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Educational Performance Contracting 

In past months we have a11 heard of 
11Performance Contracting" or "Contracted 
Learning" as something 11new 11 in education. 
On October 13-15, 1970, the Michigan As­
sociation of State and Federal Programs 
Specialists, in cooperation with the 
Michigan Department of Education, spon­
sored a conference on Educational Per­
formance Contracting. 

Blz.uc..e. p eaJt-6 0 n. 
West Ottawa Public Schools 

Michigan 

11 Performance Contractfog 11 is not a 
simp1e concept nor someone 1 s·overnight 
brainstorm. It is an outgrowth of the 
public's demand for 1

1accountabilit�
11 �n 

its schools. Very simply stated, 1t 1s 
the process of contracting with an in­
dependent, profit-oriented company to 
teach students subjects such as mathe­
matics and reading. The contract is 

In This Issue 

paid on the basis of student achieve­
ment as measured by pre- and post-· 
testing. 

"Accountability" has been defined. 
as 1'responsibil ity for satisfactory 
perform.ance11

• Dr. Norman ·we; nhermer, 
former Superintendent of the Grand 
Rapids Public Schools, has stated, "Ac­
countability needs responsibility and 
authority - authority to operate. 11 He 
went on to say, 11We educators truly 
must have individua1ized instruction -
now. 11 Until about the 1950s, not much 
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money was really involved in public education. Since then, larger sums of money 
have b_een spent on education and as a result, we, the educators, are being re­
quired to be accountable. 

In the American educational system, change from within is slow, but pressure 
from the outside, for some yet unexplained reason, produces change. One needs 
only to look at the revolution in mathematics to see how outside pressures cause 
change. Performance contracting is a method of allowing outside forces to make 
controlled changes. Almost ali perfoX'T11ance aontraats ·"have been in the areas of 
mathematias and reading, generally at- the elementary level. There are two basic 
reasons for this fact. First, these two areas are of prime importance,and second, 
their results are the easiest to measure. In addition, these two areas are con­
ducive to the devel opment of individualized programs of instruction. 

Many contractors involved in these programs first change the learning environ­
ment by use of carpeting and air conditioning. How many school districts do you 
think could convince their taxpayers to spend the money necessary to carpet and 
climate-control their existing classrooms? The rationale is that after the con­
tractor has demonstrated that these changes (and many others) affect learning posi­
tiv�ly, the public would accept the additional costs. Air conditioning and car­
peting are, of course, not the prime changes made by the contractor, but th�y are 
a starting point and perhaps the only changes that the man on the street sees. 

The contractor places his confidence for resu1ts in four areas: environment, 
both phys·ical and non-physical; motivation on the part of the entire staff; staff 
and resources. The emphasis placed on these four areas varies with the contractor. 
Let's take a closer look at each of them. 

ENVIRONMENT 
The physical aspects of this have been mentioned. Things such as furniture 

and decorating come into play as well� The non-physica1 aspects are a little 
more difficult to pinpoint, but they come about through the use of enthusiastic 
�taff members and new philosophies. 

MOTIVATION 

Both staff and student motivation is a necessary ingredient. Student motiva­
tion might be achieved through the use of payment by to"kens or stamps for comple­
tion of certain objectives. These tokens can then be converted to money ,or used 
to buy time in the game room where the student can relax and listen to records, 
drink pop, play pinball machines, and so on. Other forms of motivation might be 
free time when the student can do whatever activity he likes. Yet another aspect 
is to have some learning experiences which are special and must be earned. 

RESOURCES 

Most contractors make extensive use of equipment. Equipment is provided for 
both the staff to use as well as the students. It includes, but is not limited 
to, reading machines, typewriters, diversified text materials, manipulative games 
and toys, filmstrip and -loop viewers with films, cassette tape recorders and 
players-with appropriate tapes, and a game room. 
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STAFF 

Most contractors either provide their own staff or more often use the best 
staff the school has to offer. Contractors pick the staff from those persons 
indicating a desire to be involved. This staff, both professiona1 and para­
professional, then undergoes an intensive training program prior to the opening 
of schoo1. 

