGREE.TURN and :MAX.STEP.SIZE are variable inputs. Meaningful 
labels for variables are also important, as they help one understand the logic of the procedures and aid in 
debugging. They should not be shortened. If you are not familiar with the idea of variables, refer to a Logo 
reference book for more information. 

Try different values for :MAX.DEGREE.TURN and :MAX.STEP.SIZE. This permits you to control the 
degree of randomness. You may wish to save/print some pictures. 

SRW 360 100 

4 

SRW 360 50 



SRW 360 25 

SRW 180 50 

SRW 45 50 

SRW 360 10 

SRW 90 50 

SRW 20 50 
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Notice how the turtle's path begins to approximate a curved line as the degree of randomness in the turn 
is restricted. If one were to restrict the randomness in the right turn to zero, the path would become a straight 
line. This example indicates a weakness in the randomness associated with the orientation of the turtle. It 
is better in the intuitive sense if the randomness were to fluctuate about zero (that is, permit right and left 
turns to occur with equal frequency) rather than about a restriction between 0 degrees and some other (posi-
tive) number. This is easily accommodated. 

TO SRW :MAX.DEGREE.TURN :MAX.STEP.SIZE 
RT ( :MAX.DEGREE.TURN / 2) —RANDOM :MAX.DEGREE.TURN 
FD RANDOM :MAX.STEP.LENGTH 
SRW :MAX.DEGREE.TURN :MAX.STEP.SIZE 

END 

Do you appreciate what is happening in the first line of the procedure? Let's see what effect this change 
has on the paths of the turtle. 

SRW 360 50 SRW 180 50 

Do you see the difference? Do you understand the difference? Do you have a preference for one version 
of the SRW procedure? Why or why not? What would happen for SRW 20 50? 

Here is what actually happened. 

Are you surprised? Why? Why not? 
Many people find the wrap feature, where the turtle disappears off one side of the screen and reappears 

on the other, to be annoying during such an exploration. This can be obviated by creating a room and placing 
the turtle inside it. 
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Second Approach 
Making a (rectangular) room is easy. 

TO DRAW.ROOM 
CLEARSCREEN 
HT 
PU 
SETXY :LEFT.SIDE 
PD 
SETXY :RIGHT.SIDE 
SETXY :RIGHT.SIDE 
SETXY :LEFT.SIDE 
SETXY :LEFT.SIDE 
PU 

END 
DRAW.ROOM —100 100 50 (-50) 

:LEFT.SIDE :RIGHT.SIDE :TOP :BOTTOM 

:BOTTOM 

:BOTTOM 
:TOP 

:TOP 
:BOTTOM 

Note the use of variables! It is now easy to change the size of the room. 
At first glance this is a much more cumbersome procedure than the familiar local geometry procedure 

of REPEAT 4 [FD 50 RT 90]. Looking ahead, we are going to need some way of testing whether or not 
the turtle is "hitting a wall." Logo does not have apixel-detection primitive, so we will have to trick the 
computer into acting as if it had such a primitive. This can be accomplished by testing the x and y coordinates 
of the turtle's position against the known values of the boundaries of the room. Thus we want to make these 
coordinates explicit. 

Placing the turtle inside the room is also easy. 
TO PLACE.TURTLE :TURTLES.X.COORD :TURTLES.Y.COORD 

PU 
SETXY :TURTLES.X.COORD :TURTLES.Y.COORD 
PD 
ST 

END 
PLACE.TURTLE 0 0 
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Now set up a master procedure that calls these three ideas. 

TO SETTINGI 
DRAW.ROOM —100 100 50 (-50) 
PLACE.TURTLE 0 0 
SRW 360 30 

END 

It is often useful to visualize the structure of such a procedure. Here is an example of a chart that does this. 

SETTINGI 

DRAW.ROOM 

PLACE.TURTLE 

SRW SRW 

This diagram is read as follows: procedure SETTINGI calls procedure DRAW.ROOM, then procedure 
PLACE.TURTLE and then procedure SRW. Procedure SRW in turn calls itself (recursion). In Logo jargon, 
the task has been broken into "mind-size" chunks. Conceptually, the idea is to call one procedure, SETTINGI, 
which then calls a sequence of other procedures successively to draw a room, place the turtle in it and then 
iterate a random walk. 

Try this by typing SETTINGI. 

At least two problems immediately become apparent: 
1. Ctl-G is a clumsy way to stop the turtle. 
2. The walls have no effect! 

Let's tackle the easy one first. 

Third Approach 
One way to stop a turtle is to have it run out of gas (alcohol?)! Thus you must alter the main procedure 

to include a variable indicating the number of turtle steps you want the little fellow to take. 
By editing SETTINGI, and changing its name to SETTING2, I am able to modify the original procedure 

without having to retype the entire procedure. Altering the name (by changing the suffix to 2) leaves the 
original procedure intact in case I wish to go back to it later. It also gives me a form of development trail 
as new ideas occur to me. 
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TO SETTING2 :TOTAL.NO.OF.STEPS.TO.BE.TAKEN 
INITIALIZE 
DRAW.ROOM 
PLACE.TURTLE 0 0 
SRW2 :TOTAL. NO.OF.STEPS.TO.BE.TAKEN 

END 

The new procedure incorporates two ideas. One is maintaining a counter that will keep track of the number 
of steps that the turtle takes. The second is to create a separate procedure that will establish all the necessary 
initial values for running the procedures. 

TO INITIALIZE 
MAKE 
MAKE 
MAKE 
MAKE 
MAKE 
MAKE 
MAKE 

END 

"NO.OF.STEPS.TAKEN 0 
"LEFT.SIDE (-100) 
"RIGHT. SIDE 100 
"TOP 50 
"BOTTOM (-50) 
"MAX.DEGREE.TURN 360 
"MAX.STEP.SIZE 30 

The input variable TOTAL.NO.OF.STEPS.TO.BE.TAKEN specifies the value of the number of steps 
that you want the turtle to take and the variable NO.OF.STEPS.TAKEN acts as the counter that will be 
incremented by one each time the turtle takes a step. LEFT.SIDE, RIGHT.SIDE, TOP, and BOTTOM refer 
to the sides of the room. MAX.DEGREE.TURN and MAX.STEP.SIZE refer to the parameters controlling 
the degree of randomness the turtle will exhibit. 

DRAW.ROOM must also be modified to change the way the room's dimensions are specified. 

TO DRAW.ROOM2 
CLEARSCREEN 
HT 
PU 
SETXY :LEFT.SIDE :BOTTOM 
PD 
SETXY :RIGHT.SIDE :BOTTOM 
SETXY :RIGHT.SIDE :TOP 
SETXY :LEFT.SIDE :TOP 
SETXY :LEFT.SIDE :BOTTOM 
PU 

END 

Finally, SRW must be modified to keep track of the number of steps that the turtle takes. 

TO SRW2 :NO.OF.STEPS.TO.BE.TAKEN 
RT (:MAX.DEGREE.TURN / 2) —RANDOM :MAX.DEGREE.TURN 
FD RANDOM :MAX.STEP.SIZE 
MAKE "NO.OF.STEPS.TAKEN :NO.OF.STEPS.TAKEN + 1 
IF :NO.OF.STEPS.TAKEN = :NO.OF.STEPS.TO.BE.TAKEN STOP 
SRW2 : NO.OF. STEPS.TO. BETAKEN 

END 

9 



The corresponding procedural flowchart is: 

INITIALIZE 

DRAW.ROOM2 

SETTING2 

PLACE.TURTLE 

SRW2 SRW2 

Although there has been a number of changes to the Logo procedures, the logical flow of the task remains 
essentially the same. 

Here is an example of running SETTING2 30. 

The "running out of gas" feature is working, but the walls still need more substance. 

Fourth Approach 
Let's now return to the problem of penetrable walls. 
One way to approach the problem is to take an imaginary step first and then test if the potential position 

is outside the wall. If it is, you want to do something about it. Otherwise you simply take the step. Taking 
an imaginary step is a way of tricking the computer. The idea is to hide the turtle, put the pen up (so the 
turtle does not leave a trail), take a step and determine whether or not you are still inside the room. If you 
are, then the step will be okay, so you back up, put the pen down, show the turtle and retake the step. If 
you are outside the room, then do not take the step. Instead, one possibility is to back up, rotate the turtle 
by 180 degrees, put the pen down, show the turtle and try again. 
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Let's look at the structural chart first. 

