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Editor ' s  note: The following article was sub mitted in response to "A 
Problem" , which was publis hed in Delta-K, Vol ume XI, Number 4, August 
1972, p . 8. Dr . B ruce is a member of the Department of Mathematics at 
t he University of Alberta. 

We consider the compass and straight-edge construction of the square roots 
of the natural numbers, a result that l eads to a spiral effect as shown. 
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these angles are given 
values are indicated. 

Starti ng with a right triangle with unit legs, 
we obta in  a measure of 12 units for the hypotenuse. 
With this hypotenuse as base, another right triangle 
with one unit leg can be constructed. I ts hypotenuse 
measures If units . The process can be repeated to 
produce segments that measure � where n is any 
natural number . Incidentally, the area of each tri
angular region so formed is given by }fr,. 

It is intuitively obvious that eventually the 
triangular regions will overlap. but when does this 
first occur? Careful drawing makes it apparent that 
the segment representing /is i s  the first one to in
tersect the original triangle. However , it is rather 
close, so we need to examine the problem more closely 
to be sure. 

When the sum of the central angles of the tri
angles is first greater than 360° (or 2n) we shall 
know that the overlap has occurred. The measures of 

by Arccot m, where n is a natural number and principal 
Clearly, we need to compute 

k 
L Arccot In 
n=l 

to find the necessary integral value of "k" for the first overlap. 

Whether we use one of the new pocket computers, or otherwise , we find that 
Arccot In is not programmed . However, Arctan In is programmed. Now 

16 

k 
� Arccot In = k (  n/ 2 )  

n=l 

k 
- L 

n=l 
Arctan In. 



The computer pri n t-out gives us the following r es ults i n  radi an measure for n= l 
to n= l7 : 

n= l 
n=2 
n=3 
n=4 
n=5 
n=6 

0 . 7853981634 
l . 400877872 
l . 924476648 
2 . 3881 24257 
2 . 808658592 
3. 1 96255279 

n=7 
n=8 
n=9 
n= lO 
n= ll 
n= l 2  

3 . 5 57622403 
3 . 897459312 
4 . 219209866 
4 . 525487236 
4 . 818330007 
5 . 099364909 

n= l3 
n=14 
n::::,.1 5 
n= l6 
n=17 

5 . 369914672 
5 .  631072083 
5 . 883752338 
6 . 128731 001 
6 . 366672126 

The l as t  en.:trY is the first  on e to exceed 2n ( a pprox. 6 . 2832 ) .  Hence the tri angle 
with  bas e  �7 is the fir st  one to ov er lap the fir st  tr iangl e. The li ne  s egment 
of measure li8 in ters ects the fi rst tri an gle. I n  degree measure, the comp uter 
yields 

n= l 6  351. 1 5° 

n= l 7  364 . 78° . 
k 

The pocket compu ter yi elds � Arctan Ir, in degr ee mea sure. This has to 
n= l 

be s ubtra cted from k ( 90 ° ) to get the above res ults . 

S in ce the cen tral an gles are continually getti n g  s ma lle� it i s  obv i o us that 
cons i derabl y more  terms of the s eries will need to be s urrmed to fin d  when the 
s econ d  overlap wil l occur . Try to make a conj ecture and  tes t it on a computer. 

A diller, a dol l ar, 
A wi tless tr ig s cho l ar 

On a la dder aga inst a wal l. 
I f  l en gth over height 
G ives an an gle too s light, 

The cos ecant may prove  his do wnfa ll . 
. 

L . A . GJt.aham 

"Math teachers never di e; they j us t  r educe to lo wes t terms . "  
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