An expected reader reaction at this point is, ''Give me all these things, the 
para-professional help, and I, too, will produce." Why don't we do this and 
eliminate the outside force? The answer to this question has been alluded to 
earlier. Schools are generally conservative and not willing, or able, to spend 
money necessary to meet these ends. Contractors, on the other hand, know that 
they can produce through these means and can borrow money as private businesses. 
They will be paid, not by vote of the taxpayers, but through a fulfilled legal 
document. Almost all existing performance contracts in force, both in Michigan 
and throughout the country, are financed by federal dollars. Consequently, no 
one can lose. 

Let 1 s illustrate how performance contracting is financially sound. One 
school system traditionally spends, on the average, $110 per child to teach 
reading per year. Suppose this child requires three years to achieve one fu11 
year of achievement in reading. A contractor says that he will bring this same 
child up one full level in one school year for, say, $230. If this goal is not 
accomplished, the contractor will be paid either nothing or a portion of the con­
tracted sum corresponding to the measured amount of learning which was accomplished, 
depending on the terms of the contract. Granted, assuming full production, this 
is a large outlay of money for the student for one year. However, when equated 
with the traditional program, the contracted program is $100 less expensive for 
the same product. Of more importance, the student has accomplished what he is in 
school to accomplish. Assuming this level of production can continue, the student 
will theoretically be three times better educated when he leaves school than he 
would have been under the traditional program - at a cost of $100 per year more. 
It should be noted that at present, most performance contracts involve the "edu­
cationally deprived" student. 

How involved and complicated is this business of contracting the school's 
responsibilities to some one outside the school? The performance incentive con­
tract between the Dallas Independent School District, Dallas, Texas, and New 
Century, Educational Division, Meredith Corporation, is a 26-page legal document. 
In addition to this basic contract, others must be negotiated for a management 
support system, for evaluation and still another for the audit. As payments are 
made on the basis of production, there must be a means for testing this production 
and a system to relate these test results to payments. Thus the need for a firm 
to perform an audit. It is considered best to have both the testing contractor 
and auditor independent of the firm holding the performance contract. This inter­
play necessary between the performance contractor and testing contractor requires 
a management support system. It soon becomes obvious that the total cost does 
not involve just that of the performance contractor but the costs of the firms 
providing these additional needed functions as well. 
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The testing part of the complete program is probably the biggest philosophical 
bug-a-boo in the entire system. This is the area which has drawn the most atten­
tion in the reports on the Texarkana program. This is unfortunate as it is re­
ported that a great deal of good and productivity resulted from that project. 

A performance contract usually has built into it a "turnkey" section which 
spells out how the school should be able to take over the program. No one expects 
the contractor to be around for more than three years on a particular project. 

The efforts and frustrations involved in establishing the first performance 
contract for a school system are more monumental than those encountered in the 
negotiation of teacher contracts throughout the State. Why. then, has the Office 
of Economic Opportunity been pumping Federal dollars into performance contracts? 
The basic reason is that no independent school system alone could afford to, 
either financially or philosophically. Yet, some educators have felt that the 
metl1ods to be used by cc11·1tractors were the best ones at this time and for the 
desired goals. Dr. John W. Porter has said, "In my opinion, performance contract­
ing is going to be the salvation in helping the classroom teacher serve more stu­
dents and give more individual help. I think the educational community will 
eventually come around to this . .. " What Dr. Porter refers to are the concepts 
and methods of performance contracts, not the turning of public schools over to 
private enterprise. 

If Dr. Porter, the State Board of Education, the Michigan Legislature, and 
Federal Government are willing to reorder their priorities and put more money in 
all areas of education, not just the select areas as is presently being done, then 
all teachers will be as those working for performance contractors and more 
accountable. 

The desire for accountability and productivity exists in almost all educators, 
but the funds to carry out change does not. If there is one thing that is being 
demonstrated through the present OEO program, it is this very fact. 
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From the Editor's Desk 

*.Several .letters have been received from readers concerning the properties 
of i1 and ;- 1 raised in an issue last year. We are pleased to print the most 
interesting article in this issue on page 15. 