INITIALIZE 

DRAW.ROOM2 

PLACE.TURTLE 

SETTING3 

SRW3 

The actual procedures are 

IMAGINE.STEP 

BOUNCE 

TAKE.STEP 

SRW3 

TO IMAGINE. STEP 
MAKE "PRESENT.HEADING HEADING 
MAKE "PRESENT.X XCOR 
MAKE "PRESENT.Y YCOR 
PU 
HT 
FD :STEP.SIZE 
MAKE "TOO.FAR OUT.OF.BOUNDS? 
BK :STEP.SIZE 
PD 
SETXY :PRESENT.X :PRESENT.Y 
SETHEADING :PRESENT.HEADING 

END 

TO OUT.OF.BOUNDS? 
IF XCOR > :RIGHT.SIDE OUTPUT "TRUE 
IF XCOR < :LEFT.SIDE OUTPUT "TRUE 
IF YCOR > :TOP OUTPUT "TRUE 
IF YCOR < :BOTTOM OUTPUT "TRUE 
OUTPUT "FALSE 

END 

OUT.OF.BOUND&~' 
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TO SRW3 :NO.OF.STEPS.TO.BE.TAKEN 
RT ( :MAX.DEGREE.TURN / 2) —RANDOM :MAX.DEGREE.TURN 
MAKE "STEP.SIZE RANDOM :MAX.STEP.SIZE 
IMAGINE.STEP 
IF :TOO.FAR THEN BOUNCE ELSE TAKE.STEP 
IF :NO.OF.STEPS.TAKEN = :NO.OF.STEPS.TO.BE.TAKEN STOP 
S R W 3 : NO.OF. STEPS. TO. BE. TAKEN 

END 

TO BOUNCE 
RT 180 

END 

TO TAKE.STEP 
FD :STEP.SIZE 
MAKE "NO.OF.STEPS.TAKEN NO.OF.STEPS.TAKEN + 1 

END 

TO SETTING3 :NO.OF.STEPS.TO.BE.TAKEN 
INITIALIZE 
DRAW . ROOM2 
PLACE.TURTLE 0 0 
SR W 3 : NO.OF. STEPS . TO. B E. TAKEN 

END 

Now we can return to the original problem of studying random motion. The intensity of the randomness is 
determined by the two input variables :MAX.DEGREE.TURN and :MAX.STEP.SIZE to the procedure SRW3. 

Here are a few sample runs of 100 turtle steps, with :MAX.STEP.SIZE 20 and :MAX.DEGREE.TURN 360. 

., 
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Increasing the number of steps to 300 yields 

Increasing the :MAX.STEP.SIZE to 40, gives (for 300 steps) 

Let's try this with 10,000 steps!! 

:~ "•" 
i. 

I 

What conclusions do you draw from this? 
Let's return to journeys of 300 steps, leave the :MAX.STEP.SIZE at 30 and vary the 

MAX. DEGREE.TURN. 

MAX.DEGREE.TURN 90 MAX.DEGREE.TURN 30 

13 



Additional Approaches 
Another area for experimentation occurs when the turtle hits the wall. It is possible to write procedures 

that have different "bounce" properties. How many can you think of? 
As a Logo exercise, write some procedures that have the effect of sobering the turtle up! Can different 

turtles have different tolerances to alcohol (or to random procedures)? 

Meta-Approaches 
There are many ways to investigate the turtle's behavior. One approach is simply to run the procedure 

repeatedly, print out the final path and then examine it. This seems like a good approach until you have 
10 or 20 printouts on your lap! 

Another approach is to ignore the paths and just note the destination of the turtle after a preset number 
of steps. You then write ameta-procedure that reruns the main procedure a large number of times, say 500 
or 1,000, and examine the resulting array of dots for a pattern. 

What began as an apparently simple task has exploded into a number of exciting and substantive investiga-
tions. There are at least three distinct levels of investigation: 

1. To construct a set of procedures that work properly 
2. To use these procedures to investigate another topic (randomness) 
3. To construct meta-procedures to run the procedures many times 

There is room for improvement and innovation at all levels. You may see a better way of constructing 
the original set of procedures. You may have a better set of questions to ask about how to examine the nature 
of randomness. You may have a better way of looking at meta-issues. You may even have a set of considera-
tions for looking at this topic in a fourth (or more!) dimension. 

In my case, the sequel was to examine the behavior of "hungry" turtles. One does not live by wine alone! 

Postscript 
As I indicated at the outset, this account may be interpreted at many levels. From a pedagogical perspec-

tive, the same software (More 3.0) that produced the structural flowcharts may be used to produce a series 
of screen displays suitable for presenting the Logo procedures. Such displays can facilitate class discussion 
of the various features the procedures incorporate. These displays may also be printed on a laser printer 
and used as masters for making overheads. Alternatively, with the proper acetate, overheads can be pro-
duced directly on the laser printer. Clearly such an approach can be generalized and extended to other program-
ming tasks and languages. 

Reference 
Abelson, H., and A. diSessa. Turtle Geometry. Cambridge, Mass.: MIT Press, 1981. 
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Problem Solving: 
Some Points To Consider 

Irvin K. Burbank 

Irvin Burbank is a professor of elementary educa-
tion at the University of Victoria, B. C. , and senior 
author of Houghton Mifflin Mathematics (1-8). 

Generally, educators agree that a major purpose 
(if not the goal) of school mathematics is to teach 
and encourage students to solve problems. Achiev-
ing success in problem solving continues to be a 
major challenge for teachers and students at all grade 
levels. To meet this challenge, one first needs to find 
satisfying answers to the following questions: 

• What is problem solving? 

• What is a problem? 

George Poyla, a math educator who has devoted 
a lifetime to the study of problem solving, has pro-
vided its simplest description. He has defined it as 
finding a way out of difficulty, where no way is 
known offhand; or as finding a way around an ob-
stacle; or as a way of attaining a desired end that 
is not attainable by obvious means. Because answers 
do not always come easily or quickly, problem soly-
ing can be frustrating for students, who then become 
impatient and try to avoid the activity. 

In answering the first question, Poyla hints at the 
answer to the question: What is a problem? A prob-
lem must be defined in terms of the student. For a 
situation to constitute a problem, it must meet the 
following criteria: 
1. The student must have a desire to solve the prob-

lem. If a student has no interest in finding the 
prime factors of 60, the situation is not a problem 
for that student. In addition to wanting to solve 
the problem, the student needs to feel that the 
problem is within his/her capability and be will-
ing to attack the problem. 

2. The situation must be new or unfamiliar, with no 
immediate, obvious or apparent solution. If a 
student has encountered this kind of situation be-
fore and resolved it, it may not present a problem 
now. 

3. The situation must involve an initial state and a 
goal state with obstacles in between that present 
a challenge to be overcome. 

Point A 
Given State 

Point B 
Goal State 

Objective: To logically bridge the gap from point A to point B 

The following diagrams illustrate what often oc-
curs in the process of solving problems. 

Diagram 1 shows the student starting at point A 
(given state) and endeavoring to get to point B (goal 
state). This is a new situation the student has not en-
countered before. He/she gathers his/her resources 
and ventures out in an attempt to reach point B. The 
path followed may lead in a direction away from 
point B (path I). 

Point A 
Given State 
`i 

Diagram 1 

Point B 
~I Stated 
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Realizing he/she is not progressing, the student 
backtracks to point A, regroups, gains more infor-
mation and starts off on another path in the attempt 
to reach point B. However, this time the selected 
paths may prove to be dead ends, as illustrated by 
paths II and III in Diagram 2. 

~ as 
Point A 
Given State 

Dead End 

Diagram 2 

Point a 
Goal State 
~/ 

Dead End 

Once again the student backtracks, regroups, rede-
fines and gets more information before starting off 
on another path. It may take a long time, but he/she 
eventually reaches the goal, as illustrated by the 
winding path IV, in Diagram 3. 

