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PREFACE 

The subject matter of this publication consists of some of the 
addresses and summaries of other addresses that were delivered 
at the inaugural conference of the Mathematics Council of The 
Alberta Teachers' Association, held August 16 - 19, 1961 at the 
University of Alberta in Edmonton and attended by a r epr esenta
tion of mathematics teachers at all grade levels from various 
parts of the province, 

An effort was made to include the addresses in their entirety 
wherever possible. The editor wishes to express his gratitude 
to those speakers who did not have their addresses in written 
form, but upon requ e st took the time and trouble to submit sum .. 
maries of the ideas they presented at the conference so that 
these could appear here. 

The int ention of this volume is to circulate more widely the 
id eas discussed at the conference. It is the hope of the execu
tive committee that a volume such as this will become a yearly 
project, Newsletters published four times a year - January, 
April, June, and October - will keep the members of the council 
abreast of the latest d eve lopments. 

- John Cherniwchan 
Editor 
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MATHEMATICS IN TR,_!,NSITION 

Julius H. Hlavaty>:' 

,;,Dr. Hlavaty is chairman of the Department 
of Mathematics, DeWitt Clinton High School, 
New York City . The list of his professional activities 
in the field of curriculum reform is impressive, 
One activity should be mentioned here. He is director 
of the Commission on Mathernatics Program, College 
Entrance Examinations Board, which just completed 
its work recently. 

The golden age of mathematics, the nineteenth century, saw the 
making of more mathematics than all previous history. In the 
first half of the twentieth century, again more mathematics was 
produced than in all previous history, including the golden age . 
That means that the tons (literally) of clay tablets of the _Baby
lonians, the archives of the Egyptians, the august work of the 
Greeks, the splendid achievements of the Hindus and Arabs, and 
the r evolutionary advances of the age of Newton have been more 
than matched by relatively recent forward steps in mathematics . 

In all the great ages , the growth of mathematics was accompanied 
by - causing and being caused by - expanding uses and applica 
tions. A demand for people to maintain the development of mathe 
matics and for those who would utilize it also confronted these 
ages with the problems of mathematical education and specifically 
the .problems of el ementary and secondary education. 

Editor's Note - Dr. Hlavaty does not ordinarily write out his ad
dresses or make digests of them. However, he has submitted 
to us a copy of an article he recently wr o te which contains es 
s entially the same id eas as those dev eloped at our confer ence 
and has given us freedom to use any portion of it. What follows 
is from this article. 
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Our century and our country have in particular wrestled with the 
problem of mathematics in secondary education. A brief review of 
this story is in order, if only to put into proper per spective the 
current feverish activity in math ematical education. 

A fruitful collaboration be tween mathematicians and school peopl e 
culminated in 1923, in the publication by the Mathematical AssocJ .a
tion of America of the report:, The Reorganization of Math et:!._atics 
in Secondary Education. 

Hardly was the ink dry on this r eport than a new phenomenon 
interfered radically with the nascent implementation of its re 
commendations. This was the ex pl osive expansion of the se co ndary 
schools. Though the report became (and even is today) the major 
guide in curriculum construction and textbook writing, it s oon 
became evi dent that its recommendations were neither desjrable 
nor feasible for l arge sections of the new secondary school pop u
lation. 

During the 1930's an increasing awareness of the discr epancy 
between the various needs and drives of the high sc hool pupil 
and the largely academical l y oriented point of view of the report 
led teachers to the reconsideration of the whole problem of the 
high school program in mathematics. It is sig nificant and a 
mark of the times that the mathematicians and the educator s 
found it impossible to formulate a universally acceptabl e pro
gram . In fact, two basically different reports on the pr obl em 
emerged: one, Mathematics in General Education (I) and th e oL1:ier, 
The Place of Mathematics in Secondary Education, which wc1.s the 
Report of the Joint Commission of the Mathematical Associ a ti on 
of America and the National Council. of Teachers of Mathe mat i cs (2 ). 

World War II prevented any real testing of the compar a tiv e va lues 
of the two sets of recommendations and the post-war period placed 
the whole problem of mathematical education in such a new di men
sion that the whole problem called once more for a fundam ental 
re -e xamination of all the premises . There was increasing dissat is
faction with the many attempts at partial and local soluti ons . 
These various attempts found a focus in the work of the Commission 
on Mathematics. The genesis and the operations of the work of 
the Commission on Mathematics were reported by Albert E. Mede r, 
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Jr . , then executive director of the Commission, in the winter 
of 1958. (3) 

The Commission, consisting of university mathematicians, leaders 
in the training of teachers of mathematics, and secondary school 
teachers, was organized in 1955 . This group spent four busy years 
formulating tentative proposals, discussing them, tearing them 
apart, rejecting some, reformulating others, and elaborating still 
others . Not only did each proposal have to survive the gamut of 
the criticisms and reactions of ·the individua l members of the Com
mission, but each was made the subject of careful and critical 
review by the p rofession at large . Representatives of the Commis
sion presented the developing program of the Commission to innumer 
able local , regional, state, and national conferences of teachers 
of mathematics, mathematicians, and educators . The reactions of 
the profession at large had a marked influence on the final report . 

References 

(1) Progressive Education Association on Commission on the 
Secondary Curriculum, Committee on the Function of Mathematics 
in General Education; New York : D. Appleton Century, 1940. 

(2) New York: Bureau of Publications, Teachers Colleg e, Columbia . 
University, 1940 . 

(3) "Mathemat ics For Today", College Board Review, No. 34, 
pp . 7- 10. 

II ·· What Mathematics is of Most Worth? 

The Commission succeeded in formulating and proposing a nine 
point program for college - capable students : 

1 . Strong preparation , both in concepts and in skills for college 
mathematics at the level of calculus and analytic geometry . 
2 . Understanding of the nature and role of deductive reasoning -
in algebra, as well as in geometry . 
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3. Appreciation of mathem~tical structure ("patterns") - for 
example, properties of natural, rational, real, and . complex 
numbers. 
4. Judicious use of unifying ideas - sets, variables, functions, 
and relations. 
5. Treatment of inequalities a long with equations. · 
6. Incorporation with plane geometry of some coordinate geometry, 
and essentials of solid geometry and space _perception. 
7. Introduction in Grade XI of fundamental trigonometry - centered 
on coordinates, vectors, and complex numbers. 
8. Emphasis in Grade XII on elementary functions (polyn omial, 
exponential, circular). 
9. Recommendation of additional, alternative units for C-rade XTI : 
either introductory probability with statistical applicat"i .. on.s, _Q!:. 

an introduction to modern algebra. 

This nine-point pr ogra m was elaborated in the first volume of the 
Report of the Commission on Mathemat"ics, Program for Coll ege Pre
paratory Mathematics, which was . published in the spring of 1959. 

To give a c onc r ete illustration of the point of view that should 
guide the creation of a new curriculum in mathematics, and to 
provide teachers with some of the new subject-matter mate r ial which 
is proposed in the program, the Commission found it neces sary 
during the four years of its work to issue a number of sm~l l pub
lications in the form of pamphlets. These materials were i mprov ed, 
others of a similar nature were written, and the whole wa~ inco r
porated in the secon d volume of the Report, the Appendic e1,_. 

III - Implem enting Curriculum Proposals 

An increasing segment of persons responding to the Report is made 
up of tough-minded administrators who are working on the imple
mentation of a new program in mathematics. Local school boards 
and state departments of education have strengthened, or .Ln some 
cases initiated, programs of supervision in mathematics . They 
have been brought face to face with the concrete problems of 
teacher-training and retraining in se rvice: organi z ing and sub
sidizing inservice programs and finding peopl e to conduct these 
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training courses . Often, they ask the Commiss i on for speakers 
and instructors. State departments 6f education are reviewing 
their certification requirements and they alsu ask for advice. 
It is clear that the fifth chapter of the Commi ssion ' s Report 
( " Implementation: the vital role of teacher education") is 
becomin g increasingly pertinent for all conc e rned, from individual 
teachers to state-wide systems. The schools of education ar e 
undertaking serious reviews of their programs for future teachers 
and for teachers now in service. The growing program of the 
National Science Foundation is a part of this major activity in 
t each e r education, and r ecently, the American Association for the 

'Advancement of Sci ence deci ded to us e Chapt e r 5 of the Report in 
its regional conferences on the Teach e r Pr eparation-Certification 
Study. 

In th e beginning stages of this experiment in mathematical edu
cation it was easy to distin guish the role of the Conunission 
from that of the quite differ ent but cont emporaneous Advanced 
Pl acement Pro grarr and the Illin ois Pl an. The Commissi on assumed 
an importa nt positi on at th e yea rly summer and inservice training 
institutes th rough the use of its pamphlet s and particularly o f 
its I ntroductory Probability and Statistic a l Inference, an ex
perimental text u sed and reviewed very extensively, perhaps because 
they were the only materials avai l able. 