* Here's a puzzle for that student in your class who is always the first to 
finish his work: 

6 

Using the digits J, 9, 7, 2 and the signs of standard mathematical 
operations, represent the integers fn,m l to 25 (or some higher limit) 
without gaps. Here's a start: 

l l + 9 - 7 - 2 

2 l + [ 9 -t (7 + 2) J 

3 -1 + 9 7 + 2 



* A reader sent this little poem (source unknown). If it reflects your feel­
ings, may we hear from you? 

CHANGES, 
CHANGES, 
CHANGES 

I took a course in curriculum 
And thought it rather queer 
That I am now a 'resource' 
To the pupils sitting near. 

I must not lecture nor talk too much 
But let the pupils do 
And then I shall be fostering 
Creativity through and through. 

The school was built with kids in mind 
The course around them planned 
And I exist to jump about 
At their whim and conmand. 

Into groups I'll break them 
With ideas for their mind, 
And should they find it boring 
I must try some other kind. 

And should the classroom noise level 
Disturb the Richter Scale 
I know that they are learning 
For in noise learning prevails. 

No rows of desks will I permit 
No lining at the door 
For this is passe don't you know? 
Thank God they've left the floor. 

But what am I to teach, you ask. 
Don't look at me confused 
I have a teachers' plan book 
And I'm told it must be used. 

Now to reconcile these concepts 
With a curriculum in print 
Is like making papier mache 
Out of solid rock cement. 

But I'll try in my endeavors 
Though my ways must all be changed 
And then in my retirement 
I might see just what was gained. 

* For the stars in your class - assemble these five pieces to form a five­
pointed star. 
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What's It All About? 

G eoJtg e L.  H e.rui ell✓� on  
Supervi sor, Mathemati cs Educati on 

W iscons in  Department of Publ i c  Instruct i on 

As we strugg le  through l i fe busy wi th so much of what we , i n  our more seri ous 
moments, ca l l  tri v i a, someti mes we stop and ask oursel ves , " What's it  a l 1 about? 
What ' s  real l y  i mportant? 1 1  

Mathemati cs teachers real l y  are as responsi bl e  for considering the ul ti mate 
worthwh i l eness of thei r energy-devouri ng professi ona l act iv iti es as mini sters , 
soc i a l  workers, government workers , pol i t i c i ans and phys i c i ans . In fact, by our 
very nature, we may be better tra ined and better equipped to exami ne our act iv it ies 
l og i ca l l y  i n  perspecti ve . 

So, what 1 s real l y  important? Consi der the fol l ow ing : 
X 

2
35 

N = Y 
This equat i on can be used to compute the number of years , (x )  i t  wi l l  take the 
mass of human fl esh and bl ood to equal Y if the worl d ' s  popul ation ma ss doubl es 
every 35  years (the present rate ) .  

Subst ituting 180, 000 , 000 for N (accept ing 3,650, 000,000 as the number of 
peopl e on earth averag i ng 100 pounds each yiel ds 1 80,000 , 000 tons of humanity )  and 
solv ing for x g i ves 

X = 115 ( Log Y - 8 .  2 5 )  . 

S ince Y represents a l i mit beyond whi ch the mass of humanity cannot go , l et's 
arri ve at a reasonabl e val ue for thi s  l i mit vi a the fo l l owi ng argument presented 
by scienti st Isaac Asimov : 

"The total mass of l i v ing ti ssue on earth today is  estimated to be someth i ng 
l i ke 20 mi l l i on mil l i on tons , and th i s  cannot rea l l y  increase as l ong as the ba s i c  
energy source for l i fe is sunl i ght. Onl y  so much sunl i ght reaches earth ; o n l y  so 
much sunl i ght can be used i n  photosynthesi s ;  and therefore onl y so much l ivi . ig 
p l ant ti ssue can be bui l t  up each year. The amount bui l t  up is bal anced by  the 
amount destroyed each year , ei ther throug h spontaneous death or consumpti on hy 
animal l i f  e . 

" Animal l i fe may be roughl y est imated as one-tenth the mass of pl ant I l te 
or a bout two mi l l i on mi l l i on tons the worl d over . Thi s  cannot i ncrease e ith ff , 
for i f, for any reason ,  the total mass of anima l  l i fe were to i ncrease s i gni f i ­
cantl y, the mass of pl ants woul d be consumed faster than i t  coul d be rep l aced , 
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as l ong as sunl i ght i s  onl y what i t  i s. The food suppl y woul d decrease drastical l y  
and animal s woul d d ie  of starvation i n  suff icient numbers to reduce them to the i r  
proper l evel . 