Point A -+' 
Given Sta1 ~~ 

Diagram 3 

Point B \ 

\Goal State 

Once a student arrives at point B, it is often pos-
sible to look back and see bridges and shortcuts. For 
example, he/she may see how paths III and IV can 
be bridged, and likewise where to build a bridge be-
tween II and III, as illustrated in Diagram 4. 

~~ 
Point A ~~ 
Given Stat \ti 

l6 

Diagram 4 

The next time the student is faced with this type 
of problem, he/she will start on path II, cross over 
to path III, cross the bridge to path IV, and then pro-
ceed to point B, instead of taking the original long 
path IV, as shown in Diagram 5. 

Point A 
Olven State 

~~ 

Dead End 

Diagram 5 

Point B 
Goal State 

The student uses the new, shorter path over and 
over again when solving similar problems. Interest-
ingly, [he task is no longer a problem: it has become 
an exercise. 

So much for attempts to answer the questions: 
What is problem solving? and What is a problem? 
However, other factors also are involved in the de-
velopment of problem solving skills. In the rest of 
this article I will discuss some of them. 

Factor 1 
Often teachers do not have a clear understanding 

of the nature of problem solving, and thus may give 
the students a false impression of what it entails. For 
example, a student is asked to go to the chalkboard 
to demonstrate his/her solution to a problem. The 
student fills up two boards with diagrams, steps and 
calculations before arriving at the solution. The teach-
er steps forward, impatiently takes the chalk and 
quickly solves the problem in four short steps. The 
student replies, "But sir, you asked to see my solu-
tion to the problem, you did not ask me to show your 
solution to the problem. If I could've solved it in four 
steps, I would've solved it in four steps, but this is 
the first time I have solved this problem." 

In this example, the student was correct. He/she 
was engaged in problem solving: the teacher was do-
ing afour-step exercise. If the truth be known, it is 
highly likely the teacher did not solve the problem 
in four steps the first time he/she solved it. Thus we 
can conclude that true problem solving takes time 
and that good problem solvers must put up with frus-
tration as they strive to move from the given state 
(point A) to the goal state (point B). If the teacher 
conveys to the student that problem solving is a quick, 



direct progression from point A to point B, he/she 
misleads the student about the nature of problem soly-
ing. For example, the teacher has the following 
routine: 

1. Reads the question 
2. Writes the formula or equation 
3. Gets the answer 

The student is led to believe this is the way problems 
are solved. He/she tries this routine: 

1. 
2. 
3. 
4. 
5. 
6. 

Reads the question 
No formula pops into his/her head 
Reads the question 
No equation comes to mind 
Reads the question 

The student concludes, "I can't solve problems!" 
and is correct, because no one solves problems this 
way: these are the steps of an exercise, not strate-
gies for solving a problem. 

Factor 2 
Intimidation is a major factor hindering the de-

velopment of problem solving skills in the classroom. 
Unfortunately, it is often quite unintentional. For ex-
ample, the teacher who solves a problem in 4 steps 
and 10 seconds flat often does not realize how this 
intimidates a child who has just struggled through 
many steps to get the solution. 

Suppose a teacher prefaces the problem solving 
with a statement such as, "Here is an easy problem 
for you, Walter." This is a devastating remark to 
make to Walter because it implies that he could not 
possibly solve an ordinary problem. If Walter can 
solve the "easy" problem then he gains no satisfac-
tion from it. If he cannot solve it, then that confirms 
for him that he is a dunce. It would have been better 
to have said, "Here is a tough (or challenging) prob-
lem for you." If Walter can then solve it, he will 
feel a lot of satisfaction; if he cannot, he can con-
clude, without loss of confidence, that he could not 
solve it because it was too tough, but that he is still 
learning, and one day he may be able to solve it. 

Chapter 1 2 3 

Factor 3 

Students often witness the teacher and other stu- 
dents doing mathematical exercises, but they seldom 
see the teacher in the process of solving problems: 
They do not witness what the teacher does when the 
attempt does not seem to be leading to a solution, 
or when the attempt reaches a dead end. A child can- 
not learn to kick, catch or throw a ball by engaging 
in worksheet activity, only by observing others prac-
tising these skills Hence it is not surprising that stu-
dents have difficulty solving problems if they seldom 
see others doing it and are only exposed to problem 
solving through worksheets. 

Factor 4 

If students' exposure to problem solving comes 
only in the form of a worksheet, then they are not 
involved in the critical problem solving activities of 
asking questions and vocalizing the terms related to 
the problem. If students ask: Why? How come? How 
much? How many? then they are at the first and cru-
cial stage in problem solving. The importance of ask-
ing questions and vocalizing is evidenced by the fact 
that often by the time a student has said the last word, 
the answer pops into his/her mind. The reason may 
be that this was the first time the student had ver-
balized the math terms or phrases. 

Factor 5 

If the teacher is not keen on problem solving, 
he/she will probably find it hard to motivate the stu-
dents to develop the skills and strategies necessary 
for solving problems. Unfortunately, many teachers 
share their students' fear and dislike of problem 
solving. 

Factor 6 

This last factor has to do with how problem soly-
ing fits into the elementary math curriculum. Some 
of the old math programs placed problem solving in 
the last chapter of the textbook. For example: 

4 5 6 

Addition Multiplication Measurement Geometry Graphing Problem 
Subtraction Division Solving 

Placing problem solving in the last chapter often meant the class never studied it. Other programs placed 
problem solving at the end of each chapter, a slight improvement over the first format: 

17 



Chapter 1 2 3 4 5 

Addition Problem Multiplica- Problem Measure- Problem Geometry Problem Graphing Problem 
Solving ment Solving ment Solving Solving Solving 

Subtraction Division 

However, it is generally agreed that problem solving should be interwoven throughout the math program, 
as follows: 

Chapter 1 2 3 4 5 

Addition 
Subtraction 

Multiplication 
Division 

Measurement Geometry Graphing 

Problem Solving 

In this type of program the introduction to a lesson involves problem solving; teaching the lesson involves 
problem solving; and practice, reinforcement and enrichment activities all use various elements of problem 
solving. 

After studying problem solving and some of the factors to be considered in promoting it, teachers will, 
I hope, conclude that problem solving has a dual personality: it is the goal of mathematics education and 
the means of achieving the goal. It is the product and the process. Moreover, carrying out problem solving 
is the best method for teaching problem solving. 

18 



Canadian Mortgage Payments 

Dennis Connolly 

Dennis Connolly is associate professor of mathematical science at the University of Lethbridge, Lethbridge, 
Alberta. This paper was presented at the NCTM Conference in Calgary, in October 1990. 

This paper shows how monthly mortgage payments are calculated, with special reference to Canadian mort-
gages. From this a "loan progress formula" is developed. I also explain the curious "monthly interest'fac-
tor" that appears at the back of Canadian Mortgage Tables. 

Let Ap be the initial mortgage amount in dollars, 
p be the fixed monthly payment in dollars, 
n be the number of months of mortgage amortization and 
r be the monthly interest rate. 

Monthly Payments 
Our problem is to find p in terms of Ap, n and r. 

Let Ak be the amount of principal owing immediately after the kph (monthly) payment has been made, for 
1 s k <_ n. We see that 

A t =AO +rAp—p=Ap(1+r)—p 
Az =At +rAt —p=At(1+r)—p=Ap(1+r)2 —p—p(1+r) 
A3 = AZ + rA2 — p = Az(1+r) — p = Ap(1+r)3 — p — p(1+r) — p(1+r)2

Ak = Ap(1+r)k — p[1 + (1+r) + (1+r)Z + .. . 

Then using the sum of a geometric progression 

k 1+a+az+...+ak-~—a  —1 we get 
a — 1 

Ak = Ap(1+r)k — p 
(1+r)i — 1 

+ (1+r)k~~] 

After n months the mortgage is paid off, so that A~ = 0. That is 

(1+r)" — 1 
r 

Hence the monthly payment is 

_ r(1+r)" 
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Example 1 
Find the monthly payment fora $100,000 mortgage @ 12% amortized over 10 years. 

