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Ca l gary 

The evol u t i on of ax i omat i cs was pred i cated upon t he evol ut ion  of oeo­
rnetri cal  thouaht .  S i nce the concepts of what c onst i tutes a oeometry and what 
const i tu tes ax ioma t i c  deve l opment change as a func t i on of  the t i me peri od under 
con s i derati on , i t  becomes essent i a l  that we exam i ne the evol u t i on of these i deas 
from ant i q u i ty to the present . The profound contri but ions  made by geometri ca l  
thought to the  genes i s  of a x i omat i c s  were pr i n c i pa l l y  deri ved through  the  cri ­
ti que o f  Eucl i d ' s  fi fth postu l ate , t hrough the ri se  of non -Euc l i dean oeometry , 
thro ugh the constructi on of abs tract geometry , nay ,  through the deve l opment 
of l og i c .  Hence , an i n vest i gat i on of th i s  evo l uti o n ,  wh i c h  has s haped our pre­
sent perspect i ve ,  wou l d  be mos t  val uabl e .  

T he earl i est extant record s of geometr ica l  acti v i ty are on baked-c l ay 
tab l ets from Mesopotam i a  bel i eved to date from Sumer ian  t ime s  ( 3ono B . C . ) .  From 
the fi rst Baby l o n i an dynasty of Ki na Hammurab i ' s  era , t he new Baby l o n i a n  emp i re 
of Nebuchadnezzar I I ,  and  the fo l l owi ng Per s i an a nd Se l e uc i d era s ,  there exi sts  
a s uperabundance of cunei form tabl ets wh i c h  s u ggest that Babyl on i an g eometry i n­
vol ved pract i cal mensurat i on . Between 2000 and 1 600 B . C .  the Babyl o n i a n s  had 
deri ved ru l es for comp ut i ng the area of a rectangl e and the areas of r i ght  and 
i soscel es  tr iang l e s .  An examp l e  of the state of geometry i n  t he Baby l on i a n  
peri od of t he  seventeenth  century B . C .  der i ves from a 1 958 excavat i on  of a 
u n i q ue  ma themat i c a l  ta bl et conta i n i n g  the  fol l ow i n g  r i ght tri anol e probl em �  

< y � 

G i ven ABC i s  a r i ght  t r i ang l e  a t  A .  

C 

AD perpend i c u l ar to the hypothen use BC . 

AC = 6 0 ( l ) , AB  = 4 5 , BC = 7 5 ( 1 , 1 5 ) . 

BO = JAB/AC x 2 x a rea ABO 

= 045/60 X 2 X 486 

2 7 .  

(The area 486 wa s wr i tten a s  8 , 6  i n  Ba byl on i a n  
n umerat i on , a s  shown on  the d i agram . ) *  

*Da n i e l  B .  L l oyd , , · Recent E.v i clences of Pri meva l Mathema t i cs , "  
The Mathemat-ic: ; Teacher> ( Wa s h i ngton , D . C . : N at iona l  Counc i l o f  Tea c hers of 
Mat hema t i cs , 1 96 5 ) , p .  72 1 . 
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Ancient Egyptian geometry i s  contained in the Moscow and .Rhind papyri 
and of the 1 1 0  probl ems in t hese texts. 26 are devoted to geometry. Probl em 
number 1 4  of the Moscow Mathematical Papyrus indicates that the Egyptian scribes 
were fami liar with the formu l a  V = h/3  (a2 + ab +  b2 ) for the vol ume of a trun­
cated pyramid, where h is the height and a and b are the edges of the square 
base and the square top, respective ly .  

Both the Babyl onians and t he Egyptians displ ayed mathematical 1 n 1 -
tiatives . They used intuition, experiment ,  induction , and pl ain guessing to 
create some of their resu l ts, but irrespective of how wel l  these ru l es agreed 
with experiences and no matter how exact the measurement, t he ru le was not 
deduced from explicit assumptions. The time when and the p l ace where the 
d istinction between inductive inference and deductive proof from a set of 
postu l ates became c l ear is not known , but it is known that t he Greeks were 
the first to transform geometry from a set of empirical concl usions of the 
Egyptians and Babyl onians to a ded uctive ly- based, systematic geometry. Per­
haps the paradoxes of Zeno and t he probl em of incommensurabl es structured 
Greek thought to the direction of a l ogical base which u l timatel y l ed to an 
axiomatic treatment of geometry. 

