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The First Problem

A dominoisdefinedtobeal x2or2 x 1 rectangle. The
first one is said to be horizontal and the second vertical. In
our Mathematics Club, we leamed to count the number g,,
of different ways of dissecting a 3 x 2n strip into dominoes.
The sequence {g,} satisfies the recurrence relation

gn == 4gﬂ-1 - gn-za

foralln 22, with initial conditions g, = / and, as shown
in Figure 1, g; = 3.

Figure 1
The generating function G(x) for the sequence is de-

fined to be the formal power series g, + g,x + gox? + Tt
is easy to deduce from (1) that

1-x
G(x)»1~4x~|»x2 '

In examining the dissections of the 3 x 2n strip, we
observed that they fall into two kinds. A dissection of
the first kind can be divided by a vertical line into two
substrips without splitting any dominoes. Such a line
is called a fault line. A dissection of the second kind,
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called a fault-free dissection, has no fault lines. Figure
2 shows an example of each of the 3 x 4 strip.
Let £, be the number of fault-free dissections of the

B l

Figure 2

3 X 2n strip. From Figure 1, /= 3. Foralln 22, a
fault-free dissection cannot start with three horizontal
dominoes. It must start off as shown in Figure 3, and
continue by adding horizontal dominoes except for a
final vertical one.

Figure 3

It follows that f,, = 2 for all n 2 2, and the sequence
satisfies a trivial recurrence relation 7, = f;.; foralln > 3,
with initial conditions fy =1, /; =3 and f, = 2.

Let F(x)=f; + f;x + fx* +- be the generating function
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for the sequence. Then
2

F(x)=-]+x+2(l+x+x2+-~~)=-1+x+:'_

This simplifies to

1+ 2x — x*
F(x)= ¢
1-

Having solved the simpler problem of counting fault-
free dissections of the 3 x 2n swip, we make use of our
resultto find an altemative solution to the general problem
of finding all dissections of this strip. They can be classi-
fied according to where the first fault line is.This is taken
to be the right end of the strip if the dissection is fault-free.
Then the strip is divided into a 3 x 2k substnip on the left and
a3 x2n - k) substnp on the nght, where 1 <k<n.

Since the first substrip is dissected without any fault
lines, it can be done in £, ways. The second substrip can
be dissected in g, ;, ways, since we do not care whether
there are any more fault lines.

Hence g,=/fign1+ /8n2t " * /a0

From the values of

T 8n=38n1 1+ 28p2 + 283+ + 280,

If we subtract from this g,., =3g,, + 28,3 + = + 280,
we have g,,- 2,.1 = 3811 - &.-2» which is equivalent to (1).

We now derive (2) in another way. It follows from
(4) that forall n > 1, 2g,=fog, "/ 181282t HnSo-

Muluplying F(x) and G(x) yields

F)GK) = (fo+fix +f2x2+ “)(8o +&1x + g2x2+ )

= fago+ (81 + figo)x + (g2 + fi&1 + /280X
+ soe

In view of (5), this becomes
Fx)G(x) =g+ 2g1x + 28 + - =2G(x) - 1
so that
|
2-F(x)

G(x)=

Substituting (3) into (6) yields (2).

| .
| The Second Problem

Let g, be the number of ways of dissecting a 4 X n
strip into dominoes. Then gy=1, g, = 1 and, as shown
in Figure 4, g, = 5. It is not hard to verify that g; = 11.

28

We wish to determine the infinite sequence {g,} via
recurrence relations and generating functions.

Let f, be the number of fault-free dissections of the 4
x n strip. We have f, =0, f, =1 and from Figure 4, f, = 4.
For odd » > 3, the only fault-free dissections are the

extensions of the second and third ones in Figure 4, with
horizontal dominoes except for a final vertical one. Hence

Figure 4
Ja=3.Forevenn24,f, =3 since wecan also include similar
extensions of the fourth dissecton in Figure 4.
As in the solution of the First Problem, we have
En :fign-] +.f':’.gn-2 + o +j;4g0-

This leads to

&n = 8n-1 + Sgn-Z o 8n-3~ En-4

for all n > 4, with initial conditions gy =1,g,=1,g,=
5and g3 =11. Also,
Flx) = T4x+42+2 +3x + 260 + 3% + -
2-x+23 430+ 2+ x84+
21+ x? + x* +)

Il

3+2x
I+x
]+x+3x2+x3—x4_

1—x?

= 2-x+x*+

Substituting (8) into (6), which is still valid here, we have

| —x?

Gx) = |

2 S
—x=5x"—x*+x*

We now give an alternative solution to the Second
Problem, along the line of the solution to the First
Problem we leamed at the Mathematics Club. We class-
ify the dissections of the 4 x » strip into five types
according to how they start. These correspond to those
in Figure 4 if we ignore the vertical dominoes in the
second column. Call these Types 4, B, C, D and E, and
let their numnbers be a,, b,, ¢, d, and e, respectively.

By symmetry, we have b,=c, so that

gn=an+2bn+dn+en
forall »n>1 Ina Type A dissection, we are left with a



1

=

= |

]

...—._

— g

=]

—y

Mathematics for Gifted Studenis 11

4 x n - 2 strip, which can be dissected in g,., ways.
Hence

a, = 8n2

foralln23, witha, =0anda, = 1.

In a Type B dissection, if we complete the second
column with a vertical domino, the remaining 4 x 1 - 2
strip can be dissected in g,, , ways. The only altemative
isto fill the second column with two horizontal dominoes.
The remaining part can be dissected in b,.; ways, so that

by =gy tb, foralln>3, withb; =0and b, =1.

In a Type D dissection, the situation is similar except
that if we fill the second column with two horizontal
dominoes, we must then also fill the third column with
two more horizontal dominoes. The remaining part can
be dissected in d,,., ways, so that d,=g,., +d,,

foralln2>3 withd,=0andd,= 1.
Finally, in a Type E dissection, after filling the first

4 x n - 1 strip which can be dissected in g,,.; ways.
Hence e,=g,,

foralln=>2 withe, =1,

Now (7) follows from (10), (11), (12), (13) and (14)
gn =an+2bn+dn+en

Enat (2gn-2 + 2bn-l) + &n-2 + dn-2 + En-1

8n1 7t 4gn-2 + 2(gn-3 + bn-2) + dn-2
=8t 4gn-2 + 2gn-3 + 2bn-2 + dn-2
= 8n1 748027 2853 F 8n2 - Apa - €2
=&t 58n-2 +8n3 = 8ng-

Using (7), (1 -x - 52 -2 +xHG(x) simplifiesto | - 2

Wi

" Hence (9) also follows.

[ Supplementary Problem

Let £, denote the number of fault-free dissections of the
4 xn strip. Find a recurrence relation for the sequence {/,,}

column with two vertical dominoes, we are left with a | with initial conditons.
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