Here AO = 100,000, n = 120 months and r = 1 % = 0.01 per month. 

Using equation 1 to calculate the monthly payment p = $100,000 
(0.01)(1.01)[20 _ $1,434.71 
(1.01)[2° — 1 

The Canadian Mortgage Tables give $1418.03 as the monthly payment for the above mortgage. This amount 
differs from that calculated above because the interest on Canadian mortgages is calculated "semiannually, 
not in advance." Thus, if the annual rate of a Canadian mortgage is R%, then the monthly rate is not 
r = R/12% (as in the U.S.), but r~ where (1+r~)6 = I + R/2.* That is 

r~ 1+R/2— 1 

6 
Using re = ~ 1 + 0.06 — 1 = 0.009758794 for r in equation 1, for the above example (AO = 100,000, 
R = 12 % and n = 120 months), we get 

p = $100 000 
(0.009758794)(1.009758794)120 _ $1,418.03, exactly as in the Tables. 

(1.009758794) t20 —1 
Example 2 

Calculate the monthly payment fora $75,000 Canadian mortgage over 25 years at 13.25 %. 

n 6 
Using equation 1, p = AO  r(1+r)  

where AO = 75,000, n = 300, and r = 1+ 0.1325 _ 1
(1+r)"-1 

that is, r = 0.010748660, p = $840.14. (The Tables give $840.15.) 

Loan Progress 
After k monthly payments, the amount of principal owing is Ak. Recall 

Ak = AO (1+r)k — p 
(1+r)k — 1 

r 

2 

Example 3 

Calculate the amount of principal owing on the mortgage in Example 2, after 10 years of payments. 
That is, AO = $75,000, p =$840.14, r = 0.01074866 and k = 120. 

Alzo = $75,000 (1.01074866)120 
—(840.14)(1.01074866)120-1 _ 866,754.97 

0.01074866 

(The Tables are only approximate and give $890 x 75 = $66,750.) 

Example 4 

Calculate the amount of principal owing on a $200,000 mortgage @ 14.75% over 40 years after 20 years 
of payments. (In the U.K. mortgages are often amortized over 35 and 40 years; 14.75% is a common rate.) 

Here AO = 200,000, n = 480 and r = V 1 + 
0.175 

1 = 0.011930135 

Use equation 1 to find p = $2,394.10, then equation 3 with k = 240, to get A 240 = $189,021.57, the 
amount of the $200,000 still owing after 20 years of payments. 

*r~ is such that the interest on the mortgage "when compounded monthly at a [ate of r~% per month" is equivalent to the interest on 
the mortgage "when compounded semiannually at a rate of R/2% per six months" (R% being the quoted annual rate for the mortgage). 
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Monthly Interest Factor 
The monthly interest factors published at the back of Canadian Mortgage Tables are simply r~ for the ap-

propriate quoted annual rate R. (See equation 2.) 

Example 5 
For a mortgage with a 13.25% interest rate we saw in Example 2 that 

r~= Y 1+ 0.1325 1 = 0.010748660. 
2 

This is the monthly interest factor fora 13.25 % mortgage (see Tables). Fora 14.75 % mortgage we saw 
in Example 4 that 

r~ _ ~/ 1 + 
0.175 

1 = 0.011930135. 

This is the monthly interest factor fora 14.75% mortgage (see Tables). 

A Hewlett Packard 27 calculator has the following buttons: 

n 

m nihs 

i 

i ~ 100r~ P 

pmt 

Note that the interest button i is not r~ but 100 times r~. 

n —
log(1 +r) 

To find r in terms of Ap, n and p is not so easy; we have to solve the polynomial equation 

p = (1 + r)"(p-Apr) 

to get r, which is difficult for n > 2; usually n is very large. An iterative process is used to approximate 
to the solution to the desired degree of accuracy. 

pv 

Ap. 

It is of interest that we could find 
(a) Ap in terms of p, n and r. Using equation 1, we see 

(b) n in terms of Ap, p and r. By rearranging equation 1 and taking logs (any base), we see 

log(p) — log(p—rAo) 

Total Interest Paid 
The total interest paid on a mortgage (over n months) is simply np - Ap. 

Example 6 
The interest paid on the $75,000 mortgage of Example 2 is 

300 x $840.14 - $75,000 = $177,042.00. 

The interest paid on the $200,000 mortgage of Example 4 is 

480 x $2,394.10 - $200,000 = $949,168.00. 
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Monthly Interest Factors 
Interest for one month at nominal annual rates shown, 

based on interest compounded semiannually 

12 % .009 758 7942 t- 15'/s % .012 224 4297 

12 %s % .010 452 2088 15'/a % .012 322 4327 

13 % .010 551 0740 15'/e % .012 420 3883 

13'/s % .010 649 8909 15'/z % .012 518 2966 

13'/a % .010 748 6596 E- 15 5/e % .012 616 1575 

133/s% .010 847 3799 15 3/a % .012 713 9712 

13'/z % .010 946 0522 15'/a % .012 811 7377 

135/e% .011 044 6762 16 % .012 909 4570 

13 3/ % .011 143 2522 16'/e % .013 007 1292 

13 %a % .011 241 7802 16'/a % .013 104 7543 

14 % .011 340 2602 163/s % .013 202 3325 

14'/s% .011 438 6923 16'/z% .013 299 8636 

14'/a % .011 537 0764 165/a % .013 397 3478 

143/s % .Ol 1 635 4128 16 3/a % .013 494 7852 

14'/z % .011 733 7014 16% % .013 592 1758 

145/s % .011 831 9423 17 % .013 689 5196 

14 3/a % .011 930 1355 t- 17'/a % .013 786 8166 

14% % .012 028 281 I 17'/0 % .013 884 0670 

IS % .012 126 3791 17'/s% .013 981 2708 
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Payment Table Fer Canadian Mortgages 
Computed and Published by 
Financial Rlblishing Company Massachusetts 1974 

BASIC MONTHLY PAYMENT 
NECESSARY TO AMORTIZE A LOAN 12~ 

BASIC MONTHLY PAYMENT 
NECESSARY TO AMORTIZE A IOAN 13v.~ 

TERM 6 7 t • 10 11 i] 1] 14 TERM ]4 TS 16 2] ]e ]9 ]0 ]3 411 
aMOUM TEARS TEA0.9 TEARS TEAR$ YFA4S BARS TFARS TEARS TEARS 4MOUM TFARS TEARS TEARS TEARS YEARS TEARS TEAR$ TEARS YEARS 

23 .49 .<a .41 .36 .76 .34 Jl .32 .31 ]! •29 .29 .2e .10 .26 .20 .18 .18 .2e 
SO .97 .66 .0l .16 .11 .60 .65 .63 .6l 30 .s7 .57 .s6 .56 .56 .50 .55 .55 .55 
73 1.46 1.12 1.21 1.11 1.07 1.02 .9e .9t .9l 7! .05 .05 .94 .e4 .07 .03 .0) .e2 .01 
100 1.94 1.75 1.61 1.51 1.42 1.36 1.70 1.26 1.12 100 L17 1.13 1.12 tll 1.11 1.11 1.10 L09 1.09 
]00 3. e6 7.50 7.12 ).Ol 1.61 2.71 2.60 1. $I I.a3 ]00 2.26 1.25 1.23 2.22 1.21 2.21 2.20 2. Ie 2.11 