" To be sure , the total mass of human l i fe has been i ncreased throughout h is­
tory , but onl y  at the expense of other forms of animal l i fe. Every addi t ional 
ton of humani ty has meant , as a matter of absol ute necessi ty ,  one l ess ton of 
non-human ani mal l i fe. 

" Not onl y  that , but the greater the number of human beings , the greater the 
mass of pl ants that must be grown for human consumpti on as food (ei ther di rectl y ,  
or i ndi rectl y by feedi ng anima ls  desti ned for the butcher ) or for other reasons. 
The greater the mass of grains , frui ts , vegetab les and fi bers qrown , the smal ler  
the mass of other p l ants on the face of the earth . 

" Suppose we ask , then , how many years i t  wi l l  take for mankind to increase 
in  numbers to the po i nt where the mass of humani ty i s  equal to the present mass of 
all animal l ife? Remember that when that happens there wi l l  be no other animal s 
l eft - no el ephants or l i ons , no catt l e  or horses , no cats or dogs , no rats or 
m ice ,  no trout or crabs , no fl i es or fleas . 

" Furthermore to feed that mass of humani ty ,  al l the present mass of pl ant 
l i fe must be i n  a form edi ble to man ; whi ch means no shade trees , no grass , no 
roses . We coul dn 1 t afford fru i ts or nuts because the rest of the trees wou ld  be 
i ned i b l e. Even grain woul d be uneconomi c ,  for what woul d we do wi th the stal ks? 
We woul d most l ikel y be forced to feed on the onl y  pl ants that are total l y  nutri ­
t ious and requ i re onl y  sunl i ght and i norgani c matter for rapi d  growth - the one­
cel l ed p l ants cal l ed 1'al gae." 

If the total mass of animal l i fe i s  2 , 000 , 000 , 000 , 000 tons, then x = 11 5 
(1230 - 8 . 25 ). S impl e cal cul at i on puts x at 466 years . Thi s  means that by the 
year 2437 A.O. the l ast animal other than man wi l l  have d ied ,  and the l ast p l ant 
other than al gae wi l l  a l so have d ied .  

I t  should be noted al so that the human popul ation by 2437  A.O. wi l l  be over 
8 , 000 t i mes the present number , that there wi l l  be 200 , 000 peopl e per square mi l e  
of total earth surface - desert ,  ocean , mounta i n ,  ri ver , pl a in. The present den­
si ty of crowded Manhattan ( New York Ci ty )  at noon i s  est i mated at onl y  1 00 , 000 
persons per square mi l e '.  

So what 1 s i mportant? Somethi ng has got to g ive '.  The human popul ation of 
earth cannot continue to grow at the present rate . And , al ong wi th the popul ati on 
exp l os ion ,  we have pol l ut ion of our envi ronment. The Nat ional Wi l dl i fe Federation 
states i t  th i s  way: 

America is in trouble because our greeJ . i ct ::,  put us on a collision course 
with disaster .  Our Second Annual EQ Index - measuring national :C::nvironmental 
Quality - reveals the sobering fact thdt we are st i:i.l losing ground on almost 
every front . Our air is dirtier . Our water is more polluted . Land for food , 
wildlife and living space is deterior�ting . Certain minerals may soon be ex­
hausted . Apathy is our biggest problem . 
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The Wisconsin Mathemati cs Council , through action by the executive board 
and 1ots of hard work by members Wi11iam Mi l 1er , Pat Lautenschl ager , John Knutson , 
and Donna Kringen , has begun a war on pol l ution. The fi rst skirmish was a co­
operative effort with the state Department of Publi c Instruction to produce a 
teacher 1 s handbook , Po l lution: Problems, Projects, and Mathematical Exercises, 
Grades VI-IX. This ha ndbook contains probl ems and exercises invo1ving actual 
po1 l ution data that are keyed to mathematical  topi cs studied i n  Grades V I - I X  
a s  wel l a s  descr i ptions of indivi dua l and group projects that w ill make students 
aware of environmental pol l ution situations. It can be obta i ned from DPI  Pub li­
cation Order Service , 162 Langdon Street , Madi son , W i sconsin  53702 , for 50¢ per 
copy. 