Today the role of the Commission is st ill quite distinctive and 
an impor tant so urc e of the swel l in g s tr eam fed a l so by t he massive 
work of the School Mathematics St udy Group, the gro win g influence 
of the Illinois Plan, and the innumerable attem pts sponsored by 
local, state, a nd fe de r a l bod ies. The Report gave explicit and 
c oncr ete form to what has emerged as a consensus of the many seem 
in gly different approaches to the problem of a new curriculum in 
mathematics. Thi s conclusion was underlined by the publication 
of The Secondary Mathematics Curriculum, the Report of the Secondar y 
School Curriculum Committee o:': the National Council of Teachers 
of Mathematics, in May 1959. While the National Council's recom
mendations do not agree in every detail with those of the Commis
sion , they do agree in major outl in e and emphasis . 

The School Mathematics Study Group (Yale Project) acc e pted in 
essence the recommendations of the Commission. In its tremendously 
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productive writing project in the summer of · 1959, ·the SMSG pr o
duced · sample textbooks for Grades VII through XII . In .only one 
instance - geometry - did it significantly .depart from the recom-

· 1 mendations of the Commissi on . In this ·case it produced an up
dated arid relatively ri gor ous textbook in Euclidean geometry, 
which however includes a tr eat ment of ·solid geometry and ·a unit 
on coordinate geometry. In a ll oth er areas it strove deliberatel y 
to implement Commission rec ommendat io ns . 
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CURRICULUM CHANGES IN ELEMENTARY MATHEMAT I CS - --- -- -- ---- ·~~----·- ·- ·--...---·· .............. ..,, .......... --.-~--- ---·- --..... --~·--·~-·-· 

Neil M. Purv i s >:< 

,:<Mr. Purv.is is associate director of curriculum, 
Department of Edu cation. What follows here is the 
summary he prep a red of his address to our conference. 

I appreciate the opportunity of reporting to the Mathematics 
Council of The Albe rta Teachers' Association recent developments 
in elementary mathematics curriculum in this province, While 
it is probably correct to assume that the majority of representa 
tives here are dir ect ly concerned with secondary school .mathematic~ 
I offe r no apolog y for discussing with you recent activities and 
future plans relative to mathematics programs in Grades I-VI. 
Any changes ant ic ipated in mathematics in the elementary grades 
should be known and understood by teachers of the junior and 
s enior high school grad es if we are to develop a well articulated 
and continuous program for all children in Alberta. 

It may be of interest to this specialist council to know why a 
revision of the elementary arithmetic program was undertaken within 

_the last four years. During the past ten years there has been a 
steadily growing interest in mathematics on this continent and 
elsewhere. While it is true that the majority of mathematics ex 
perimental groups began their work at the college and university 
level, many of them subsequently showed an increasing interest in 
secondary school mathematics and still later an interest in ele
mentary school arithmetic . I am sure the work of the School 
Mathematics Study Group, as well as, the work of such people as 
Dr. M. Bieberman of Illinois, Dr. Ji. Weaver of Boston, and 
many others is well known to most of you. In addition to this 
influence for chang e in elementary arithmetic curriculum coming 
from outside the province, there were a number of factors of a 
purely local nature whi ch also contributed to the revisions which 
we are considering today. The two series of arithmetics, Making 
Sure of Arithmetic in Grades I-II, and Study Arithmetic in 
Grades III-VI, which have been in use in Alberta schools for some 
time seem to have created problems of articulation between 
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Grades II and III. There has also heen dissatisfaction with the 
success children achieved in their ability to solve problems and 
to work with the number system. The ·prejent texts in Grades III
VI were authorized in 1947, whjch makes them out of date with 
respect to the data used in problems. Although the revision had 
actually been undertaken previously, the report of the Royal 
Commission on Education in Alberta, which was presented to the 
Legislature late in 195 9, recommended a special study of modern 
mathematics and its gradual introduction into th e school system . 

After a careful consideration of th e dev elopments in e~p er imental 
mathematics pr ograms elsewhere and the conditions which ex isted 
in this province, the Elementary Curriculum Committee appointed 
an Elementary Arithmetic Subcommittee late in 1957 to study the 
present program, to become acquainted with the profession a l lit era 
ture in the field and to evaluate textbooks which were av a ilabl e . 
The membership of this su bcommittee include d three classroom 
teachers, two supervisors , one Faculty of Education repr es entative, 
one school superintendent and a member of the Department of 
Education. 

The subcommittee spent considerable time becoming familia r with 
recent developments in elementary arithmetic. Because arithmetic 
has been tr aditionally a textbook course in this province, the 
committee saw the selection of new textbook materials as one of 
its chief responsibilities . Three criteria were establi shed 
which textbooks had to meet before they would be conside re d by 
the committee for careful ev aluation. The three criteri a were: 

1. the series had to have been published since 1956, 
2. it had to be complete from Grades I-VI, and 
3. it had to hav e teacher guidebooks. 

The publication date of 1956 was chosen to insure that the new 
authorizations would not be more than five or six years old 
before they were introduced into the classrooms. The commit tee 
insisted on a complete series from Grades I-VI in an attempt to 
overcome th e problem of articulation which had been evident in 
the pr ese nt program. Teacher guidebooks were required because of 
the beneficial effect which simi l ar publications had exerted on 
the reading program in eleme nt ary school. The following six series 
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of arithmetic texts met the criteria and were selected by the 
subcommittee for careful evaluation and teacher reaction: 

Exploring Arithmetic--Osborne et al 
Understanding Arithmetic--McSwain et al 
Arithmetic in my Worl~--Stokes et al 
New Winston's Arithmetic--Dever e ll et al 
Arithmetic we Need-··Buswell et al 
Seein ·g Through Arithmetic--Hartung et al 

Evaluation of the six series took the form of a three-pronged 
program . Fourteen study groups, each consisting of 6-18 teachers, 
evaluated one or more series through all the grades in order to 
obtain a picture of the total program of teaching the number 
system, fundamentals, probl em-solving and measurement . About 70 
other teachers experimented with one series in their own class
rooms . Books for pupils and teachers were supplied in sufficient 
quantities to equip both the study groups and the experimental 
classrooms for the school year 1959-60. An open-ended type of 
questionnaire-study guide, developed by the subcommittee, was 
supplied to study group teachers and experimental classroom 
teachers . At the end of the year these questionnaires were re
turned to the subcommittee for compilation and analysis . · In 
addition to the evaluations by study groups and experimental 
classrooms, a testing program was administered . All pupils in 
the experimental program were tested in September and again in 
May of the 1959-60 school year, as were an equal number of pupils 
still using the Study Arithmetic Series. While the subcommittee 
fully realized the many weaknesses which exist in such a testing 
program, it was felt that some useful information could be ob
tained in this way. In view of the lack of familiarity of exper
imental teachers with the new materials and the presence of many 
uncontrolled factors, the committee agreed that any information 
obtained could not be considered as research evidence but rather 
the findings of action research which would demand cautious 
and reserved interpretation. 

Following a careful study of the reactions of teachers in both 
study groups and experimental classrooms and an evaluation of test 
results, the subcommittee eliminated four series of textbooks 
from further consideration and recommended that two series: 
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Se~i..£8. 'l'hrough Arithmetic, W. J. Gage, 1;.,td., _ap.d 
Arithmetic We Need, Ginn and . Company, . -

be authorized for use in Grades I-VI in Alberta schools. In June 
1961, .the Minister of Education gave his approval to this recommenda
tion for dual authorization. The Seeing Through Arithmetic Series 
is the newest and most up-to··date set of elementary arithmetic 
texts now available . The series employs a somewhat new and diff e r 
ent approach to the teaching of the number system, the fundamental 
processes, problem-solving and measurement. The Arithmetic We Need 
Series, while more traditional in its approach, places a greater 
emphasis on understanding of the number system than does the 
present series, St~y Arithmetic . The main difference in content 
covered in the two series results from the ratio approach to 
percentage in the Seeing Through Arithmetic Series which means 
that the study of this topic is pretty well completed in Grade VI. 

The new approach to teaching arithmetic in elementary school, 
which is sometimes referred to as modern mathematics, could 
possibly be said to have the following characteristics: 

1. a shift of emphasis from mechanics to understanding, 
2 . an emphasis on helping pupils see mathematical patterns, 
relationships and principles, 
3. an emphasis on a systematic approach to the solution of 
problems employing the use of equations and ratio, 
4. a shift in emphasis from the stimulus-response psychology 
of learning to the Gestalt, 
5 . an increased emphasis on preciseness of mathematics 
language and mathematical processes. 

The anticipated changes in elementary arithmetic in 1962 are not 
sufficiently different to cause any great concern . They do, how
ever, involve certain changes in both method and content with 
which teachers will need to become familiar. In view of these 
changes at the elementary level in the immediate future and the 
probability of changes at the secondary level in the not too 
distant future, this Mathematics Council has come into exist ence 
at a most favorable time. Here is an opportunity for your organi
zation to render an extremely valuable professional service to 
mathematics teachers in this province as well as an important 
educational service to the children. 
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.. ADEQUATE PREPARATION IN MATHEMATICS 
FOR STUDENTS ENTERING UNIVERSITY 

R. C. Jacka >!< 

*Mr.: Jacka is associate professor ·of mathematics 
at the University of Alberta. This is a summary of his 
address at the conference. 