]00 $.e2 5.25 a,e7 1.51 4.26 4.06 7.09 3.76 7.64 ]00 7.39 7.77 )J5 L77 372 3.11 3.30 ).11 7.25 
600 7.76 1.00 6.at O.OI 5.66 $.H 5.19 s.el t.eb 100 asl 4.49 1.46 4.aa a.0 4.41 4.40 a. 35 a.J3 
!00 9.10 e. TS 0.05 7.52 7. I0 6.76 e.1e 6.16 6.07 500 5.61 5.61 S.Se 5.55 5.57 S. SI 5.50 5.44 S.al 
600 11.61 10.50 9.66 9.02 6.51 e.11 1.76 7.51 7.10 600 e. 77 6.73 6.69 6.66 6.64 6.01 6.59 6.57 6.49 
700 l3. Se 12.25 11.17 10.51 9.9) 9.40 9.Oe e. 76 t.50 700 1.19 7.05 l.el 7.11 7.7< 7.12 1.69 7.61 7.51 

t00 Is. 51 14.00 12.06 11.01 Il.7s 10.01 10.37 10.01 9.71 D00 9.02 6.91 1.92 e.ee 0.65 6.02 0.79 e. 10 0.06 
900 17.46 15.75 11.19 17.51 11.77 11.16 11.67 11.16 10.91 900 10.15 10.09 10.01 9.99 9.95 9.92 9. e9 9.79 9.Ta 
1000 19,40 17.50 16. I0 15.03 N.19 17.51 11.96 12.51 IL Ia 1000 11.21 11.21 11.15 II. IO 11.06 IL02 10.99 I0. e6 IO.e1 
]000 3e. DO 15.00 32.19 70.05 21.77 21.02 25.92 25.01 24.27 ]000 12.St T2.a1 22.70 22.20 12.11 11.04 21.91 11.75 21.67 
]300 48.50 U.15 10.24 )1.56 35.16 77. IT 72.10 7LU 7074 ]300 20.17 10.01 27.07 2775 27.64 11.54 21.16 17.1! 27.04 

]000 50.20 52.50 46.29 15.07 12.55 10.57 7a. ee 77.57 76.40 ]000 3).01 33.61 37.11 77.19 77.16 77.05 12.95 71.62 72.14 
6000 1].60 10.00 64.36 60.09 56.77 54.07 51. et 50.01 46.97 6000 17.07 14.61 N.59 K.79 N.22 N.07 47.94 U.19 4).26 
3000 91.00 eT. 50 eo.ae TS.II 70. t1 e7. Sa 64.10 62.55 60.61 3000 $e. )a 56.01 55.77 SS.a9 55.21 SS.Oe Sa.92 54.76 54.07 
6000 116. a0 104.99 96.57 90.17 65.09 •I.OS 77.76 15.05 71.10 6000 67.61 67.22 66.66 66.56 00.72 66.10 65.90 65.2) 64.66 
7000 115. e0 112.49 112.66 IOs.16 99.27 N.55 90.71 0.56 61.93 7000 71.11 76.42 76.01 17. eB 77.71 77.11 76.00 76.10 75.69 

6000 90.11 19.62 19.17 61.77 61.47 ee. l7 61.61 66.97 06.51 
80000 1552.00 1799.6/ 1267.64 1101.71 1114.4 067. p1 10)6.77 1000.66 970.56 9000 IOLH IOO.e2 100.71 99.67 99.10 19.11 L.eS 91.04 97.71 
83000 1619.00 1417.76 1766.01 IP6.e) 1205.77 INe. 11 110456 1067.10 1031.24 10000 112.67 112.02 11416 110.97 110.54 IIO. IO 109.07 101.71 IOe.0 
90000 1746.00 1574.15 let 6.49 1751.94 1216.27 1115.64 1166.76 II25. 75 1091.91 11000 123.94 123.23 122.60 122.06 121.59 11l. ID IIO.el II9.58 ll e.9a 
93000 11<3.00 1661.75 1526.96 ri2T.05 1711.17 IN J. id 113416 1166.29 1152.57 11000 175.21 131.13 131. T5 177.16 171.64 02.19 I3L e0 170.45 129.16 
I Q7000 1910.00 1149.14 1609.43 1501. I5 1411.07 1750.71 1195.96 1150.83 111).27 

7500'0 619.69 616.11 01).00 110.29 007.92 005. e0 604.05 597.09 594.69 
60000 676.02 612.12 661.72 665.77 667.19 060.9) 656.96 657.24 6ae. 76 
65000 732.76 720.0 114.45 721.25 711.45 716.01 TU.1e 706. s9 /02.81 
70000 768.69 104.14 700.11 776.13 177.12 771.09 166.79 760.95 156.68 
75000 045.0) 640.15 675.90 QL2 827.90 026.16 627.10 615.70 010.94 

60000 901.)6 096.10 091.07 007.69 004.25 161.14 070.62 069.6$ 0e 5.01 
47000 957.70 952.1/ 941.70 K3.11 979.51 9)6.72 9)3.57 924.01 919.07 
90000 1014.0] 1000.10 IOm.Oe 990.65 991.70 99400 9ee.N 91070 917.1) 
93000 1070.71 1064.19 1050.01 ION.l7 1050.01 lOae.N 104775 1072.71 1021.19 
100000 Ill e.T0 1120.20 1114.54 1109.61 1105.71 1101.55 1096.11 IOe 7.06 1081.26 

BASIC MONTHLY PAYMENT 
NECESSARY TO AMORTIZE A LOAN 141ie~ 

TERM 24 IS 16 ]7 ]8 ]9 >0 15 4U 
AMOUNT TEARS YEARS YEARS YEARS YEARS TEARS TEARS TEARS TEARS 

23 .11 JI .71 .71 .11 .11 .Jl .3I .70 
30 .b2 .61 .6I .61 .6I .6l .el .bl .00 
75 .9] .9) .92 .92 .92 .9l .9l .91 .90 
100 1.24 1.27 1.23 1.22 1.22 L ZZ 1.21 1.21 1.20 
200 L N 2.46 2.45 2.44 L« 2.aJ 2.42 2.41 T.aO 

700 ). 71 3.69 1.67 7.66 1.65 l.6< 7.67 7.61 ).60 
400 a,9< 4.92 4.90 4.88 4.87 4.06 <. e4 4.fi1 679 
500 6.17 e. 15 6.12 6.10 6.08 6.01 6.05 6.01 6.99 
600 1.0 7. )i 7.74 7. )2 7.70 7.28 7.26 7.21 7.19 
700 6.64 8.60 8.51 8.54 6.51 1.49 B.al e.<1 6.71 

BOO 9.61 9.83 9.19 9.76 9.17 9.11 9.66 9.62 9.56 
900 I1. 11 II.Ob 11.01 10.96 10.95 10.92 10.89 10.01 10.76 
1000 12.;< 11.29 12.24 12.20 11.16 12.1) 11.10 12.01 11.96 
]000 24.66 N.57 24.41 24.39 14.72 24.26 24.20 14.m 17.95 
]500 70.64 JO JI 70.59 10.48 JO.aO 70.71 10.25 70.Oa 29.9] 

3000 77.01 36.65 )6.10 )6.58 J6.ti ;b. le 76.70 76.04 75.92 
.000 49. J5 49.11 40.9< 48.11 40.67 te. 51 <8.40 t8.0e 47.69 
5000 61.66 el.H 6417 60.96 00 J9 60.6; 60.50 60.01 59.66 
6000 74.02 13.69 77.40 77.15 12.94 TI. Ie 72.60 72.09 71.67 
4040 86.16 85.97 65.6) Bs. 75 66.10 04. e9 14.10 e4. C9 87.60 

6000 96.69 96.25 97.61 97.54 91.25 91.01 96.60 96.11 95.71 
9000 111.02 IIO.sI 110.10 109.1) 109.41 109. Ia 109.90 108.12 107.74 
10000 121. J6 121.91 122.7) IR.91 121.67 121.16 121.00 120. I7 119.71 
11000 135.10 05.09 134.56 Ubll 177.12 U). 39 173.10 171. 1a 171.66 
1]000 146,07 1477/ Ia6.e0 146.70 us.ee N5.51 !45.20 I4a.16 IU.65 

00000 986.64 981.41 918.61 975.)3 972.50 970.06 967.96 961.02 9s7.6< 
83000 IO<B. s2 l0U.e1 1079 J7 1036.16 1077.21 Imo.69 1028.45 1021.08 1017.50 
90000 1110.20 1105.21 1100.93 1091.24 1094,06 1091.32 1061.95 1081. 1< 1077.35 95000 1171.81 1166.62 1161.09 1158.20 1154.64 115695 1149.45 114410 1177.20 
100000 1273.55 1128.02 1223.26 1219.16 1215.62 1112. Se 1209.95 110L21 1197.05 