The rat i onal e behi nd the efforts to produce this publ icati on revol ves a round 
the conv i c tion that today's youth must become aware of earth ' s  ecol ogical  state 
if they are to inf1uence adults a nd the i r  peers to do somethi ng to stop man 1 s 
pe11 mel 1 accel eration towards tota l disaster l ong before 2437 A . O. 

What ' s  it a l l  about? What ' s  real l y  important? I f  we are wil l ing to stop the 
busy , irre levant activities that use up our precious time and think , we a l l  know 
that the popu1at ion expl osion and the environmental poll ution of earth's resources 
must be s1 owed down , and soon !  

What can you do? I suggest two immediate actions : obtain and study a copy 
of 11 Guidel ines for Citizen Action on Environmenta1 Probl ems " , free from The Con­
servation Education Association , P .  0 .  Box 4 50 ,  Madison , Wisconsin 53701 , and 
bri ng into your teaching as much environmenta1 pol l ution information as you 
can . 

Good Luck ! 

Reprinted from fvisconsin Teacher of Mathematics, Vol . XXI I ,  No . 1 ,  Winter , 197 l .  

Two Preference Paradoxes 

G iven 
and 

A is preferred to B 
B i s preferred to C 

Zahnan U.6-u.5 lu.n 
University of Chicago 

under some reasonab1e scheme for decision-making , one normally deduces tha t ,  
under the same scheme and a t  the same time , 

A is preferred to C. 
Thi s  note is wri tten to convince the reader that such a deduction is i nva l i d. 
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EXAMPLE l 
Suppo se that three candi dates A ,  8 ,  and C run for offi ce . To get the most  

accurate feel i ng from each voter , i t  i s  deci ded that each voter s ho u l d  l i st  the 
three c andi da tes  i n  the order of h i s  own preference . Suppose the voters l i st 
thei r preferences i n  th i s  way : 

30 percent A 8 C 

5 percent A C B 
5 percent B A C 

25 percent B C A 

30 percent C A B 
5 percent C B A 

Then 6 5  percent of the voters have l i sted A before B ,  and 60 percent of the voters 
have l i s ted B before C .  So A i s  preferred to B and B i s preferred to C .  One wou l d  
th i n k  that A i s  preferred to C .  Not s o !  A fu l l  60 percent o f  the voters prefer 
C to A .  Hence we have A preferred to B ,  B preferred to C ,  and C preferred to A .  

Notes o n  Exampl e l :  Thi s e xamp l e  cou l d  be repeated w i th tas te p re fe rences 
of peop l e ,  TV watchi ng ,  publ i c  opi n i on po l l s ,  a nd so forth . The reader i s  en­
couraged to a ttempt to try correspond i ng s i tuati ons  where four  obj ects are bei n g  
compared . I s  i t  pos s i bl e  to prefer A to B ,  B to C ,  C to D ,  and a l so D to A? 

Perhaps the reader feel s that Exampl e l wa s ' 'cooked up " , i n  that the prefer­
ences of the voters were arbi trar i l y  ascri bed . He s hou l d  then exami ne the fo l ­
l owi ng s i tuati on : suppo se there were 600 voters and they l i ked the cand i dates 
rather  even l y .  That i s , the s i x pos s i b l e  orders of preference had the fo l l ow­
i n g  n umber  of voters : 

Order : A- 8-C  A-C-8 B-A-C B-C-A C-A-8 C-B-A 

No . of 
Voters : l 00 1 00 1 00 1 00 1 00 l 00 

Then , as i s  backed by i ntu i ti o n , 50 percent ( 300 ) of the voters 
50 percent prefer B to C ,  and 50 percent prefer C to A .  I f  o n ly  
swi tch , we  c a n  obta i n  the fol l owi ng di stri buti o n  of preferences : 

