
STUDENT CORNER 
--------------------------

Mathematics as communication is an important curriculum standard. hence the mathematics curriculum 
emphasizes the continued development of language and symbolism to communicate mathematical ideas. Com
munication includes regular opportunities to discuss mathematical ideas and explain strategies and solutions 
using words, mathematical symbols, diagrams and graphs. While all students need extensive experience to 
express mathematical ideas orally and in writing, some students may have the desire--or should be encour
aged by teachers-lo publish their work in journals. 

delta-K invites students to share their work with others beyond their classroom. Such submissions could 
include.for example, articles on a particular mathematical topic, an elegant solution to a mathematical prob
lem, posing interesting problems, an interesting discove,y, a mathematical proof a mathematical challenge, 
an alternative solution to a familiar problem, poetry about mathematics, a poster or anything that is deemed to 
be of mathematical interest. 

Teachers are encouraged to review students 'work prior to submission. Please attach a dated statement that 
permission is granted to the Mathematics Council of the Alberta Teachers 'Association to publish [insert title} 
in one of its issues of delta-K. The student author must sign this statement (or the parents if the student is under 
18 years of age), indicate the students grade level and provide an address and telephone number. 

The following submissions were received for this issue. "Minimizing Aroma Loss," by Robert Barrington 
Leigh and Richard Travis Ng of Edmonton, is reprinted with permission from The College Mathematics Journal. 

To promote World Mathematics Year 2000, MCATA sponsored a contest for posters that promote mathemat
ics in K-12 classrooms. The winning poster shown on pages 28 and 29 was submitted by Alie Boos, a Grade 6 
student at Monsignor J. S. Smith School in Calga,y. She received a $100 prize. Special thanks to her teacher, 
Susan Weisenberge1; who submitted the entry. 

Minimizing Aroma Loss 

Robert Barrington Leigh and Richard Travis Ng 

Robert Barrington Leigh is a 13-year-old student 
at Vernon Barford Junior High School in Edmonton. 
He has always been interested in mathematics and has 
competed in several contests. In Grade 6 he won first 
place in the CNML, and in Grade 7, he gained the 
Edmonton Junior High math trophy. Robert enjoys 
Professor A. Liu s math club, and it is under Professor 
Liu s guidance that he worked on this paper. 

Richard Travis Ng is 14 years old and in Grade 10 
at Meadowlark Christian School. He lives in 
Edmonton. His favorite hobbies are reading, building 
websites, playing badminton and skiing. Richard also 
plays the violin and the piano. 

Imagine that you are the owner of a small coffee 
shop, and you have just imported a box of the finest 
Colombian coffee beans. As you open it, you savor 
the aroma. Suddenly, your smile turns into a frown 
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as you realize that some of the essence of the coffee 
has evaporated into thin air. 

We use the following mathematical model to 
measure the loss. We assume that there are n kilo
grams of coffee beans initially, when 11 is a positive 
integer, and that you will use 1 kg each day. Each 
kilogram in a box loses one aroma point every time 
the box is opened. Fortunately, you have some empty 
boxes, which help in reducing future losses. Let k be 
the number of boxes available, including the one in 
which the coffee beans come. You want to minimize 
the total number of points lost. 

Let us first \rnrk out an example with k = 2 and n 
= 6. After checking all cases, we find this optimal 
strategy. Let the boxes be numbered l and 2. 

We no\\ consider the general problem. Clearly, 
counting the number of points lost each day is not a 
promising approach, especially since we do not even 
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Day Open Box Points Lost Shift to Box 2 Amount in Box 1 Amount in Box 2 

I I 6 
2 2 2 
3 2 I 
4 1 3 
5 2 I 
6 1 I 

Total =14 

know how many kilograms of coffee beans are to be 
transferred from which box to which and when. The 
main idea behind our attack of this problem is to count 
the number of points lost by each kilogram. 

The nwnber of points each kilogram of coffee beans 
loses is equal to the nwnber of times it is exposed. 
We keep track of this by putting a label on each kilo
gram. Number the boxes I to k. A label is initially 
empty. Every time the kilogram is exposed in box i, 
add an i to the end of its current label. The label 
changes progressively until the kilogram is used up. Its 
length at that time is the total number of points lost. 

Each label starts with a 1. By symmetry, we can 
arrange to have no more coffee beans in a box with a 
higher number than in a box with a lower one. Each 
day, we always open the nonempty box with the high
est number. Thus we never transfer coffee beans from 
a box with a higher number to a box with a lower 
one. This means that the terms in each label are 
nondescending. Since exactly 1 kg of coffee beans is 
used each day, no 2 kg can have the same label. What 
we want is a set of the shortest n labels. 

Let us return to our example with k = 2 and n = 6. 
There is only one label oflength I, namely 1. There 
are two labels of length 2 and three labels of length 
3. They are 11, 12, 111, 112 and 122. Thus the mini
mum number of points lost is 1 + 2 + 2 + 3 + 3 + 3 = 
14. This justifies that our strategy is indeed optimal. 
In fact, it is the only one that leads to the optimal 
result, since the labels tell us precisely what to do. 

