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The study of integers in the middle grades bridges 
the concretely based elementary school program and 
the more formal secondary school curricula. While 
the basic ideas are grounded in real-world situations 
and can be modeled concretely and semiconcretely, 
development of the operations with integers also re
lies on examining the consequences of extending 
whole number meanings, properties and patterns. As 
students build on previous understanding, they have 
many opportunities to make mathematical connec
tions and to use informal mathematical reasoning. The 
first encounter with integers can be an exciting and 
rewarding mathematical adventure. 

This article describes an introductory unit on inte
gers I taught to a class of 27 Grades 6 and 7 students 
in an urban public elementary school. During the les
sons, the students were encouraged to use materials 
or extend their previous knowledge to devise solu
tions to problems and to explain and justify their think
ing orally and in writing. Following seven days of 
instruction, a written test, consisting mostly of 
multiple-part problems, was administered to assess 
student understanding of concepts and procedures. 

Introducing the Integers 

We began by talking about the nature of mathemat
ics and how new mathematics is created. After the 
invention of the number zero was discussed, the stu
dents watched an overhead calculator count down 
from ten to zero and beyond. I described the use of 
negative numbers in ancient times and by 16th-century 
mathematicians, who called such numbers "fictitious'' 
or "absurd." The class then generated various real
life situations requiring numbers that indicate direc
tion as well as magnitude. On the second day, the 
idea that negative numbers are opposites of counting 
(positive) numbers was further explored in connec
tion with the number line, and ways of comparing 
and ordering integers were investigated. 

Addition 

Everyday life situations were used to introduce 
addition: you earn $8 and then you spend $10; you 
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take three steps to the left and then five to the right. 
Addition on the number line was interpreted as mov
ing to the right for positive numbers and to the left 
for negative numbers. Students found that, although 
changing the order of the addends represents a dif
ferent real-world problem and dictates a different 
number line solution, the final result is the same, as 
with whole numbers. 

----► 

-5 -4 -3 -2 -1 0 +I +2 +3 +4 +5 

-5 + +3 = +3 + -5 
The electric charges model using two-color discs 

(chips) was then introduced-a black disc represented 
a positive charge of I and a red disc represented a 
negative charge of I. I demonstrated on the 
chalkboard using checkers with a magnetic strip glued 
to one side. Each pair of students was given a con
tainer with 10 black and 10 red chips to use in class. 
In diagrams, the symbols (B and G were used to 
represent the charged chips. I explained that when a 
negative and a positive charge combine, they cancel 
each other; therefore, a black and a red chip together 
represent a value of zero. Students then used their 
chips to find solutions to various addition questions . 

••• 
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+3 + -5 = -2 
Although no rules for addition were given verbally, 
many students volunteered that adding was easy, and, 
by the end of the period, most were completing mul
tiple addend examples at the symbolic level. 

A question on the test asked students to write a 
story problem to correspond to the addition sentence 
-5 + + 13 = _ and solve their problem (Figure l ). 
Twenty-six students wrote the correct answer +8 in 
the blank, and 20 were able to provide appropriate 
problems and solutions. Sixteen of the 20 acceptable 
problems involved money. Another 5 students based 
their problems on temperature but interpreted the sec
ond addend as a state (the temperature is 13°) rather 
than as a change or action (the temperature rose 13°) 
and were unable to formulate a meaningful question. 
A typical problem and solution were "Yesterday's 
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temperature was -5°C. Today's temperature is+ 13°C. 
What is the total temperature? The total temperature 
is +8°C for yesterday and today." It is interesting that 
the students who used money for the setting did not 
have the same difficulty (Jean was $5 in debt and 
found/earned/deposited $13). 

Figure 1 

Danielle's Responses to the Addition Problem 

• Wnte a ra.U-U1& story problem for this number sentence. 

Jodie wo.s \n debt 5 dol\o,s. 
She rec.ieved 13 dol la(S for her 
b11thcbvJ-\aw (Y\UCY"I monev ooe-s 
hove l'rOW J 
l Solve your sto,y problem. 