Order : A-8-C 

No . of 
Voters : 1 01 

A-C-B 

99 

B-A-C 

1 00 

B-C-A C-A-B C- B-A 

1 00 1 01 99 

prefer A to B ,  
two voters 

Now 301 voters prefer A to B ,  301 voters prefer B to C ,  and 302 voters at the 
same t ime prefer C to Z .  Th i s  g i ves the same paradox ica l  resul t as  before : A 
i s  preferred to 8 who i s  preferred to C who i s  preferred to A .  
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EXAMPLE 2 
This exampl e is different from Example l .  Instead of asking i ndivi dual s to 

rate obj ects , l et us rate the o bj ects by some performance standard. For instance , 
suppose three runners X ,  Y ,  and Z are entered in the 1 00-yard dash. The i r  pre­
vious times for this distance g i ve some indication ( perhdps the best indi cation ) 
of how wel l  they wil l do in the race . Here is a tabl e of the number of races in 
which each runner might have run the distance in a certain time. 

Runner/Time 

X 

y 

z 

9. 8 9 . 9 

2 

l 0 .  0 1 0 .  1 1 0 . 2 

4 

2 

Who is the best runner? Noti ce that two-thi rds of X ' s  times beat the times 
of Y ( the consistent one ). One woul d expect X to beat Y in a race. X is prefer­
red to Y. Y ,  i n  turn , beats Z two-thirds of the time. So Y is preferred to Z .  
But Z ,  when he runs 9. 8 (one-third of the time ) ,  a l ways beats X . When he runs 1 0. l 
( two-thirds of the time ) ,  he has a 1 in 3 chance of beating X .  The probabil ity 
that Z beats X is thus 1 / 3  + 2/3 • 1 / 3  = 5/ 9 .  So Z ought to be preferred to X. 

Again we have X preferred to Y who is preferred to Z who i s  preferred to X. 

Notes on Exampl e 2 :  In  sports , favoiites for a game are often chosen on 
the basis of past performance against a "common opponent" .  The above examp l e 
shows possi bl e p i tfa l l s  of such a strategy of cho i ce .  I t  i s  entirely poss i b l e 
for A to ha ve beaten B over hal f  of the time , and for B to have beaten C over 
hal f of the time , yet have C better than A .  What appear to b e  "upsets "  may not 
be upsets at a l l .  

It shoul d be noted that this exampl e coul d al so be appl ied to the cl imates 
of cities . Given distributi ons of temperatures and preferring the warmer climate , 
it is possi bl e that one might prefer city A to city B ,  city B to city C ,  and ci ty 
C to city A .  

Here are two probl ems which indi cate further seeming l y  paradoxi ca l  si tuations. 
Given tri ang l e  ABC , find a set of points , in the pl ane , so that 2/3 of 

the points are cl oser to A than to B ,  2/ 3 of the points are cl oser to B than to 
C ,  and ( simul taneousl y )  2/3  of the points are cl oser to C than to A. 

Draw graphs of three continuous functions f ,  g ,  and h with domain [x : 
0 < x < l ]  in which for over ha l f  of the val ues of the doma i n ,  f (x )  > g ( x ) , for 
over hal f  of the val ues , g ( x )  > h (x ) , and for over ha l f  of the val ues h (x )  > f (x ) .  
(Answers to these prob l erns a re avail a b  1 e from the author at  the Uni versity of  
Chicago. ) 

These resul ts and probl ems , for most of us , v i o l ate a l l "common sense " .  One 
is forced to ask why the situations given above behave so contraril y to our in­
tuiti on. One reason i s  that it is more common to compare i ndividual events than 
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distribution of events. We assign one number as an evaluation of an event (or 
candidate) . Since numbers obey the transitive property : (a >  b and b > c) implies 
a >  c ,  we expect distributions to do likewise. The above has shown that prefer­
ences are not necessarily transitive. 

Reprinted from Illinois Council of Teachers of Mathematics Newsletter, Vol . 22 , 
No . 1 ,  March , 1971 .  

Medicine Hat 

Math Seminar 
The Senior High Mathematics Seminar was held at C . H . H . S. on Saturday, October 

16. Dr. Blummel and Wilf Lencucha presented many ideas which were well received 
by the teachers. 

Dr. Blummel stated that the three levels  of mathematics were to accommodate 
the different ability level s of students in the high schoo l .  He did not foresee 
any changes in the mathematics curriculum in the near future, but there was J 
question mark as to the future of math 3 1 .  He felt that  the 1 3, 23, 33 series 
would be better received if it were accepted for entrance into university and 
technical institutions . 