Students should have some knowl edge of the development of the 
number system be gin ning with the properties of the natural num
bers and a logic al construction of the integers, rational numbers, 
real numbers, and complex numbers from the foundation of natural 
numbers . The laws of alg ebr a such as _connnutative law , associative 
law and distribut ive law shoul d be .known by name . . 

In trigonometry, less · emphasis should be placed on numerical 
solution of triangles and more emphasis on graphs of the trigo
no~etric functions, identities, and solution ·o~ trigonometric 
equations. 

I would strongly reconnnend the addition of a course in Analytical 
Geometry and Elementary Calculus to the high school program even 
if it were only an option given in the large schools . For 
students entering the Faculty of Engineering or taking any course 
which requires physics in the first year, some prior knowledge · 
of the calculus is very helpful. 
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TEACHER PREPARATION IN MATHEMATICS 

W. F . Coulson * 

,:<Mr. Coulson is a memb e r of the Faculty of Education 
of the University of Alberta an d a member of the 
subcommittee on secondary sc hool mathematics. What 
foll ows is a summary of his address at the confe ren ce. 

What criteria should we use to develop the pr ogram of mathematical 
preparation to be followed ' by the prospective teachers of mat he
matics in the schools of Alberta? Does the pr ese nt program meet 
or a ttempt to meet th ese criteria ? How should the present program 
be modified to meet these criteria? 

We will assume that a single set of criteria can b~ listed which 
would apply to all teachers of mathematics, elementary and secon
dary, and proceed to discuss these criteria. - First, our teachers 
should know secondary mathematics . It is necess ary to know more 
about your subject than the little area being taught . The inter
relationships must be known. Knowledge of theory is ·as essential 
as knowled ge of the fundamental operations. 

The second criterion is that requiring a breadth of mathematical 
preparation. Daily classwork will not be simply textbook learning 
or following th e recipe. Stimulation and inspi ra tion will be a 
part of each teacher's teaching. 

A third criterion that might be mention ed is that of the proper 
attitude of the teacher toward the subject area of mathematics . 
Mathematics of today i s a living, growing subject . It is not 
stag nant. The attitud e of the student will b e influenced by 
that of the teacher. 

Another aspect of the attitude of the mathematics teacher is 
that of self-improvement, self-study, or the simple kee ping 
abreast of the everyday happ en ings in his field. Each teacher 
should be reasonably familiar with the current thinking in 
mathematics and mathematics education. 
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Experience in dealing with the interrelation of the various parts 
of the field of mathematics might be listed as the fourth criterion 
Are the areas into which the study of mathematics is traditionally 
divided - arithmetic, geometry, algebra, trigonometry - related, 
or are they again as tradition seems to imply, unrelated? What are 
some of the unifying concepts which could be used to interrelate 
the various areas of mathematics? Study and applications of 
these topics are essential. 

The fifth, and for this discussion, the last of the criteria 
which might be used to design a program of mathematics prepara
tion for prospective teachers, is the necessity of knowledge of 
the relationship of mathematics to other disciplines and to various 
fields of work. At one time mathematics was related only to the 
physical sciences and technology. Not so in this modern, fast 
moving world. A teacher must be aware of some of the uses to 
which the subject may be put. 

Now considering the four basic certificates, does the holder of 
one of these certificates meet each of the five above mentioned 
criteria? The holders of the Standard E and Junior E certificates 
receive practically no formal instruction in mathematics at the 
university level. For the teacher in the elementary route, there 
is no provision for completion of a major in mathematics on the 
bac helor's degree. This might imply that mathematics is a rela
tively unimportant part of the elementary school curriculum . 
Experts in mathematics education at the elementary school level 
must come from two sources: (1) people who have been educated 
as secondary school teachers and have entered the elementary 
school field, and (2) individuals who studied mathematics out 
side any formal pattern. Do we want to leave the preparation of 
experts in elementary school mathematics to such chance? 

For individuals following the secondary education route as majors 
in mathematics, the program does satisfy these criteria in a 
general way . In order that these people be even better prepared 
for a position in the teaching of mathematics, some revisions in 
course content or course sequence might be indicated. At any 
rate, a study of what is best for mathematics education in the 
Province of Alberta might be consider ed. 
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An attempt has been made to list the criteria of the program of 
preparation of prospective mathematics teachers . As can be seen, 
one group of teachers has a program which very nearly satisfies 
all of these criteria while another group has a program which 
does not meet any of the criteria. As a result of looking at the 
preparation of prospective mathematics teachers, some recommenda 
tions may be forthcoming from the ATA M':ltheinat ic :s Council, 
which will have an effect on the preparation of these individuals 
to teach mathematics. 
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CHANGES IN HIGH SCHOOL MATHEMATICS 

L. W. Kunelius•:, 

,:<Mr. Kunelius is high school inspector for the 
Calgary area. He is also chairman of the subcommittee 
on secondary school mathematics. His addresi;; to 
the conference is reproduced here in its entirety. 

I am very pleased to have been invited to speak at this initial 
conference of the Specialist Council in Mathematics. I wish to 
congratulate The Alberta Teachers' Association for the initiative 
an<l foresight which it has shown in the sponsorship of the vari 
ous specialist councils. I am confident that before many years 
their establishment will prove to have been a very significant 
step in; the professional growth of teachers of Alberta. 

I am happy to have been asked to speak about changes in the 
mathematics program of the high school because in this way I can 
talk in generalities and probabilities, As you know, it is sug
gested by at least some advocates of modernization that the new 
mathematics will emphasize generalization and i'ntr,oduce proba::. 
bility and statistical inference. If I happen to repeat several 
things which havebeen said earlier to somewhat different context, 
I ask you to bear with me. 

It is almost trite to say that there is a growing climate of 
opinion among teachers and other interested 1educators ~cross the 
continent, yea, across the western world, that a rather funda
mental revision of the mathematics program in our schools is not 
only necessary but urgent and inevitable. 

This is simply for the reason that if mathematics teaching is to 
fulfill the aims and functions of public education it must adjust 
to the growing and developing nature of mathematics and to its 
changing role in our cultural and economic life. In simpler 
words , it must keep up to date with . the changing, legitimate 
needs and demands of society . These needs and demands are ex 
pressed by such import ant pressure groups or segments of society 
as the universities, technical institutes, certain professional 

I 
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organizations, business, and sometimes by a lay organization to 
which Mr. Joe Citizen belongs, and occasionally by a royal 
commission which has been charged with the task of assessing the 
demands of all - these groups. 

Just what changes in the mathematics program of the secondary 
schools should be made to meet legitimate needs is still uncertain 
in many respects. Many demands are being expressed by the various 
groups mentioned above and many suggestions offered . In Alberta, 
the Cameron Commission has made a 'few pointed recommendations 
which deserve the careful consideration of curriculum groups as 
well as of the University, the Department and The Alberta Teachers' 
Association . Experimentation is taking place in many parts of 
the continent, including a little in Canada. More is needed and 
more will be done . We in Alberta, as elsewhere in Canada, are 
inclined to wait until more affluent and venturesome educational 
systems carry out experiments and produce text books and other 
teaching materials. However, - I believe that the general outlines 
of desirable changes in our mathematics education are beginning 
to emerge and that from these we in Alberta can begin to work at 
a high-ichool revision that represents more than tinkering a 
little here and there, and that will have pretty clear, long-term 
goals. 

The revision which you and I envision is of such proportions that 
the task which the mathematics curriculum committee faces is not 
an all-or-nothing job. Rather it will be one of continuing 
revision as we become ready to take each successive step towards 
our eventual goal . 

Questions which a curriculum committee will be asked are at least 
three . What specific changes do you propose? How are these 
changes to be effected? How soon will they be brought about? 
The answers to these questions will in no small measure dependQ 
upon you, upon us. I refer , foremost , to the curriculum makers 
in the classroom - the teachers of mathematics - and to those edu 
cators who, less directly, guide the course of the curriculum 
in the schools - the principals, department heads, superintendents, 
departmental officials, and the staffs of the Faculty of Education 
and of related faculties . We must always rec ognize that the 
education which our boys and girls receive is, in the last analysis , 
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determined by the teacher in the classroom,not by curriculum com
mittees, nor provincial courses of study, nor university faculties, 
nor The Alberta Teachers' Association. The latter four agencies · 
are effective only insofar as they influence the teacher in the 
classroom. 

The burden of curric u.lum change then rests upon all five groups -
the Department of Education determines the curriculum, the appro
priate curriculum subC:ommittee writes the guide, the Faculty of 
Education trains , The Alberta Teachers' Association motivates, and 
the teacher functio n i ng as an i ndividual implements. Hence the 
informed and coope r ative eff or ts of all five groups are needed. 
I should have in c l uded a si x th because society represented by the 
non - educational public has a right to be heard, indeed, to be 
consulted. 