-5++13=-.Hl- She now hos <o dol lor-s 

� < -��� � �,: '; 

Subtraction 

Meaningful development of subtraction of integers 
builds on students· previous understanding of sub
traction of whole numbers. which has several inter
pretations--take away, comparison, missing addend 
and difference. The two-color chip model lends itself 
to the take-away interpretation and was used first. 
We began with +5 -+2 which means starting with 
five black chips and removing two. The three remain
ing black chips represent the expected answer +3. 
Next we considered -5 - -2: start with 5 red chips 
and remove 2; the answer then is -3. Students were 
then challenged to rename + I - + 3 and show their 
solution with the chips. Using a counting-down strat
egy, the class decided that the answer should be -2, 
but they could not immediately see how to remove 
three black chips when you only have one. Leaving 
this problem for the moment, I presented the ques
tion 32 - 18 in vertical form. We discussed the pro
cedure of renaming 32 as 2 tens and 12 ones so that 8 
ones can be removed. Next. we considered 3/4 -5/8 
and recalled that before subtracting, we rename 3/4 
as 6/8. Now back to the integer problem-can we 
represent+ 1 with chips so that three black chips could 
be removed? The idea that adding pairs of positive 
and negative chips would not change the value of the 
pile was discussed. To solve the problem then, we 
might first place two more black chips and two red 
chips with the original black chip. Removing the three 
black chips leaves two red chips; the answer is -2. 

� 
00 

+ l-+3=-2 
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Using this strategy, students successfully solved a 
variety of subtraction questions with the chips. W hen 
a student commented that some number sentences did 
not make much sense, I asked the class how they 
check subtraction questions. They then used this same 
procedure to check answers obtained using the chips. 
For example, -5 - -2 = -3 because -2 + -3 = -5. 

During the next class, we investigated subtraction 
on the number line. We first reviewed subtraction as 
counting up, using examples such as 7 - 5 and 31 -
28. We then looked at the difference between two 
numbers in terms of their distance apart on the number 
line. For example, 2 and 5 are three units apart. If we 
consider direction as well as distance, the distance 
from 2 to 5 is +3 and the distance from 5 to 2 is -3. 
Therefore, to solve 5 - 2 = _ on the number line, 
we start at 2 and move to 5 (2 + _ = 5); for 2 -5, we 
start at 5 and move to 2. Using this interpretation, 
students completed a variety of subtraction questions, 
again checking their answers by addition. 

+4 

-5 -4 -3 -2 -1 0 +I +2 +3 +4 +5 
+I - -3 = +4 

The students were then asked if they thought that 
there might be a way of subtracting positive and nega
tive numbers without using colored chips or the 
number line. Four pairs of number sentences were 
written on the chalkboard, and the class considered 
how they were the same and how they were different. 

+5 - +2 = +3 +5 + -2 = +3 
-1 - + 3 = -4 -1 + -3 = -4 
+3 - -5 = +8 +3 + +5 = +8 
-9 - -4 = -5 -9 + +4 = -5 

It was noted that the subtraction questions and the cor
responding addition questions had the same first num
ber and the same answer and that the second numbers 
in the addition questions were the opposites of the 
second numbers in the subtraction questions. Students 
were encouraged to state this relationship in their own 
words and to verify it using other examples. To 
further justify the result, the class examined the con
sequences of continuing patterns such as the 
following: 

+3-+2=+1 
+3 -+l = +2 
+3 - 0 = +3 
+3 - -1 = 

A test question on subtraction asked the students 
to solve -3 - +2 =_in three ways and to check the 
answer (Figure 2). Twenty students wrote the correct 
answer -5; the other seven wrote -1, which is the cor
rect answer to the addition question -3 + +2 = _. 

11 



Of the 20, all showed a correct solution with positive 
and negative charges. Seven of the people in this 
group sketched a number line solution indicating the 
distance from +2 to -3; the other 13 drew the solution 
for -3 + -2 (start at -3 and move left 2). Only I 0 
students demonstrated how to solve the subtraction 
question by adding the opposite of +2, indicating that 
this rule had not been as well established as the con
crete procedures. Furthermore, only 12 students 
showed how to check their answer by writing +2 + 
-5 = -3.All seven students who gave -1 as the answer 
showed correct chip and number line solutions for 
the addition question, but only two of them tried to 
check the answer by adding. One acknowledged that 
the check indicated that something was wrong; the 
other wrote +2 + -1 = -3. 

Figure 2 

Kelly's Responses to the Subtraction Problem 

-3 - +2 ; .:.2_ 
• Solve using positive and negative chips. 

0��·-5 
• Solve on_ a number line. 

• Solve using the principle of opposites. 

• Show how to check that your answer is correct. 