Each kilogram is exposed in box 1 on day 1. The 
kilogram labeled 1 is used immediately. The kilo
grams labeled 12 and 122 must be shifted to box 2 
then. They are used on days 2 and 3. The remaining 
three kilograms are all exposed in box 1 on day 4. 
The kilogram labeled 11 is used immediately, while 
the kilogram labeled 112 must be shifted to box 2. It 
is used on day 5, while the kilogram labeled 111 stays 
in box I throughout and is used on day 6. 

The general problem is solved if we can count 
the number of distinct labels of length / with 
nondesccnding terrns such that the first is 1 and none 
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3 kg I kg 
3 kg 
I kg 1 kg 
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exceeds k. As another example, consider the case 
k = 3 and l = 5. There are 15 such labels: 
11111 11122 11222 11333 12233 
11112 11123 11223 12222 12333 
11113 11133 11233 12223 13333 

Counting the labels directly is no easy matter ei
ther. We now change each into a binary sequence as 
follows. Write down a number of O's equal to the 
number of I's in the label. Insert a l after this block. 
Then write down a number of O's equal to the num
ber of 2's, followed by another I, and so on. Note 
that each binary sequence consists of k I's and/ O's, 
starts with a O and ends with a 1. 

As an example, consider the label 11122. We start 
off with three O's followed by a 1. Then we write 
down two O's followed by a 1. Finally, since the la
bel contains no 3 's, we just write down one more 1, 
yielding the binary sequence 000I0011. Conversely, 
consider the binary sequence O I 000101. We start off 
with one I, followed by ti1ree 2's and then one 3, 
yielding the label 12223. It is clear that each label is 
matched with a unique binary sequence whose first 
term is O and last term 1, and vice versa. The corre
sponding binary sequences are listed after the labels 
in the chart below. 
11111 00000111 
11112 00001011 
111 13 0000 I IO 1 
11122 0001001 I 
11123 00010101 

11133 0001100 I 
11222 00100011 
11223 00100101 
11233 00101001 
11333 00110001 

12222 01000011 
12223 01000101 
12233 01001001 
12333 01010001 
13333 01100001 

It is not too difficult to count such binary se
quences. As noted before, they are of length / + k. 

Since the first term is always O and the last term is 
always 1, we only need to consider the k + I-2 terms 
in between. They consist of l -l O's and k - I l's, 
and all we have to do is count the number of ways of 
placing the l's. The answer is the binomial coefficient 
(k+!-2) (k+!-2) (6) k-1. Whenk= 3 and/= 5, k-l = 2 =15 
Hence there are indeed 15 labels of length five, as 
we sa\\' earlier. 
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For n kilograms of coffee beans, let the longest 
labels have length m. This means that we use all la
bels of length less than m, and as many labels of 
length mas needed to bring the total up ton. Hence 
m is the largest integer such that the total number N 

of labels of length from 1 to m - I is less than n. 

Clearly, 

N= c1=11)+ c� 1) + e�1J+ ... +e
+

:�-/)=e
+

:-
2). 

For any positive integer n, let m be the largest 
positive integer such that n > e + T - 2). 
Letr=n-(k+k- 2),where I:<;:;r:<,;(k+7- 1)- e +7-2)= 
e: ".'. -, 2). Then the n labels consists of (1-::.\) of 
length I, ( k � 1) of length 2, ... , ('; ".'.1 3) of length 
m - I, and r oflength m. It follows that the minimum 
number of points lost is 
(k-1) ( k ) (k+m-3) 
k-1 

I+ k-1 
2+ ... + k-1 (m-l)+rm, 

and that this optimal value can be attained. 

In our original example, n = 6 and k = 2. Now mis 
detennined by 6 >(;'),so that m = 3. Hence r = 6-G) 
= 3 and the minimum number of points lost is 
G)l + (�)2 + (�)3 = 14, as we found. If k = 3, then 
m = 3, r = 2 and 13 points arc lost. If k = 4, then 
m = 3, r = I and 12 points are lost. If k = 5, then 
m = 2, r = 5 and 11 points are lost. This is the best 
that can be done with 11 = 6, and we leave to the reader 
the details of how to move the kilograms of coffee 
around. 

Reprinted with permission from The College \fathematics Jour
nal, Volume 30, Number 5 (November 1999). pages 356-58. 
Minor changes have been made to spelling and punctuation to 
fit ATA style. 

READER REFLECTIONS __________ _ 

In this section, we will share your points of view on teaching mathematics and your responses to anything 
contained in this journal. We appreciate your interest and value the views of rhose who wrire. 

Erratum 

One of our readers pointed out that the June 2000 issue of delta-K (Volume 37, Number 2) contained 
an error on page 12. Specifically, the picture captioned "Len Arden presenting Texas Instrument Graph 
Links and Software" should have read "Herb Schabert presenting Exploring Technology Links with Math 
Power 11." I apologize to the presenters and the readers for any inconvenience that this may ha\'e caused. 
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