Though a member of the current departmental curriculum subcommittee 
on secondary school mathematics, I am hardly in a position to tell 
you what changes are pr oposed, neither for the immediate future 
nor in the long-range 1.riew. I cannot speak for the committee be
cause it has formulated no collective opinion as yet. If you are 
expecting from me some definite statement regarding changes which 
the Department of Education is proposing in the mathematics of 
the junior or senior high school; then you will be very disap
pointed for I have nothing tu say. I can only express personal 
op t ni.ons abo u t asp ec ts of chang e and ask you to think along with 
me. 

The Department, speaking through a curriculum guide prepared by 
a cur r lcul um subcommittee, can express what it desires to be taught 
i .n the schools. The architects of the guide, i.e., the suhcommitteE 
and t:he Department which approves it, will hope that the Faculty 
of Educat i on will s o design a nd direct its training program that 
i ts graduates will in very substantial part give effect to the 
desired curriculum. They will also hope that present teachers, 
through their own efforts and with the help of The Alberta Teachers' 
Association, the university and other inservice training leader-

. ship personnel will become proficient in implementing the new 
or revised curriculum. I cannot empq;tsfze too strongly my firm 
con v iction that the rate of revision ~ nd the success of any• 
revised programs in mathematics will depend, above all, on the 
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inservice education of teachers who are now in the classroom . This 
is not to say that those who direct the program of the school -
principals , department heads , supervisors - may not also need i n 
service education. 

Hav in g thus far dealt in generalities , may I now vent ure on to 
some probabilities. 

I am suggesting that the subcommittee m:i.ght draft a set of guide 
lines or basic assumptions for itself , somewhat as follows : 

1 . We must recognize that - to quote Robert Rourke - "There is a 
difference between what can be taught and what should be tau ght in 
secondary school mathematics . " 
2. Departmental guides or directives should move ahead only as 
fast as the teachers are willing to accept them and are or become 
qualified to carry them out . 
3. For our long - term objectives we should draft in general out 
line a tentative, again to quote Rourke , "ideal program as if we 
had the teachers, while recognizing that for many years we won't 
have them" . 
4 . We should think in terms of advance along a broken front instead 
of waiting until the whole province can move ahead together . 
5 . We must be guided by consideration of the needs and capacities 
of the majority of students who need continuing mathematics in 
high school, not just of a select minority , This will not preclude 
the possible necessity of parallel programs. 

It is my conviction that in the past, when confronted with the 
desirability of rather fundamental curriculum change or reform, we 
have prepared and authorized course outlines with insufficient 
thought as to whether or not our teachers were prepared and able 
to implement them in the classroom, or could in a short time be
come so prepared. It is my humble determination ~nsofar as I 
have any influence that we do not do this in high school mathe 
matics no matter how convinced we may be of the need for sweeping 
changes. I am equally anxious that we do not mark time when we 
could be moving ahead. 

Therefore I suggest that directives which are to apply to all 
mathematics teachers should be realiseic, with the odds well in 
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favor of the implementation of these directives. 
for gradual advance despite the complications of 
quent changes in texts or text materials. Hence 
of knowing all along where it is we are heading. 
goals should be defined at the beginning. 

Hence the need 
possible fre
the need, too, 

Our overall 

Now, my postulate for advance along a broken front is a contro
versial one and may not win support . Let me try to explain and 
defend my point . _ It implies that schools and school systems which 
are ready to move ahead before the province as a whole is ready, 
should be permitted, enabled and encouraged to do so . 

You see, I believe -that there are weaknesses - as well as strengths 
in a closely controll ed provincial system such as ours. I.tis 
conunonly expected that t he schools move along together, that any 
changes take place in all schools and at the same time . This 
often means that, either some schools and some teachers move ahead 
half-cocked or, that changes -are long delayed while the process of 
preparation for the change goes on. If there is a long delay, 
some teachers and some schools, who are ready and enthusiastic 
about embarking on some new departures, lose their enthusiasm while 
waiting for permission to depart from the · prevailing program and 
waiting for guidance or approval in the choice of temporary or 
experimental . text material . We may be somewhat in this position 
now in Alberta with respect to secondary school mathematics. In 
the United States, and in England, with their much more flexible 
educational systems and much greater local autonomy, curriculum 
change does, I believe, move ahead on a broken front . Some urban 
school systems in a typical American state may be successfully 
offering modernized mathematics courses long before the high 
schools of the state as a whole . And, it may seem strange to us, 
how American college-bound students, prepared in many different 
stat.es and in many different school systems, can write common 
examinations for uni ve rsity entrance. I refer to the examina-

. tions of the College Entrance Examinations Board. It indicates 
that entrants to university need not all have followed the same 
program in mathematics, for example . 

We in Alberta should not close our eyes to the possibility of 
moving ahead on a broken front. To suggest one more argument for 
my postulate, just think of the assistance and incentive this would 
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provide for inservice education in adjoining schools and think of 
the enlar ged opportunities this would provide for try-out and ex
perimentation with course outlines and text materials before their 
general adoption in the province as a whole . 

I wou ld regret it very much if our university were to oppose suc h 
an approach on the ground s that it could no t readily pro v ide for 
students coming i n with di ff ering backgro unds . This wou ld di.sap ·~ 
point me very much in my Alma Mater. 

My fifth point was that we should be guided by consideration of 
the needs of the majority of high school students. This is so 
obvious as to seem almost trite . Yet I have been asked the ques 
tion : is not the kind of mathematics being proposed for the aca
demic student too difficult for all but the very bright? Now it 
would seem to me that any revised programs in Mathematics 10 and 
20, for example, should be as palatable as the present courses 
for about the same .proportions of students. I don't believe that 
we should be expected to provide a strictly university entrance 
pattern of courses designed for the upper 25 percent of students 
in our schools. The regular sequence of academic courses must hold 
broader educational values that will satisfy · twice that many stu
dents, if not more . But, we would hope that, given competent 
teachers , the modern favored program would be easier to adapt in 
degree and depth to the varying capacities and needs of students . 
I would hope that the conunittee will not have to consider three 
parallel programs in .mathematics - namely academic, vocational , . 
and general. Perhaps in the revision of the non-academic cours~s~ 
which I believe ·to be as necessary as a revision of the academic· 
program, we can come up with one flexible course which can be 
given a conunercial bent in one class, a technical twist in 
another and a consumer slant in a third. I am not so optimistic 
as to think that the proposed "new mathematics" is so flexible 
and versatile in degrees of application that one type of program 
could serve all students. Some advocates are saying just that, 
(This doesn't mean identical content; streaming, yes.) 

Now at last may I turn to speculate on what specific revisions 
should be contemplated. 

In line with Reconunendation 62 of the Cameron Conunission and with 
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thinking in circles of mathematics teachers everywhere, aspects of 
so - called "new mathematics" shou ld be introduced on a gradual 
basis . 

The empha sis in current trends is upon concepts, upon understanding 
of mathematics rather than upon skill in manipulation of mathemati
cal ru les . The skills are not to be neglected but it is belie ved 
that with more meaningful teachin g they can be acquired more 
easily. Now, meaningful mat hematics depend s more upon teacher 
preparation than upon ·curriculum preparation, upon how we teach 
than upon what we teach , To quote C, B. Read, writing in the 
March i ssue of School Scie nc e and Mathematics under "New Wine in 
Old Bottles!" : 

"The important thing, if we are to hav e truly modern mathe
matics is to revise the way in which we approach the 
material which we now teach; it makes relatively little 
difference what topics we include." 

The implications of this to the curriculum conunittee are two: (1) 
that course outlines be so de signed as to encourage, yea, to insist, 
that attention at all times be given to the development of deeper 
underst and in g of relationships and proc esses , (for example, teach
ing of the linear function and the solution of linear equations) 
and (2) that text mate ria ls recommended be so arranged as to facili 
tate the development of meaning, or understanding, for example, of 
the linear function concept, and the solution of linear equation, 
before launching upon practice and drill in the mechanical process 
ti£ solving equations or graphing linear functions. In the past we 
have all too often tended to short-circuit the development of a 
concept before introducing drill exercises. 

Another change needed within the body of existing material is to 
cull out any obsolete and unimportant materials. In this the 
conunittee will have to be guided by instances where consensu s has 
been reached by the university, or the technical institute, or 
business, or other important bodies which are vitally interested 
in the mathematical competence of the schoo l product which comes 
to them. It appears that logarithms are becoming less and less 
important, that work in factoring and specia l products and in the 
solution of equationscould well be simplified and reduced, and 
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that less time should be devoted to the study of theorems and con
structions in geometry and to social applications in arithmetic . 