LOAN PROGRESS CHART 
Showing the dollar balance ram0inin0 par 51000 of loon 

INTEREST 
RATE 

ORIG. 
TERM 2 5 8 

ElAP5E0 TERM IN YEARS 
10 12 IS 1B 20 22 2S 

1 
O 
3/4~ 

10 
IS 
20 
25 
10 

874 
979 
967 
902 
989 

028 
Bl9 
903 
946 
969 

29: 
650 
016 
897 
441 

SI$ 
740 
054 
916 

340 
047 
802 
806 

465 
700 
828 

215 
500 
148 

440 
670 

291 
593 416 

1'1 ~ 
1 

10 
15 
20 
Z5 
70 

075 
940 
968 
982 
990 

031 
eI2 
906 
948 
910 

297 
060 
820 
900 
943 

Sl9 
145 
858 
920 

3<G 
651 
807 
890 

470 
706 
B7J 

210 
566 
754 

445 
685 

295 
600 472 

1 3 °~ 
ss
10 
23 
30 

949 
975 
987 
993 

844 
927 
961 
919 

690 
840 
912 
959 

551 
779 
887 
941 

771 
691 
412 
9lT 

508 
740 
869 

142 
bl2 
798 

408 
113 

329 
650 478 

1 3 1~4 ~ 

10 
15 
1a 
2S 
70 

800 
950 
976 
988 
994 

055 
846 
925 
961 
980 

313 
694 
BSI 
924 
961 

554 
783 
890 

374 
695 
046 
920 

513 
753 
871 

245 
618 
807 

493 
739 

333 
656 484 

4 0~4 ̀~ 
10 
ss
m 
25 
10 

895 
956 
980 
990 
995 

611 
861 
930 
970 
905 

326 
Tl5 
869 
9)8 
970 

577 
806 
908 
955 

394 
722 
867 
936 

541 
781 
894 

263 
649 
030 

524 
770 

358 
689 Slb 
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Another Proof of Heron's Formula for 
the Area of a Triangle 

Gurcharan Singh Bhalla 

Gurcharan Singh Bhalla teaches mathematics at Bronx Community College of the City University of New 
York, U. S.A. 

Heron of Alexandria (60 A.D.?) was a Greek mathematician. His mathematical works, included in Metrica, 
deal with mensuration of rectilinear figures and solids. His unique contribution to mathematics, however, 
is his famous relation for the area of a triangle in terms of its sides. Heron's formula states: 

Given a triangle with sides equal in length to a, b and c, and s its semiperimeter, then the area of a triangle 

is ~ s(s - a)(s - b)(s - c) 
This article presents an analytical geometrical demonstration of the relation. 

Y 

C l~' coS A ~ Q,. A.u.. A 

rti 

A(o,.) c g(co 

Let ABC be the triangle with sides AB = c, BC = a and CA = b, and coordinates of A = (0,0), B = 
(c,0) and C = (b cosA, b sinA). Then, by coordinate geometry, the area X of the triangle is given by: 
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0 0 
X = '/z c 0 

b cosA b sinA 

From triangle ABC, by cosine rule, we have 

cosA — 
b2 + c2 - a2

2bc 

Therefore 

2 (b2 + cz - az 1 z _ (2bc)2 - (b2 - (b2 + cz - az) z sinA = 1 - ` J
2bc 4b2c2 

sin2A — 
(2bc + b2 + c2 - a2)(2bc - b2 - c2 + a2) 

4b2c2

4b2c2

(b + c + a)(b + c - a)(a + b - c)(a - b + c) 

4b2c2

_ 16 s(s - a)(s - b)(s - c) 

4b2c2

sinA — 2~ s(s - a)(s - b)(s - c) 
be 

From 1, area X = '/z bc.2~ s(s - a)(s - b)(s - c) 
be 

Thus Heron's formula for the area of a triangle is demonstrated. 
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A Circular Graphing Activity: 
Digital Roots of Powers of Natural Numbers 

David R. Duncan and Bonnie H. Litwiller 

David Duncan and Bonnie Litwiller are professors 
of mathematics at the University of Northern Iowa, 
Cedar Falls, Iowa. 

Graphical representations are an increasingly im-
portant topic in contemporary mathematics curricu-
lar materials. The Curriculum and Evaluation Stand-
ards for School Mathematics (NCTM 1989) suggests 
that the middle school curriculum provide opportu-
nities for students to describe, extend, analyze and 
create a wide variety of patterns and to describe and 
represent relationships with graphs. It is important 
that students have a variety of graphical experiences 
at all levels. We present a graphing activity for mid-
dle school students to do with the powers of natural 
numbers and their digital roots. 

To find the digital root of a natural number, find 
the sum of its digits. If this sum is a single digit num-
ber, then this number is the digital root. If the sum 
is a number of two or more digits, repeat the process 
until a single digit number results. For example, the 
digital root of 34 is 3 + 4 or 7. The digital root of 
896 is 8 + 9 + 6 = 23. As 23 is not a single digit 
number, repeat the process; that is 2 + 3 = 5. So 
5 is the digital root of 896. 

Activity 1 
1. Consider the third powers (cubes) of the natural 

numbers and their corresponding digital roots as 
shown in Table 1. 

Note that the digital roots repeat indefinitely in 
a 1-8-9 pattern. 

2. Graph these digital roots using a circle with nine 
equally spaced points marked on [he circumference. 
The points are connected to make the graph easier 
to read; the 1-8-9 pattern is evident. 

26 

Table 1 

Cubes of the Digital Roots 
Natural Number Natural Numbers of the Cubes 

1 t 1 
2 8 8 
3 27 9 
4 64 1 
5 125 8 
6 216 9 
7 343 1 
8 512 8 
9 729 9 
10 1000 1 
11 1331 8 
12 1728 9 
13 2197 1 
14 2744 8 
15 3375 9 
16 4096 1 
17 4913 8 
18 5832 9 
19 6859 1 

Activity 2 
Consider the second powers (squares) and their 
digital roots as shown in Table 2. 

Observe that the digital roots repeat in a longer 
set of numbers. The pattern is 1-4-9-7-7-9~-1-9. 

2. Graph the digital roots as in Activity 1. 

The pattern of the digital roots can be seen from 
the graph. Note that this pattern does not form 
a simple closed curve, as in Graph 1. 

1. 



Activity 3 

Have your students construct the graphs of the dig-
italroots of the following powers of the natural num-
bers 1, 4, 5, 6, 7, 8 and 9. The results should be 
as shown in Table 3 and Graphs 3 through 9. 

Table 2 

Squares of the Digital Roots 
Natural Number Natural Numbers of the Squares 

1 1 1 
2 4 4 
3 9 9 
4 16 7 
5 25 7 
6 36 9 
7 49 4 
8 64 1 
9 81 9 

10 100 1 
11 121 4 
12 144 9 
13 169 7 
14 196 7 
15 225 9 
16 256 4 
17 289 1 
18 324 9 
19 361 1 

Graph 3 

Digital Roots of First Powers 
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Graph 4 

Digital Roots of Fourth Powers 

Graph 6 

Digital Roots of Sixth Powers 

Graph 5 

Digital Roots of Fifth Powers 

Graph 7 

Digital Roots of Seventh Powers 
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Graph 8 

Digital Roots of Eighth Powers 

Graph 9 

Digital Roots of Ninth Powers 

From the tables and graphs observe that the lengths Challenges 
and repetitive patterns of digital roots are 

Powers Length of 

First 9 digits 
Second 9 digits 
Third 3 digits 
Fourth 9 digits 
Fifth 9 digits 
Sixth 3 digits 
Seventh 9 digits 
Eighth 9 digits 
Ninth 3 digits 

The lengths are all 9 or a divisor of 9. 
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Note that the digital root patterns for the second 
and eighth powers are identical, as they are for the 
third and ninth powers. 

1. Have your students graph the tenth, eleventh, 
twelfth . . .powers. What further identical pat-
terns emerge? (For p > 1, the digital roots of the 
pth powers and the p + 6th powers are identical.) 

2. Compute the multiples of the natural numbers and 
graph their digital roots. What patterns emerge? 

Reference 
Curriculum and Evaluation Standards for School Mathematics. 