In another section of the test, students were asked 
to write a question to complete the story problem 
beginning: "At noon, the temperature was +8°C. At 
midnight, the temperature was -5°C."They were then 
to write a number sentence and solve the problem 
(Figure 3). Twenty students wrote meaningful sub
traction questions, 12 asking how far the tempera
ture fell and 8 referring to the difference between the 
two temperatures. Of these 20, 12 correctly solved 
their problem based on the number sentence 8 - -5 = 
_. Another 6 also produced this number sentence, 
but 5 gave the answer+ 3 °C, and 1 student concluded 
(understandably) that the temperature fell -13°C. Only 
one of the questions written by the other 7 students 
made sense: "What was the average temperature?" 
He correctly found the sum of the two numbers, but, 
in computing 3 7 2, he divided 3 into 2 (using the 
long division algorithm). 
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Figure 3 

Laura's Responses to the Temperature Problem 

• Write a question to complete the following story problem. 

At noon the temperature was 8°C. At midnight the temperature 

was -s•c. \...\ a ...._, ':CQ I A c b d , 'd 

�':b-e · .:\.<trn-pec\\i\ce fo.. I I ? 

• Write a number sentence for the story problem. 

soc. - -5or = \2>0C 

• Solve the problem. 

'n-e. \-€. rt'\ ?u..·h,--- re, f e \ \ \ � o C. 

Multiplication 

I began the lesson on multiplication by reviewing 
the meaning of 3 x 2 for whole numbers. The general 
understanding was that it represented three groups of 
2 or adding 2 three times. We then modeled +3 x +2 
using black chips and the number line. Next, stu
dents were challenged to find an answer to +3 x -2 
and to be prepared to explain their thinking. The class 
agreed that the answer should be -6, modeling 
this with three groups of two red chips and on the 
number line as three jumps of 2 to the left of zero 
(-2 + -2 + -2). I then wrote -3 x +2 =_on the 
chalkboard. After some initial discussion about 
whether this had any real meaning, students re
called that 3 x 2 can also be interpreted as two groups 
of 3 and that 3 x 2 = 2 x 3. The idea was there
fore proposed that we could think of -3 x +2 as two 
groups of -3 (+2 x -3); the answer should be -6. 
The class then correctly predicted what my next 
question would be, and the chalkboard looked like 
this: 

+3x+2=+6 
+3 X -2 = -6 
-3 X +2 = -6 
-3 X -2 = 

After students discussed the problem with partners, 
they shared their ideas with the whole class. One stu
dent said that because two odds make an even (he 
was thinking addition), the answer is positive. An
other pair used a calculator. A girl remembered hear
ing her mother say that two negatives make a posi
tive. To justify the rule, students considered and 
continued the following pattern: 

+3 X -2 = -6 
+2 X -2 = -4 
+I x-2=-2 
0 X -2 = 0 
-1 X -2 = 
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The multiplication test question asked the students 
to write a story problem for +3 x -4 =_ and show a 
number line solution (Figure 4). All but l of the 27 
students wrote -12 as the answer and showed this on 
the number line. Producing an appropriate story prob
lem was more challenging. Twelve students wrote 
problems involving the idea of "3 debts of $4," two 
used the concept "3 times as much as a debt of $3" 
and four referred to "a debt of 4 times $3." One girl 
wrote about three groups of four friends who were 
not her friends. Other students made up amazing sto
ries concerning "three groups of -4 apples/carrots/ 
chips/people." 

Figure 4 

Pat's Responses to the Multiplication Problem 

+3 X ·4 c -J.2 
• Write a story problem for this number sentence. 

�en hxl 3 \� cc.rttoTf' � 
ou::ro�.CX:b-1 ea:h 1 hJw Mech does 
1--e.�O-)�Q...lo 

• Solve on the number line. 

Division 

The lesson on division also began by considering 
whole number meanings. Students recalled that 6-;- 2 
meant making groups of 2 or sharing six things 
equally between two people. The procedure for check
ing a division answer by multiplication was reviewed 
in connection with a discussion of the relationship 
between multiplication and division. Similarities to 
the addition-subtraction connection were also noted. 
Three new problems were then written on the 
chalkboard. Students were challenged to use and ex
tend what they knew about division and multiplica
tion to find answers. 