Following this, the relative emphases to be given to the topics 
retained need to be re-examined in the light of mathematics today . 
The shif t in point of view to which I have hint ed implies that we 
put more emphasis upon basic concepts and the structure of mathe
matics and less upon operational facility. This in turn suggests 
that in arithmetic and _algebra we must dev e lop a fuller under
standing of our number system and its und erlyi ng laws, the l aws 
of algebra. Hence we should teach some thing of number systems 
to other bases, something of modular systems like our clock numbers, 
bring ' out the characteristics of our system of natu ral numbers and 
how these are extended to the rationals, the real numbers and 
eventually to the complex numbers . Whether or not consideration 
of such generalized concepts as groups and fields has a necessary 
place in academic mathematics of the ·high school remains to be 
determined. However, an understanding of the basic laws of algebra 
would appear to be as essential to an intelligent grasp of algebraic 
processes as an appreciation of the foundations of geometry is to 
an intelligent study of geometry. For example, all factoring can 
be explained on the basis of the distributive law. 

Let me illustrate by way of example what implications this point 
of view has to the teaching of indices, a section in our Mathe 
matics 20 course '. If you teach Mathematics 20, may I sug gest t hat 
you ask yourself these questions: Do my pupils know that t he 
figure 11211 written with the ·i ndex "5 11 means 2 . 2 . 2 . 2 .·2. by reason 
of a definition which we accept? Do they know why N° = l? Can 
they explain why 112\ 11 is defin ed as square root of "2 11 ? Have they 
come to appreciate that the definitions for fractional, negative 
an d zero indices ha ve been arbitrarily made in such a way that the 
laws derived for positive integral indices will sti ll apply? If 
so, yours is meaningful teaching; you have the point of view which 
modern .mathematics demands, 1which good teaching of mathematic s has· 
always favored . The section on indic es provides an excellent oppor 
tu nity for bringing out the arbitrary nature of definitions and 
their role in proof and illustratesthe truth of Read's statement 
which I quoted earlier: "The important thing, if we are to have 
truly modern mathematics, is to revis e the way in which we approach 
the material that we teach . " 
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I hav e thus far approached the problem of changes i n high school 
mathematics from the angle of change in point of view towards the 
mathematics we now teach . I ha v e suggested that we need to teach 
less of some of the old and more of some of the old . Our approach 
will require the introduction of some new concepts, for example: 
the postulates of algebra and elementary ideas of sets, relations 
and ordered pairs; also the extension of concepts now neglected, 
such as : inequalities , number as an abstraction with many names, 
variable as a place holder or as a symbol for a set of numbers, 
and function as a set of ordered pairs obeying certain conditions . 

There is of course another angle to the change in high school 
mathe matics, namely change in content through the introduction of 
new mathematics . A strong case can perhaps be made, for example, 
for including some elementary statistics and probability in the 
fund of useful mathematical knowledge of today's citi ze ns . 

To summarize, I have not told you what changes in any courses in 
hi gh school mathematics are envisioned by the senior curriculum 
subco mmittee because it has not yet begun to work nor is it even 
fully constituted. For example, I would like to see a representa
tive of the Mathematic s Council on the subcommittee . Two meetings 
of a committee representing both junior and senior high schools 
were held last year during which time possible objectives for 
curriculum change were discussed without reaching any definite 
conclusions. It was then decided to form two subcommittees but 
with some joint membership in order that close liaison could be 
main t ained , The Junior High School Subcommittee with Bob Plaxton 
of Viscount Bennett Junior High School, Calgary as chairman, met 
in June at which time it was decided to attempt some experimenta 
tion in Grade VII next fall or winter with the experimental mater 
ials prepared by Gage and Company. Some other materials may also 
be tried out in a small way at junior high school level . 

I anticipate that the senior subcommittee will get down to some 
earnest study this fall. I would hope that some experimental units 
can be found which the subcommittee would be prepared to se e in 
Grade X or XI mathematics in lieu of l e ss work in some existing 
chapters . Also, I have some personal ideas concerning our geometry . 

May I conclude by enumerating what obstacles must be overcome 
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before a new program in mathematics for Grades VII to XII can be 
introduced and implemented. This specialist council can and will, 
I trust, provide much help in meeting these problems. 

Problem No. 1 -· Agreement must be reached as to content - old 
materials to be discarded, or to be given new emphasis; new mater 
ials to be introduced, and at what grade levels, and for whom. 

Problem No. 2 - Suitable text materials must be secured. It hardly 
appears likely that Alberta can write its own. We could however 
adapt materials prepared elsewhere. It would seem to me that 
wherever schools are ready to do so, they should be encouraged to 
try out modifications of existing courses or to experiment with 
such new units as may be considered worthy, or to follow an alter -

' nate textbook upon approval. Some departmental control could be 
exercised. 

Problem No. 3 - General teacher acceptance of new ideas and new 
programs in mathematics must be secured - enthusiastic accep~ance 
insofar as possible. This may or may not be easy. 

Problem No. 4 - Teachers must be helped to become prepared to im
plement the changes as they are introduced. It is unlikely that 
guidebooks will be sufficient. Many teachers must somehow obtain 
a richer background in pertinent mathematics, This will not he 
easy to assure but it is crucial to the success of · what we envis i oi:1. 
Here lies an important role of The Alberta Teachers' Asso c iation 
and of the Mathematics Council. 

In what order should we seek to meet these problems? Ass~ 1Jt on 
all fronts! 

Let's make the revision in secondary school mathematics a re a l team 
effort. Let's move ahead as we are ready, not in one big jump with 
the imminent danger of falling into the middle of a whirlpool . 
Let's accept that our greatest need is to revise the manner in 
which we approach the material we now teach. For many te achers -
outside this meeting - this implies acquiring a deeper and fuller 
appreciation and knowledge of mathematical concepts and under
standings which underlie the mathematics we teach. Then the task 
of provincial curriculum revision will become a practical one. 
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THE IMPACT OF MODERN MATHEMATI CS ON 
THE DEVELOPING PROGRAM 

IN HIGH SCHOOL MATHEMATICS 

S . A. Lindstedt>'.< 

>l<Mr. Lindst e dt is in th e Fa culty of Education, 
Uni ve r 'sity of Al her ta, Mr. Linds~edt! st alk to the 
conference was not in written form but he has submitted 
a pap er which c over s the same ideas and from 
which th e last thre e sections are r e produ ce d here. 

I ~ Pres sures for Changes in the Mathematics Curriculum 

Dyer, Kalin and Lord(l) state: 

"All this suggests that the mathemat ics curriculum must 
grow with the times . The fact is that it has changed very 
little during the past century. The elementary school has 
offered arithmetic and some intuitive geometry; the college 
preparatory curriculum in high school has generally consi ste d 
of alg ebra in Grade IX, demonstrative geometry in Grade X, 
more algebra in Grade XI, and trigonometry, solid geometry, 
and occasionally advanced a lgebra in Grad e XII. There have, 
of cour s e, been some variations on this patt ern and chang es 
i n emphasi s in some scho ols f rom time to tim e, but by and 
large the math ematic s curr i culum in general use today looks 
remarkably like the 1890 model . " 

That t he 1890 model is not adeq uate for the twentieth century is 
obvious from the characteristics of t hi s cent ury . Moving from 
the machine age into the at omic age an d into t he spac e age, this 
cen tury has produced pressures which can no l ong er be ignored 
with reference to the high schoo l mat hemati cs program. We now 
look at four main kin ds of pr essure . 

The Impact of Mathematical Rese a rc h 
Begi nnin g at the graduate level, an explosion in mathematical 
knowled ge ha s t aken plac e during the twent i et h century . This 
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growth of pure mathematics has been the µandmaiden to the explosion 
in scientific knowledge. In general, with deference to a t ime lag, 
the universities affect the curricula of the high schools (and 
below) by pushing back the frontiers of knowledge . This new mathe 
matical (and scientific) frontier has produced a wide gap betwe en 
the high school courses and the university courses . A great pres 
sure has been built up therefore to change the mathematics curri cu
lum of the college-bound student . 

J. Dieudonne(2) states: 

"In the last 50 years, mathematicians have been led to in 
troduce , not only new concepts, but a new language, which 
grew empirically from the needs of mathematical rese a rch, 
and whose aptitude for expressing mathematical stat ements 
concisely and precisely has repeatedly been tested and has won 
universal approval . But up to now the introduction of 
this new terminology has been steadfastly resisted by the 
secondary schools, who desperately cling to an obsolete and 
inadequate language: so that when a student enters the 
university, he will most probably never have heard such 
common mathematical words as set, mapping, group, vector 
space, etc. No wonder if he is baffled and discoura ged by 
his contact with higher mathematics." 

Professor Dieudonne goes on to evaluate the situation and comes 
up with a startling remedy:* 

"I think the day of such patchwork is over; and we are 
now committed to a much deeper reform, unless we are 
willing to let the situation deteriorate to the poi nt where 
it will seriously impede further scientific progre ss. And 
if the whole program I have in mind had to be summar.Lzed :i_n 

one slogan it would be: Euclid must go!" 