Dr. Blummel also po i nted out that teachers shou ld  make subject matter more 
relevant by : 
l. teac hing for application 
2. teac hing appropriate content 
3 .  showing the rol e  of mathematics in occupations 
4. relating mathematics to other subject areas 
5. bringing out the history of mathematics on occasion 
6. use of visual materials . 

On guiding students into the correct stream, Mr. Lencucha stressed the use 
of the following criteria : 
1 .  intellectual maturity and ability 
2. previous achievement in mathematics 
3. interest in the subject 
4. work habits 
5. cultural background 
6. learning style. 

He also stressed that it was entirely up to the school as to how students 
moved from one stream to the other. He a l so po i nted out that teac hers tend to 
concentrate more on content, rather than on material .  He felt that teachers 
should take a textual, laboratory and environmental approach to mathematics 
teaching. 
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Grades I and II 

A Working Bulletin Board 

�HOOT FOR THE MOON 

This game is in tended to motivate the 
chi l dren to l earn their addition and sub­
traction facts . Each chil d  receives a 
s heet of cons truction paper, cuts out hi s 
own rocket ship and writes his name on it .  
As s oon as he  knows his addition facts 
from O to 5, he is permitted to put his 
rocket on the l ift-off pad. 

Each s tage repres ents a timed tes t. 
I r.  order to advance from one s tage to the 
next , a ch i l d  must s core 1 00 percent on 
that tes t. He reaches his goal when he 
" l ands on the moon " .  

I t ' s  great fun to see how eagerly the 
chi l dren l earn these nurroer facts in order 
to reach their visib l e  goal . 

CHIPPER 'S  PROBLEM 

Another game I us e to motivate the 
chil dren to learn their number facts is a 
game we cal l "Chipper ' s  P rob l em". A cut­
out of a l arge chipmunk (any friend ly  
ar.imal can be  us ed , of course) is  put on 
the bul l etin board al ong with the ques­
tion, " Can you hel p  me? " Next to Chipper 
are seve ral open s en tences that Chipper 
can ' t  answer ,  as wel l as an enve l ope con ­
tai n i ng acorn- shaped pieces of cons truc­
tion paper (approximatel y  l "x2 ") with a 
numeral on each. The chil dren work inde­
pendently or in groups of two or three to 
find  the "acorn " with the correct answer 
to an open s entence . As s oon as al l the 
b l anks are fil l ed, the open sentences are 
changed so that there is a variety of 
prob l ems. 
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Heather Hi11 School 
Flos smoor , Il linois 

Stage 3 - subtraction facts 6 to 10 

Stage 2 - addition facts 6 to 10 

Stage 1 - subtraction facts O ta 5 ---"-- ·---- -·-

lift-off Pad - addition facts O ta 5 
' : 

CAN YOU HELP ME? 

Reprinted from Manitoba Teachers ' 
Mathemati cs Ass ociation News letter , 
Vol .  VI , No . 3, May , 1971 . 



And Then the Imaginary Becomes Real 
Guy W. -Ric.h.a.ltd 

Mathemati cs Department 
Uni vers i te de Quebec 

The number "i "  has the i nteres ti ng property to become real every ti me i ts 
exponent i s  of the form 2k , k e: IN * . 

x = 2k , k e: N*  => . x 
1 £ 

What wi l l  happen when the exponent i s  i i tse l f? 

The demonstrati on gi ven here is  based upon the famous Euler 1 s Formu l a :  

= cos e + i s i ne .  

This  formul a i s  proved i n  any fi rst course of Comp lex Vari ab le  or  Comp l ex 
Ana lys i s .  I t  i s  a key to successful work i n  the comp l ex fiel d. One of  the fi rs t 
uses of th i s  formul a  l e ads to a res u l t that i s  a lways a s urpri se for the begi nner 

What  happens when 8 = 'IT ? 

+ i s i n  e cos 'IT 'IT 

e i TI = -1. 