+6-:- +2 = +3 
-6-;- +2 = 

+6-;- -2 = 

-6-;- -2 = 
The students solved the problems using a guess

and-check-by-multiplication strategy. Several re
marked that the results for di vision were the same as 
for multiplication. 

The test question required students to write a story 
problem for -8-;- +2 =_,show a solution with the 
chips and check the answer (Figure 5). Twenty-five 
of the 27 students wrote the correct answer, and 23 
showed -4 x +2 = -8 as a check. Another student wrote 
-8 -;- -4 = +2 as her check. Fifteen of the story prob
lems were based on the idea of sharing something 
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between two people, and each was followed by a 
sketch showing eight negative chips divided into two 
groups of four. Six of the eight meaningful problems 
of this type involved paying half of an $8 debt. The 
other seven stories referred to sharing such things as 
bad apples, stale candies, imaginary cookies or -8 
donuts. Another five students made sketches of 8 
negative chips separated into groups of 2, to repre
sent the solution to their problem. In each case, the 
numerical answer -4 was given, even though none of 
the accompanying stories made much sense. For ex
ample, "Bill had -8 carrots for lunch. If he ate +2 at a 
time, how many groups of carrots did he eat?" It ap
pears that most students did not first write a problem 
to develop a meaningful context that would guide the 
solution to the number sentence. Rather, after suc
cessfully drawing a diagram to show the answer, 
they then attempted to transfer a familiar whole 
number setting (8 apples) to one involving negative 
numbers (-8 apples or 8 bad apples) to produce a re
lated "story." 

Figure 5 

Michael's Responses to the Division Problem 

"8+7'2c� 

• Write a story problem for this number sentence. 

100 �M d\,�<i(:,KA_ a.�;,- Jer+Jgo 
Jou - s.hk� +h� IJ..e. t I 

. o,: 
�� 01f �°'- Ch t) v,R· p • j.. 0-W It\ v C 1--. 

-

-

• Show how to check that your answer is correct. 

_LI X .<.. ::: _, 

Computational Skills 

In addition to the questions previously described, 
the test included a section consisting of eight compu
tation items, two for each operation (one in the form 
a * b = _; the other in the form a * _ = c). The 
overall success rate was 89 percent for multiplica
tion, 81 percent for division, 69 percent for addition 
and 54 percent for subtraction. While the results for 
multiplication, division and subtraction were ex
pected, the outcome for addition was somewhat sur
prising given the ease with which most students had 
initially learned this process. On further examination 
of the data, it was found that, on the item -7 + -9 = 
_, six of the eight students with errors gave the an
swer + l 6, suggesting an incorrect transfer of the 
multiplication rule to the procedure for adding two 
negative numbers. The item -4 x -9 = _ was cor
rectly solved by 24 of the 27 students, including all 
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six who had made this particular error in addition. 
On the other hand, one student who had correctly 
answered -7 + -9 = -16 then wrote -4 x -9 = -36. 

Journal Writing 

A reading of students' journal entries during the 
time they were studying integers provided additional 
information about their feelings and insights. Mid
way through the project, students wrote about the 
mathematics they had learned the previous week. One 
wrote: 

+ and - numbers are ok I supoze. But I don't realy 
like adding & subtracting them. They are easy 
doing them with the chips, but harder without. I 
hope we don't have to x and+ them. 

In their entries the day after the test, students reflected 
on what had been easy and hard, interesting and 
boring: 
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What was interesting was why adding and sub
tracting was so hard in this system and multiply
ing and dividing was so easy. 

I found the whole concept of two negatives make 
a positive interesting because it was so weird and 
confusing. 

The interesting thing was how you would add a 
negative and a posetive you ended up with a lower 
number than you started with so it would be like 
subtracting. 

Summary and Conclusion 

The instructional approach related computational 
procedures to the meaning of the operations in the 
context of real-world applications or to number prop
erties and patterns. In-class practice activities, home
work assignments and tests were based on a small 
number of questions students were to solve in more 
than one way, using diagrams and written explana
tions to justify their answers. Students were often 
asked to relate the numbers and operations to experi
ence and to explain their thinking to their desk part
ner or a family member at home. Extended practice 
to promote speed and accuracy was not provided at 
this time. 

Developing an understanding of integer operations 
and computational procedures is a complex task but 
can be a rewarding experience for students and teach
ers. If students are to value sense-making as an im
portant aspect of learning mathematics, a significant 
portion of instructional time and a major component 
of evaluation must reflect this emphasis. 
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