Realizing that this would create a great vacancy, he goe s on t o 
suggest what should be put in its place : 

*Dieudonne was speaking of the situation in France : there se ems 
t o be an internationality about mathematical problems - he c ould 
have be en talking about the United St a tes or Canada . 
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"In more detail, I would list the following: 

(i) 
(ii) 

(iii) 

(iv) 
(v) 

Matrices and detenninants of order 2 and 3. 
Elementary calculus (functions of one variable). 
Construction of the graph of a function and of 
a curve given in parametric form. 
Elementary properties of complex numbers. 
Polar coordinates." 

Growth in Scientific Research 
To understand, to participate in, to contribute to the new age of 
science, students must have a mathematics program geared to the 
scientific knowledge of the twentieth century. 

Einstein's relativity theory and his equation of energy are mathe
matical concepts. Nuclear physics is grounded in mathematics, much 
of it of the "modern" variety such as matrices, topology, group 
theory. The science of cosmology has demanded the revival and 
creation of mathematical theories to supply the answers to new 
problems. In the world of new scientific frontiers, the mathe-
matically uneducated become illiterate. , 

New Mathematical Applications in Other Field 2 
The National Council of Teachers of Mathematics in its 1959 report 
remarked on the " stochastic" nature of the world. This nature 
has asked mathematics to sharpen the theories of probability and 
statistics to give patterns and relationships to a multitude of 
factors relevant to a multitude of problems. 

Many of these problems occur in the field of social sciences. In
vestigators are saying that factors which exist must exist in some 
amount; these amounts can be measured, providing mathematics can 
produce the relevant measures. For example, the theory of matrices 
enables the research workers in many fields to consider, simul
taneously, a multitude of diverse factors that impinge upon any 
situation. Mathematical theories of patterns and structures are 
applied to patterns and structures in the social, or economic or 
industrial world . Logical reasoning and the very nature of proof 
is manifest in mathematical deduction and implication. The law 
student may carry a book of torts in one hand supported by a 
mathematical set of "truth tables" in the other. 

- 31 



Automation 
The greatest image of twentieth century automation is the so-called 
electronic brain, the digital computer. Descriptions in the popu
lar media of communication say that it can "think". Actually, the 
thinking is done by (a) the designer, (b) the programmer - both 
mathematicians. And this is an application of the mos t fundamental 
principle in mathematics - the principle of counting (base 2!) and 
of determining equality. Behind all the wonders of automation 
stand the mathematicians. An understanding of fundamental mathe
matical principles is n ecessa ry to appreciate these machin es ; 
their operators must be mathematical technicians; their designer s 
must be creative mathematicians. 

References 
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II - Nature of the Changes in Secondary School Mathematic s 

Reselection of Ideas for the Details of the . Courses 
Some of the changes in the mat hematics curriculum will be the 
normal, gradual changes in details which occur in any disciplin e 
as civilization marc he s onward and the environ ment al worl d changes 
about the student. 

Part of the mathematics courses will become obsolete be c;.;use o f 
technological changes . Here is a specific exa mpl e. In t ri gon ome 
try , the so lution of a triangle is important; if, say, th ree s i de s 
are known , it is important to know how to determi n e the mc~ su re s 
of the angles. There are many relationships that could be used. 
Here are two : 
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The Cosin e Law: 
In A, B, C, 
Cos A= b2 + c 2 - a 2 

2bc 
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The Half-Angle Tangent Law: 

Tan A = s(s-b) (s-c) 
2 · (s-a) 

Where s = a+b+c 
2 

The development of the Cosine Law is elementary; its validity is 
readily proven and it is easily understood. However, becaus e it 
involves the operations ot addition and subtraction this rela
tionship is not suited to the use of logarithms nor of a slide
rule. Twenty years ago, logarithms and slide-rules were the prize 
tools of the engineer . Therefore the more clumsy half-angle 
Tangent Law was emphasized in high school trigonometry beca u se 
it involved multiplication, division and extracting square roots 
which could be done by logarithms or on a slide - rule. But the 
half - angle Tangent Law was difficult to develop and many high 
school pupils resorted to memorization in lieu of understanding. 
Today, fast and efficient computers are available which add, sub
tract, multiply, or divide with equal facility. Therefor e the 
simpler Cosine Law can replac e the mor e complicated half-angle 
Tangent Law. 

Many other parts of mathematics become obsolete because of a 
change in tr eat ment , in sequence or approach. It is particularly 
easy to spot th e dea dwood which persists from the days of mental 
discipline because of a tr ad iti onal lag . B. E. Meserve(l) sug 
gests that the following id eas are obsolete or at lea st should 
receive less emphasis : Hor ner's method for solving equations, 
formulas for solving general cubic and quartic equations, trigo 
nometric id entiti es f or multiple angles , obsc ur e types of factor
ing, use of logarithms . 

Introduction of New Material 
(a) Theory of Sets: B. E. Meserve states: 

"The theory of sets is of fundamental importance in all 
br anch es of mathematics. It should permeate the thinking 
of teacher s at all levels - kindergarten through graduate 
school . " 
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Most educators, working in the field of modern mathematics, feel 
that set theory is a great unifying idea for many parts of the 
discipline. The set idea . carries with it new terms - elements, 
disj oint sets, subsets, null sets, complementary sets, finite and 
infinite sets, union and intersection. The theory of sets may be 
applied to such diverse "elements" as numbers, points, vectors, 
atoms, members of a woman's club, baseball leagues, electors, 
polynomials, switching circuits, mathematical operators. 

(b) Mathematical Systems: In the introduction to the twenty
third yearbook of The National Council of Teachers of Mathematics, 
C. V. Newson says: 

"As already . implied, the same system may occur frequ ently 
a s the underlying pattern in many diverse real and id ea l 
situations. Thus there is validity in the assertio n th a t 
the mat_hematician is less concerned with development of 
general patterns that have widespread applicability in the 
s tudy of:' particular situations." 

For example, much of mathematics deals with the properties and 
operations of a set of numbers called the ~ntegers. We learn how 
to add, subtract, multiply, divide, factor, find powers, ext ract 
roots . But modern mathematics looks beyond these computational 
skills to discover underlying structures that may have wider ap
plications. In this respeGt we find that the integers form a 
number system because they have defined for them two bina r y opera
~ions (addition and multiplication) which have closure, ar e ~
mutative, associative, am one operation is distributive over 
the other.* 

But integers are not the only number system. The ; structure of a 
number system is found with . rational numbers and with real numbers. 
Indeed, there are number systems -without "numbers" in them at all -
for example, the collection of all subsets of any set (note that 
the elements of this set may be anything - you name it~) with the 
operations of "union" and "intersection" form a number system. 

*This - sentence summarizes the axiomatic definition of "a number 
system". 
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Getting back to integers, we mig ht look at the m as an example of 
a group. (A group is a mathematical system with clearly defined 
properties.) Group theory has many applicat i ons. For example, 
th e whole area of permu tations belo ngs to this mathematical s truc
ture. 

Integers ar e also rings . This is another st ructur e with ce rtain 
properties, which contains many sys tem s bes id es t he int egers (f or 
exampl e, polynomials). That is, if we study rings, rather than 
int eger s , we study a mathematica l model with more ge ne ralit y and 
hence with greater applicati on. 

Integer s are not " fields". (A fi el d is yet another mathematical 
system) . But th e r a tion a l numbers (fractions) are f ields . In 
oth e r words, as we expand our number domains through th e common 
stages - natural to int ege r to ration a l t o real - we find new pat 
terns and s tructure s - group s , rings, and fields - that hav e dif
fere nt and wider applications . We have begun to nibbl e on a great 
rug that has a beautif ul but in tri cate de s ign woven int o it. 

(c) Probability and Stat i stica l Thinking: The demand from the 
social sciences for mathematical models to deal with many f a ctor s 
that imping e simultaneously upon some situation, has brought forth 
th e importance of the study of pr obability, variability, samplin g , 
normal and hyp erge ome tric di str ibutions, etc . As the general 
standard of edu cation i s raised with tlE impact of a compl ex 
society, new id eas such as "n orms " , "means " , " s tand ar d de vi at i on" , 
" statist ic", "c orr e l ation ", fin d their way into the li te ratu re of 
th e day . Mathema tic a l sta ti sti ca l mode ls are a part of "moder n 
mathem at ics" . Indeed, this is a real frontier area with consider
abl e grow in ·g pains due to its rapid crash deve lopm ent . Some of 
th ese ideas will undoubtedly be added to the secondary sc hool 
mathem at ics pro gra m. 

(d) Othe r_~Q._eci f ic Example~ of New Mate ri a l : 
(i) Numeration Systems wit h Bases Oth e r th an 10. - It is impor tant 
to differentiate betw een t he "mec hani cs " of mathematics and the 
" ideas " of math ematic s. Symboli zat i on, notation, numeration 
systems, algorisms all belon g to the mechanics - they are use d 
for th e manipu l a tion of symbols ·. If so me of th ese "mechanic s " are 
inv olv ed, then it is important to know and to understand th e 
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rationale that has been used to design the symbolization. This 
is the case with the numeration system that is used to symbolize 
our numbers. One way to sharpen the understanding of the Hindu 
Arabic numeration system is to consider a diffe r ent system with 
a base other than ten . This immediately focuses attention on the 
essential characteristics of the system, such as its base, the 
use of zero, place value, grouping and regrouping . 