We have a rel ati on between i rrati ona l  numbers , i magi nary and i n tegers . 

What happens when e = TI/2 ? 

e i rr/2 = COS TI/2 

e i TI/2 i . 

I f  we want to get the val ue of 

= ( e  

= e 

so i i e: 1R 

i 

2 

TT i -
) 2 

+ i s i n  TI/2 

the temptation wi l l  then be to wri te 

= e - TI/2 

Let us face the probl em i n  another way .  
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We know tha t  

a )  

b )  

Thus 

then 

e e cos e + i s i n e 
i e  l n  e = i 9 l n  e = i e 

i f  vie w ri te 00\•ffl 

w = 

l n  l n  i i i l n  i . w = = 

i l n  i ( 1r/2 - 2k -r: )  = e 

= . 
i ( 1r/2 2k 1r ) 

= - rr/2 + 2krr  
- rt / 2  + 2k ,r i w = e .. 

.• i i 
IR .  . .  E: 

, k C '1-

i Th us i bel ongs to the rea l  fi e l d , b ut the re are many val ues for thi s  ex-
pres s i on ,  a l l of them be i n g  rea l 1 pal value on l y ,  i n  whi ch cas e i 

We can h a ve a res tri cti on  an rl take the prinm­- -rr/2 = e . 
- i  . - i The s ame procedure fo r i wi l l  gi ve 1 = 1r/ 2 + 2 � if  

e ' 

Here aga i n we a re dea i i n g  wi th a mu l ti - va l ue d e xpres s i on whose p ri n c i o a l  
val ue may be  taken for techni ca l  purpos es . 

i - i  I s  i g reate r  or  sma l l e r  th an  i ? Are these exo res s i ons somet imes  
equa l ? The compar i son i s  ea s i l y  handl ed wi t h  t h e  preced i ng resul ts . 

Let us fi rs t answer the s e cond q ues t i on : 

i i 7 
:!: i - i  

- 11/2 t 2 kn  ? ,r/ 2  + 2 }. -rr 
le. ' � [ i. e e 

7 

l 1r - 11 /2  + 2k rt :!: 1r/2  + 2 

k >- l 1 /2 

k , A E: 'l we cannot h a ve k - ), -- 1 / 2  so  1 i s  never e 11 u a  1 to i - i  

Wh i ch one i s  the greater ? A s i mp l e  l ook a t  th e p ri n c i r a 1 va 1 ues wi 1 1  

e -rr/2 
< e rr/ 2 

=> 
. ; 
l < 

. - i  
1 
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but th is re l at ion is not the same i f  we a re l ooki nq a t. the diffe rent val ues of 
i and - i  The values wil l va ry according to the vnriati on of k and A 

I f  k � � then i i . - i  
< l and i f  k > i then i 

Further studies wi l l b ri ng the fol l owing re l ati ons : 

a )  i 
i ( - i ) - i  = 

b )  
. - i  . i .  
l = - 1  

- i  
> 

Al l these resul ts are astonish ing at fi rst si gh t h u t  they remi nd us that 
we a re in a l and of i n te resti ng  discoveri es when movi ; ,g i �  the comp l e x  fi e l d .  

• • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • 

MATH LUNCHEON 

Math Luncheon of GREATER EDMONTON TEACHERS ' CONVENT I ON wi l l  be hel d  in 

• 
• 
• 
• 
• 
• 
• 
• 
• 

• 
• 
• 
• 
• 
• 
• 
• 
• 
• 
• 
• 
• 
• 
• 
• 
• 
• 
• 

Rupert's Land Room of the Macdonal d  Hotel , 1 2 : 30 pm , Thu rsday February 24. • 

Speaker: Dr. Doyal Nel son, Uni versi ty of Al berta . 

Topic : " Ma thematics E ducation in Japan"  

Price : $3. 50 

• Contact Wil l iam Gee a t  Afton Sc hool , 1 66n4 - 9 1  Avenue , Edmonton. 
• 
• 
. .  

Phone - 484-3263 or 489-8327 ( Resi dence ) 

• 
• 
• 
• 
• 
• 
• 
• 
• 
• 
• 
• 
• 

• • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • 
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