Commission on Standards for School Mathematics of the 
National Council of Teachers of Mathematics Staff, 1989. 



Include Fractions in the Elementary 
School Curriculum 

John B. Percevault 

John Percevault is a retired professor of mathematics 
education from the University of Lethbridge, Leth-
bridge, Alberta. 

During the sixties, Alberta's elementary mathema-
tics curriculum was critically reviewed. As a result 
of the decision to adopt the Metric System (S.I.) in 
Canada, work with common fractions was elimi-
nated. The focus was on decimal numeration and the 
extension to S.I. prefixes, while instruction in com-
mon fractions was limited to halves, thirds, fourths, 
fifths and tenths. 

The current Alberta curriculum encourages in-
tegration and continuity of instruction. Integration 
should not only be across subjects but also within 
a subject. Continuity rightly includes the continued 
use of the same materials or models throughout the 
grades. It should also include students' developing 
ideas and the ability to express those ideas clearly 
and concisely. Manipulatives provide just such an 
opportunity for integration and continuity within the 
mathematics curriculum. The best opportunity for 
language development occurs in a small-group situ-
ation, where the size of the group may be less im-
portant than the opportunity for discussion. 

The ideas that follow are not new. Many of the 
diagrams can be found in elementary or Grade 7 
mathematics texts. However, the idea of students de-
veloping manipulatives rather than using prepared 
materials may be new to some readers. Students en-
joy using materials they or their colleagues have de-
veloped. Ihave not indicated the grade levels for 
which these exercises are appropriate. I have tried 
them out on Grade 4 students, who were excited 
by and enjoyed developing and using a fraction kit 
consisting of strips of paper. Could some of these 

experiences be tried at a lower level? The question, 
I hope, is rhetorical. 

Developing the Kit and Related Activities 
I. Whole 

Provide each student with a uniform set of rec-
tangular paper strips. 

Have students explore some of the questions that 
follow: 

1. Are the strips the same size? Why? 
2. Are the measures of opposite sides the same? 
3. How do the measures of the angles compare? 
4. Do the strips have the same area? 

These are properties of congruency. After the ex-
ploration label the unit strip. 

i One a ~► 1/1 

Illustration 1 

II. Halves 
Ask each student to take a new paper strip. Esti-

mate where the halfway point of the strip would be. 
Check. Challenge students to find the halfway point 
another way (measure, fold, refine estimate). Ac-
cept all correct responses. 

1 

Illustration 2 

-► 2/2 
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Discuss properties of congruent figures developed 
with the unit strip. Ask: 

1. How many halves in one? 
2. If a strip (unit) is divided into two equal (con-

gruent) parts, what is the size of each part? 
Label as in Illustration 2. Is there another term for 
one? 

Note that the order of developing fractions on the 
paper strip that I follow here is completely arbitrary. 
Teachers could develop thirds next. 

III. Fourths 
Before providing students with a new strip ask 

them if they can divide a strip into four equal (con-
gruent) parts. Have each of them justify or illustrate 
the method used. Accept all correct responses. 

1/4 

Fold Fold 

2/a 
1/2 3/4 ; 4/4 

Illustration 3 

Possible questions to explore include: 

I How many equal parts are there? 
2. What is the name of each part? Quarters? 
3. Compare: How many halves in one? 

How many quarters in one? 
4. How much of the whole one is 

1/2 + 1/4? 
1/4 + 1/2? Prove. 

5. How many ways of naming one? 
1, 2/2, 4/4, . . . 

6. Extend to eighths and sixteenths. Some students 
may do this on their own. 

IV. Thirds and Sixths 
After thirds, sixths and possibly twelfths may be 

developed. 
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1/6 

~~ 

1/3 2/3 3/3 

Illustration 4 

Continue developing equivalent fractions. 
Challenge the students to determine whether they 
have formed a generalization. Verify with fraction 
strips or diagrams. 

V. Denominators >_ Five 
As the number of folds increases, the measures 

become less precise. A handy, accurate measuring 
device can be developed using parallel lines. Figure 1 
shows a line segment divided into fractions. The frac-
tions equivalent to one-half are also marked. Other 
equivalents are evident. Incidentally, why this works 
might be a good investigation for a high school ge-
ometry class. 

VI. Decimal Fractions 
Comparing the halves and fifths to the tenths strip 

generates the decimal equivalents. Additions and sub-
tractions can be made, such as: 

1/2 + 1/5 = 0.5 + 0.2 
1/2 - 1/5 = 0.5 - 0.2 

1/10 + 0.5 = 1/10 + 1/2 

VII. Fraction Chart 

Students should be encouraged to develop their 
own charts. (See Figures 2 and 2A). 

List equivalent fractions. Challenge the students. 
1/2 = 2/4 
1/2 = ?/3 
1/2 = 3/6 
1/2 = 4/8 

1/2 = ?/16 

The chart also shows the following: 
1/2 - 1/3 = 2/3 - 1/2 
1/3 - 1/4 = 3/4 - 2/3 
1/4 - 1/5 = 4/5 - 3/4 

1_  1  =  n  _n-1 
n n+ 1 n+ 1 n 



Figure 1 

Fraction Generator 

`` 

` 

Halves 

Thirds 

_Fourths 

Fifths 

Sevenths 

Tenths 

Elevenths 

Identify the line segments. Estimate. Use strips to 
verify. Allow students to determine the fractional 
equivalents (common denominator) for each minuend 
and subtrahend. 

Sums and minuends greater than one can be illus-
trated by placing two strips end to end. It can be 
shown that: 

1/2 + 7/10 = 5/10 + 7/10 
= 12/10 

or 
0.5 + 0.7 = 1.2 

Multiplication can be incorporated: 
3 x 1/2 means placing 3 units of 1/2 end to end 
4 x 2/3 means . . . 

Division can also be shown. Consider the follow-
ing questions: 

1. How many quarters are in one-halt? 
1/2 _ 1/4 = ? 

2. What is the size of each part when one-half is 
divided into two equal parts? 
1/2=2=? 

By now some readers are probably saying: But, 
this isn't part of the elementary curriculum! I'll con-
cede that! Perhaps, however, the teaching of frac-
tions in elementary grades should be reintroduced 
if integration, continuity, estimation, use of man-
ipulatives, thinking and language development are 
part of the curriculum. Evaluation procedures must 
allow the use of manipulatives. Developing and ap-
plying rules of operation should be left for the junior 
high school. Rather, inductive, problem solving strat-
egies should be used to set the stage for the deduc-
tive approach to teaching mathematics in the elemen- 
tary grades. 
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Figure 2 

Fraction Chart 

0  ~ ONE ► ~ 1/1 

1 /2 Z2 

1/3 ? 2/3 3/3 

1/4 
?~2 

3/4 4/4 

5/5 

6/6 

7/7 

8/8 

9/9 

10/10 
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Figure 2A 

Sixths 

Sevenths 

Elevenths 

Thirteenths 

An adaptation of Figure 1, this provides number lines for the fractions given. 
The lines are 14 cm long as are the strips in Figure 2. 
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M & M & Ms: An Alternative Context 
for Teaching Mean, Median and Mode 

A. Craig Loewen 

Craig Loewen is assistant professor of mathematics 
education at the University of Lethbridge, Lethbridge, 
Alberta. 

Too much mathematics instruction occurs by means 
of traditional modes of direct instruction. That is, 
as teachers we regularly expect our students to sit 
quietly and absorb our explanations of mathemati-
cal procedures and algorithms, and then apply and 
practise their new learnings by solving word prob-
lems. Several items are missing from this scenario: 
student discussion and talk, involvement and reflec-
tion, and (most important) motivation and enjoyment. 
Cognitive psychology tells us that language and learn-
ing are integrally linked. If this is so, then we all 
need an opportunity to talk about our ideas and to 
share our generalizations. We also need an oppor-
tunity to evaluate our learning and reconsider what 
we have believed to be true: reflection is an essen-
tial element in the revision, sorting and linking of 
new concepts. We also know that where students are 
not interested in instruction and not involved in the 
activities prepared for them, they will not learn. We 
cannot force students to talk about mathematics, to 
involve themselves in our lessons or to reflect, and 
we cannot force them to like our classes. We can, 
however, provide the most enjoyable and stimulat-
ing context that will encourage them to talk, reflect 
and participate, and thus to learn. 