For example, let us devise the numberal system that would be used 
to 11coun t 11 the elements of this set, 

xxxxxxxxxxxxxxxxxxxxxxxxxxx 

first in base 10 (with usual word symbols as well), then in base 4 
(with semi-creative word symbols with a canine slant!), and finally 
in base 2. 

Base 10 Base 4 Base 2 

Numerals: Word ~bols : Numerals: Word Symbols : Numerals 

1 one 1 one 1 
2 two 2 two 10 
3 three 3 three 11 
4 four 10 doggy 100 
5 five 11 doggy - one 101 
6 six 12 doggy-two 110 

7 seven 13 doggy-three 111 
8 eig ht 20 twoggy 1000 
9 nine 21 twoggy-one 1001 
10 ten 22 twoggy-two 1010 
11 eleven 23 twoggy-three 1011 
12 twelve 30 throggy 1100 

13 thirteen 31 throggy-one 1101 
14 fourteen 32 throggy-two 1110 
15 fifteen 33 throggy-three 1111 
16 sixteen 100 a houndred 10000 
17 seventeen 101 houndred & one 10001 
18 eighteen 102 houndred & two 10010 
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What is the sum of throggy-three and twoggy-two? Using our 
common algorism we compute: 

33 
22 

121 

The answer is one houndred and twoggy-one! 

What is the product of t hes e two numbers? Obviously, it is 

33 
22 

132 
132 
2112 

or twoggy-one houndred and doggy-two! 

No.te that it is necessary to know the "basic facts" for addition 
and multiplication in base 4 in order to do this computation. 
Also note that the task of remember in g these facts has been re
duced (compared to base 10) to 16 from 100. In the above compu
tations attention has been giv en to place value and to grou p ing 
by fours . 

Of course, this study of other bases is more than a novel, in
tellectual work-out. Ther e~ practical applications. The dig
ital computer, for example, is designed to "count " with a base 2 
numeration system, the 2 digit s (1 and O) being an open and a 
clos ed circuit r es pect i ve l y, This means t hat the programmer 
must convert all numerals into a base 2 system. 

(ii) Modular Systems--Infinite sets, for example, natural num
bers, 1, 2, 3, 4, 5, 6 , . .. may be "mapped" into finite sets (sets 
with a definite number of eleme nts) by means of a modular system, 
For example, all the hours of time, beginning at some arbitrary 
point of time could be represented by the infinite set 0, 1, 2, 3, 
4, . • . . These "h ours" cou l d be "mapped " (and indeed, are) into 
the 12 hours on the face of a clock as follows: 
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I nfinite Set :{o, 

Finite Set : 
Modular 12: 

We have used this finite set, modular 12, for centuries to . tell the 
"time of day" . We can "add" with this finite set, mod . 12, for 
example, 11 + 3 = 2; 5 + 7 = O; 6 + 9 = 3. We can also multiply : 
3 x 7 = 9; 2 x 6 = 0 . Indeed, these two operations have closure, 
are connnutative, associative, and multiplication is distribu tive 
over addition . This means that this finite set, of 12 elements 
only , is a number syste~ . (Refer to 

The idea of a modular number system carries us amazingly far into 
abstract algebra and has many used and applications both in the 
mathematical world and in the physical world of real events. 

Some Changes in Emphasis 
(a) Logical Reasoning: Euclidean geometry has long had a repu
tation as a discipline based upon deductive reasoning . Often the 
reasoning has been overlooked and students have merely memorized 
the "proofs" . However, the development of reasoning ability is 
claimed to be an objective of high school mathematics, and cer 
tainly "modern" mathematics will emphasize this objective much 
more than it has been. 

B, E, Meserve(2) states: 

"We lose many excellent opportunities for emphasizing 
deductive thinking when we restrict that topic to geometry , 
Often it is easier in algebra. we· should make deductive 
thinking a part of all formal work in mathematics . " 

Mathematical systems are axiomatic systems; students become familiar 
with "undefined terms" "definitions" "axioms or postulates" 

' ' ' "implications or theorems", "converses", "inver ses " , and "contra -
positives", and so understand better the nature of truth . 
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(b) The Language of Mathematics: Modern mathematics suggests not 
only careful attention to a precise terminology, but presents the 
thesis that mathematics g a language. 

E. A. Krug, in his book, The Secondary School Curriculum, begins 
a chapter ·on mathematics by saying:(3) 

"Mathematics is language, a more specialized, exact, · precise, 
and refined form of language than any of those to which the . 
term 'language' is ordinarily applied . It has become a 
powerful and indispensable tool in the description, analysis, 
and control of phenomena that can .neither be accurately ex
pressed nor understood in ordinary language alone. It is 
the most truly international of all languages . It is one 
of the most remarkable of all human achievements and as 
such forms part of the cultural heritage that schools seek 
to transmit and on which they build for the future .. ", 

and he ends the same chapter: 

"And this is another way of saying that the mathematics 
curriculum is moving toward a fuller realization of mathe
matics not as a body of mechanical manipulations and rou
tines, but as a language of unparall e led beauty, precision, 
and power . " 

Mode rn mathematics is concerned with ideas, with concepts. These 
are symbolized by many kinds .of notation, which carry with them 
the sense of their referents. Some of the symbols are "nouns" -
5, x, AB; some of the symbols are "transitive verbs" - +, x, /; 
an important one is the verb"to be" - = The mathematical 
se ntence - the equation or inequality - expresses an idea . 

Thi .s implies that modern mathematics is concerned with thinking, 
with comprehension, rather than just with manipulation . It is 
more than a tool or a skill, it is a structured body of related 
ideas extending the frontiers of knowled ge . 
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Implications for Curriculum Planning 

Aims and Objectives 
H. L, Stein(l) states: 

"In summary, then, a search of the literature on objectives 
of mathematics in the secondary school reveal's mild swings from 
one point of view to another . Roughly, until the early twen
ties, the emphasis was upon mathematics as a discipline . 
From the twenties to the early fifties there appeared to be 
a swing to utilitarian emphasis . Presently, the shift is 
towards a thoroughly modernized program which emphasizes, in 
the main, mathematical concepts - at least for the c o lle ge 
capable students." 

When educators consider the objectives of hi gh s chool mathematics, 
they often mention a dualism : (1) those objecti ves for colle ge 
bound students, and (2) those obj ectives so far as a " general 
education" is concerned . The Conunission on Mat hematics of the 
Coll ege Entrance Examination Boa rd i n i t s r eport , "Pro gr am fo r 
Coll eg e Preparatory Mathematics" (2) have, in spite of their 
main i n te r e st , re co gnized the obli gation of th e s ch oo l s to serve 
"all th e children of all t he pe op l e" and suggest t he follo wi n g 
spe ci fic ob j ec tiv es for " general" s t udents: 

1. An understa ndin g of and compe t en c e in, t he pr oce sses of 
arithmetic and the use of for mulas in elemen t ary algeb r a. A 
basic knowledg e of grap hic a l met hods and si mpl e statistics is 
also important. 
2. An understandi n g of the general properties of geometr i cal 
figures and the r e la t io n sh ips among them. 
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3. An und ersta ndin g of the deductive met hod as a me thod of 
thought. This includes the ideas of axiqms, rules of inferenc e , 
and meth ods of pr oof. 
4. An under stan din g of mathematics as a continuing cr ea tive 
end eavor with aes th e tic va lu es s imilar to thos e found in art 
and music , ... 

Their objectives for the college-bo und student a re more challengin g 
"to know somet h ing of th e intellect ual excitement and dee p satis
facti on that mathematics can offer 11

, a nd at the same time help to 
pr epare him for the tasks demande d by a technological age . As 
the r eport points out., · 

"Mat hematics ls no longer- reserve d for th e use of engineers 
and physical scie~ t is t s , even though a great many of its 
applications are s t i ll in their hand s . . . . Today , math e 
matics exerts act ua l · leadership in natural science, soci a l 
sc i enc e, bu siness , industry, and ot her fields . 

.. . the work in the classroom must be c ons ta nt ly r elate d to 
ot her fie ld s of knowledge; to the pupil 1 s immediate exper
ie nce , an d to other activ i ties (e. g. , sc i ence ·an d geography) 
in which he is engage d . The ultimate aim is the r ecogniti on 
on the par t of the pupil lhat mathematics is a dyn amic 
syst .em, con . .,t antly deve l oping, and that cr eat ive se lf
act ivi ty, is 8 fasci n a t ing re alm of endeavor , ti 

A clo se ex aminat ion o f the obj ectives for 11college-bound 1
' and for 

" genera l II student .s -as st a Led hy diffe r en t groups, produces not a 
dua l ism, but, in fact , a synt hesis of objectives. Stateme nts of 
object i ves for both groups .of stude nts include (a) the utilitari an 
va lu e of mat he matics and (h ) th e cultura l value of mat hematics . 
The di ffere nc e between the sta tements is not one of kind but of 
sieg r ee. This id ea i.s elaborate d further i n the section belo w on 
indi vi dual differences. 

The Need fo r Unif i cat i on 
First, th ere is a nee d to find some uni fy in g id eas t hat will syn 
th es ize and fu se th e variou s t hrea ds of math ematical concepts into 
some definit e , ~rganized and sequential pattern. We do not naively . 
imply that the fie l d can be simp li fied into an easy se qu ence from 
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A to Z, and that our only problem would then be to put our mathe
matics students through the alphabet. But the warp and the woof 
of the mathematics tapestry should all contribute to a unified 
pa tte rn held together by relationships and rational associations . 
Especially should "new" topics be so interwoven. The Secondary 
School Curriculum Committee of the National Council of Teachers 
of Mathematics list certain new topics, "not to be isolated, but 
woven into the curriculum". 

One such "unifyin g idea" is the Theory of Sets. H. F , Fehr, in a 
talk at a mathematics institute in Madison, July, 1960 empha
sized that the greatest hope for finding a synthesizer of the 
various new ideas of moder n mathematics was the "set idea". Most 
experimental programs(3) at the elementar y level include a founda
tional consideration of sets . At the high sc hool level, the 
Theory of Sets is a popular and promising addition and approach 
and is included in most of the mode rn mathematics textbook s 
written for secondary students. (4) 

The Commission on Mathematics lists the following as 
ideas": sets, variables, functions, and relations. 
undoubtedly form an important part of the outline of 
high school mathematics program . 

A Tea'l_!l Approach to Curriculum Pl anr:_iE.S 
Van Engen(S) says: 

"unifying 
These will 
any new 

"The reform of the mathematics program rests ultimately 
on three pillars - a tripod of sound principles. The first 
leg of the tripod rests upon s ound math emat ics . .. The 
second leg of the tripod rests upon sound philosophical 
principle s ... The third leg of the tripod r ests upon 
sound psychological principles . " 

We have sugges ted here, a team of three . The mathematician will 
produce an organized, sequential body of math ematical content that 
will ri gorous l y develop this discipline as a s cience; the educa
~io nal philosopher will relate this content to th e aims and ob
j e ctives of twent i et h century education, and the school psycholo 
gist will suggest met hod s and approaches consistent with known 
theories of l earni ng and of child development . Such a team, 
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working together, ma:;1 pr oduce a dyn amic and vita l mat hematics 
program to replace our "1890 model". 

Th~ Provision for Indiv idual Differences 
The Secondary School Curriculum Committee of the National Council 
of Teachers of Mathematics ap p oin t ed ten subconunittees to stu dy 
various phases of the "modern " progra m in mathematics; one of these 
prepared a report on the provision for individual differences. 
They s_uggested : 

(a) Tea ch the same mathematica l st ructur es and concepts to 
a] 1, bl ,t vary th ~ amoun t, compl exity , depth, and manner of 
organization and pres entation . 
(b) For pupils o f be l ow a verage ab ility, have a program of 
minimum essential s . Re search is needed to provid e teachers 
with a detailed outlin e fer be low average pupils. 
(c) Program of ern- ichment for the gifted should provide rea 1 
challenge and basic informati on. 
(d) Ability grouping is a de s ired practice . 

Here is a rec onunenda tion that rea li st icall y recognizes that in 
div idual di ffer~nces do exi s t and that ability gro uping is "a 
desired practic~'' . Howev er, the provision is not one of dualism, 
but ra th er to "t each th e same mathematical struc tur es and concepts 
to all" . The cours ca will v.:1ry from "minimum essent ial s " to en 
richment with a " r eal c ha llenge " . 

Tr aditi onal math ematics c oul d no t be organi ze d in this way , Based 
primarily ~pon th e memor i zation 0 £ fac t s , and the develo pment of 
c ompu tational skill s , t.he 11 1890 mode l" does not possess enough 
versatility to make pr0~Lsl on f or wide individual differences . 
That is why " dualis m" ha s bee n pe rsistently adv ocated . 

Maden, mathematics, howeve r , bas ed upon ideas, and organized with 
un ifying structures may 'be 1.lexible enough to meet the de mands of 
both a college-pr eparatory course and a general course . We may 
find that this pr ogram will point to the possibi l ity of a h igh 
school marria ge of the two objectives, to prepare for life and to 
prepare for higher education . 
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BIBLIOGRAPHY 

At the August Conference there were several requests from members 
for a bibliography on modern mathematics, experimental programs, 
and curriculum reform. Dr. J. Hlavaty recommended the list that 
appears below . Representation was made to the A.T .A. Library 
Committee, and this list of publications was approved for placement 
in the library. Members will be advised either through The ATA 
Magazine or through the MCATA Newsletter when these are available 
on loan. 

Commission on Mathematics, College Entrance Examinations Board, 
475 Riverside Drive, New York 27, New York 

Report of Commission: 
Vol. 1: Program for College Preparatory Mathematics 
Vol. 2: Appendices 

National Council of Teachers of Mathematics 
1201 Sixteenth Street, N,W., Washington, D,C. 

Insights into Modern Mathematics, Twenty-third Yearbook 
The Growth of Mathematical Ideas, Twenty-fourth Yearbook 
Instruction in Arithmetic,Twenty-fifth Yearbook 
The Secondary Mathematics Curriculum 

School Mathematics Study Group 
School of Education, Stanford University, Stanford, California 

Study Guide in Modern Algebra 
Mathematics for Junior High School 
Mathematics for the Elementary School 

Studies 
Vol. 3: 
Vol. 4: 
Vol. 6: 

in Mathematics 
The Structure of Elementary Algebra 
Concepts of Informal Geometry 
Number Systems 
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Mathematics for High Schools 
(a) First Course 
(b) Intermediate Course 
(c) Elementary Functions 
(d) Geometry 
(e) Introduction to Matrix Algebra 

California Association of Secondary School Administration 
1705 Murchison Drive, Burlingame, California 

New Developments in Secondary Mathematics 

Scott Foresman Co. 
Chicago, Atlanta, Dallas, Palo Alto, Fair Lawn (New York) 

Studies in Mathematics Education 

Ball State Teachers College Experimental Program 
Muncie, Indiana 

Eighth Grade Mathematics 
Beginning Algebra 
Intermediate Algebra 

Boston College Mathematical Series 
Boston College, Chestnut Hill 67, Massachusetts 

Sets, Operations, Patterns 
by Father Stanley Bezouszke 

The Madison Project 
Mathematics Department, Syracuse University 
Syracuse, New York 
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An Experimental Program for Algebra in Grades IV-VII 
by Robert B. Davis 



New York State Mathematics Syllabus Committ ee 
Stat e Educati on Department, Albany, New York 

Mathematics 10 , 11, 12 (Syllabus) 
Tenth Year Mathematic s - Coordinate Geometry 
Handbook for Eleventh Yea r Mathematics 
An Experim ent a l Course in Mathematics for Twelfth Year 

Univ e rsity of Maryland Mathematics Project 
1515 Massachusetts Ave. N.W., Washingt on 5, D.C. 

Seven th Grade Text 
Ei ghth Grade Text 

ADDITIONAL REFERENCES 

Adler, I., The Magic House of Numbers (New American Library) 

Adler, I., The New Mathematic s (New American Library) 

Andr ee , R. V., Moder n Abst ra ct Algebra (Henry Holt and Co., New 
York) 

Dantzig, J . , Number , The Languag e of Science (Doubleday & Company , 
New York) 

Dubi sc h, R., The Nature of Numbers (Ronald Press, New York) 

Fe li x, L., The Modern Aspect of Mathematics (Basic Books, New York) 

I.ev i, H., El ements of Algebra (Chelsea Publishing Co., New York) 

Levi, H. , Foundati ons of Geometry and Trigonometry (Prentice-Hall) 

Kelly, J. L . , Introduction to Modern Algebra (D. Van Nostrand Co.) 

Nichols and Collins, Modern Elementary Algebra (Holt-Rinehart-
Winsto n) 

Sawyer, W.W., A Concret e Approach to Abstract Algebra (W. H. 
Fr eeman, San Francisco) 
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FILMS ON MA TH EMA TICS 

McGraw-Hill has developed five films in a series called "Teacher 
Education in Modern Mathematics". The five are: 

Concept of Function, 
Irrational Numbers, 
Number Fields, 
Patterns in Mathematics, and 
Sentences and Solution Sets. 

One of the above was shown at the conference. The rental fee 
varies from $15 to $20 per week of use and these films are available 
from: McGraw-Hill Company of Canada, 253 Spadina Road, Toronto 4. 

The other film shown at the conference was "Donald Duck in Mathmagic 
Land". This is available free of charge from the Audio-Visual Branch 
of the Department of Education. 
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