Games provide one possible context in which stu-
dents may encounter mathematics in a more dynamic 
manner. Games provide drill and practice around 
specific objectives. They are fun and exciting. They 
give students a chance to talk, share and general-
ize about new ideas while using key mathematical 
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terms. Games seem to be widely adopted in the lower 
elementary classroom but disappear rapidly from in-
struction in the upper grade levels. Why are they not 
more commonly used? One reason may be that teach-
ers believe students no longer enjoy games once they 
have left elementary school: students feel too grown 
up. Yet, we adults enjoy games —why wouldn't our 
students? A second reason for this phenomenon may 
be that games are more difficult to devise for the up-
per grade levels. This article presents an example 
of a suitable game. 

M & M & Ms is used to help teach the concepts 
of mean, median and mode. It provides students with 
an opportunity to practise calculating each measure 
of central tendency with simple, small sets of values. 
The game also provides students with an opportu-
nity to generalize about how large and small num-
bers in a set affect the resulting central tendency of 
the entire set. Finally, the game provides a context 
for the process of comparing mean, median and 
mode. 

To implement the game effectively, the teacher will 
need to discuss the algorithms for the computation 
of each measure. The concept of mean will undoubt-
edly be familiar to the students, so little time need 
be spent there. After reviewing the concept of mean, 
the class should be divided into groups of three or 
four, given a deck of cards and allowed to play one 
round of the game in their groups (game instructions 
and card decks are included in the following pages). 
The teacher should provide a description and demon-
stration of a median and repeat the game allowing 
the students (in their groups) to play for the highest 
median. Again, the teacher should be sure to discuss 
the strategy involved by providing and discussing 



some examples. Repeat the process a second time 
when dealing with the concept of mode. 

At first the students will probably believe that the 
only strategy necessary is always to replace a low 
card with a high card; however, this is true only with 
mean. Let's take an example. Assume you have the 
following cazds in your hand: 2, 9, 10. The next card 
is face up on the discard pile: 5. Your current mean 
is 7, and your current median is 9. If you are play-
ing for the highest mean, replacing the 2 card in your 
hand with the 5 card will improve your mean; that 
is, simply to trade the lowest card in your hand for 
a higher card is a productive move. If you are play-
ing for the highest median, then trading the 2 card 
for the 5 card will not improve your score. There-
fore, adifferent strategy may be necessary for the 
median game than for the mean game. 

It should be obvious from the above that discus-
sion is an important dimension of this activity. Dur-
ing the discussion the teacher should try to maximize 
the number of generalizations derived by the students 
rather than provide generalizations to the class. Stu-
dents may need to play the game more than once to 
make the relevant observations. Some possible ques-
tions to help focus the discussion are: 

• Is it always true that you should exchange a low card 
for a high card? When would you want to do so? 

• How would you make a decision between draw-
ing acard or taking a card from the discard pile 

when you are playing for the highest mean? highest 
median? highest mode? 

• What is the effect of a high card (50 card) on the 
mean of a set of numbers? the median of the set? 
the mode of the set? 

• What is the effect of a low card (0 card) on the 
mean of a set of numbers? the median of the set? 
the mode of the set? 

• If all three of your cards are different, what is your 
mode? How many like cards are necessary to cre-
ate amode? 

• How does the mode of the set of numbers change 
if you have three like cards rather than two like 
cards? 

• Which is easiest to get: a high mean, median or 
mode? Why? 

• If you had a 7 and two lOs in your hand and you 
drew the 50 card, which would change the most, 
the mean, the median, or the mode? 

Games represent one method by which teachers 
can give students a chance to talk, compare and 
generalize from their experiences. As we continue 
to look for new contexts in which students can en-
counter and verbalize mathematical concepts we 
increase their opportunity to learn effectively. The 
measures of central tendency can be taught through 
a direct do-as-I-say approach; the important ques-
tion is whether they can best be learned that way. 
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M&M&Ms 

Objectives 
(a) To calculate the mean or median or mode 

of a set of numbers 

(b) To compare the relative impact of a small 
or large number on the mean, median and 
mode of a set of numbers 

Rules 
(a) Players decide whether they are playing for 

the highest mean, median or mode. 

(b) Three cards are dealt face down to each 
player. The remaining cards are then placed 
face down in a stack to create the draw pile. 
The top card is turned over and placed be-
side the draw pile to start the discard pile. 

(c) The person to the left of the dealer begins. 
This player has the choice of either taking 
the top card from the draw pile, the top card 
from the discard pile or knocking. 

(d) If the player chooses to take the top card 
from the draw pile, he/she adds it to his/her 
hand, and then must discazd (face up in the 
discard pile) one card from his/her hand. 
Play then proceeds to the left. 

(e) If the player chooses to take the top card 
form the discard pile, he/she exchanges it 
with one card from his/her hand. Play pro-
ceeds to the left. 
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(~ 

(g) 

When a player decides that the cards in 
his/her hand probably have a higher mean 
(or median or mode) than that of any of the 
other players, he/she knocks on the table 
and passes play to the left. Each of the re-
maining players gets one more turn. 

After each player has had one final turn 
(except the person who knocked), all play-
ers lay down their hands and compare to 
see who has the highest mean, median or 
mode. The player with the highest score 
wins. 

(h) If all the cards in the draw pile have been 
used up before anyone knocks, the cards 
in the discard pile are shuffled and turned 
over to form a new draw pile. 

Game Variations 

(a) Players are dealt more than three cards, 
such as four or five. Not too many cards 
should be dealt, however, as it makes it too 
difficult to calculate the mean mentally. 

(b) Each player is initially dealt four cards, three 
of which he/she keeps in his/her hand and 
one of which remains face dawn on the table 
in front of the player. When the mean, me-
dian or mode is calculated at the end of the 
game, this card is added into his/her hand. 
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Publications of the Mathematics Council, ATA 

Make It, Take It 
Monograph No 9 is an extensive collection of 56 teacher-
submitted ideas for teaching mathematical funMions, K-12, 
compiled and edited by William Bober and John Percevault 
(discount allowed on quantity orders). 

1987, 104 pp   $( 

Mathematics for Gifted Students 
—A joint publication of the 
Mathematics Council and the Gifted 
and Talented Education Council 
(delta-K, Volume 27, Number 3, April 1989) 

Mathematics teachers and teachers of the gifted and talented 
will find this special edition journal very challenging. Il-
lustrations and figures accompany the text prepared by con-
tributors from Canada, Europe, the United Kingdom and 
the United States. The journal features sections on prob-
lems, solutions, resources and references. Cerlox-bound 
for easy reference and use. 

1989, 106 PP   $7 

Order 

Reading in Mathematics 
Published as Monograph No 6, examines the role of read-
ing in the content areas in general and the question of read-
ing in mathematics in particular. 

1980, 132 pp   $5 

Problem Solving in the 
Mathematics Classroom 
Published as Monograph No 7, provides teachers with a 
wide range of articles on the teaching of problem solving 
in the classroom. 

1982, 175 pp   $6 

Teaching Mathematics in the 
Early Childhood Classroom 
A collection of essays, insights and recommendations on 
the teaching of mathematics to young children; replaces 
regular issues of delta-K and Early Childhood Education 
(discount allowed on quantity orders). 

1987, 106 pp   $5 

Form 

Name 

Address Postal Code 

Date of Order Phone: Res. Bus. 

Quantity Title or Description Unit Cost Total 

❑ ATA member ❑Non-member Total 

/f applicable: ❑Remittance enclosed ❑Please invoice 

Payment must accompany orders of less than 515. A postage and handling charge of $3 will be applied to all chargeable orders. 
Publications may be ordered from The Alberta Teachers' Association. Please make cheque payable [o The Alberta Teachers' As-
sociation. Mail orders to: The Alberta Teachers' Association, 11010 142 Street, Edmonton, Alberta TSN 2R1. 



MCATA Executive 1990/91 
President 

Marie Hauk 
315 Dechene Road 
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