The Eudemian Summary of Procl us p l aces t he genesis of Greek geometry 
with Tha les of Mil etus i n  the first hal f of the sixth  century B . C .  He was 
the first among t he Seven Wise Men of Greece. He is al so the first known 
individual with whom the use of deductive methods in geometry is associated . 
Thal es brought geometry from Egypt on his commercial ventures and then appl ied 
Greek procedures of deduct i on to his findings . He is cred i ted with  the 
fol l owing propositions rel ating to pl ane figures : 

l .  Any circle  is bisected by its diameter .  
2 .  The angl es at the base o f  a n  isoscel es triang l e  are equal . 

3 .  When two l ines intersect, the vertical ang les are equal . 
4. An angl e in a semicircl e  is a right angl e. 

5.  The sides of a simi l ar triang l e  are proportional . 

6 .  Two triang les are congruent if they have two ang l es and a 
side respectivel y equal . 

As propositions in geometry, t hey may appear to be trivial since t hey are 
intuitive but we must be reminded that prior to t his time geometry was confined 
al most exc l usive l y  to t he measu rement of surfaces and sol ids . The fundamental 
contributions of Thal es consisted of his geometry of l ines, and he is al so 
c redited with the idea of a logical proof to substantiate his geometrical 
resu l ts .  

Pythagoras of Samos (572 B . C . ) cont i n ued the systematization of geo­
metry. Partic u l ar ly  important in the deduct ive aspects of geometry was the 
founding of the Pythagorean sc hool . Members of t he Pythagorean society de­
vel oped the properties of paral l el l ines and used them to prove that t he sum 
of the angles of any tr iang l e  is equal to two riqht ang l es .  I n  the Eudemian 
S ummary we are l ead to bel ieve that a Pythagorean , H ippocrates of Chios, was 
the first to attempt a l ogical presentation of qeometry as a sequence of pro­
positions which were u l timatel y based on some initial definitions and assump­
tions .  Leon, Theud i us and others devel oped this concept further unt i l  approx­
imatel y  300 B. C. E uc l id prod uced his treatise, the E l ements, which consi sted 
of an e l egant chain of some 465 proposi tions on o l ane qeometry ( Books I to IV ), 
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the theory of proportions (Boo ks V and VI ) ,  the theory of numbers ( Boo ks VI I 
to I X ) , the theory of incommensurabl es (Book  X )  and sol id geometry (Books X I  
t o  X I I I ). 

It is qeneral l y  accepted , however , that Aristotl e ' s  wor k  as a syste­
matizer of l ogic real l y  prepared the way for Euc l id ' s  orqanization of the geo­
metry of his time. Sir Thomas Heath , in the introductory chapters of his de­
finitive Eng l ish translation of the El ements, quotes a l ong  passage from Aris­
totl e ' s  Posterior Ana l ytics, containing a very careful anal ysis of the idea of  
a demonstrative science : 

Every demonstrative science, says Aristotl e, must start from indemon­
strabl e  princip l es :  otherwise, the steps of demonstration woul d be end­
l ess . Of these indemonstrabl e principl es some are (a ) common to al l 
science , others are (b) particul ar , or pecul iar to the particul ar 
science ;  ( a )  the common principl es are the axioms, most common l y  il l u­
strated by the axiom that , if equal s be subtracted from equal s ,  the 
remainders are equal . Coming now to (b )  the principl es pecul iar to the 
particul ar science which must be assumed, we have first the genus or 
subject-matter, the existence of which must be assumed, viz . magnitude 
in the case of geometry , the unit in the case of arithmetic. Under this 
we must assume definitions of manifestations or attributes of the genus , 
e . g. straight l ines, triangl es, defl ection etc . T he definition in it­
sel f  says nothing as to the existence of the thing defined : it o n ly  re­
quires to be understood. But in geometry, in addition to the genus 
and the definitions, we have to assume the existence of a few primary 
things which are defined , viz . points and l ines on l y :  the existence to 
everything e l se ,  e . g .  the various figures made up of these, as triangl es ,  
squares, tangents, and their properties, e . g .  incommensurabil ity etc . , 
has to be proved (as it is proved by construction and demonstration ) .  
I n  arithmetic we assume the existence of the unit : but, as regards the 
rest , on ly  the definitions, e . g .  those of odd , even , square , cube , are 
assumed ,  and existence has to be proved . We have then c l earl y  distin­
guished, among the indemonstrabl e principl es, axioms and definitions. 
A postul ate is al so distinguished from a hypothesis, the l atter being 
made with the assent of the l earner, the former without such  assent or  
even in opposition to his opinion .  

So the conception o f  a demonstrati ve science as � deductive sequence from an 
accepted set of initial statements was deve l o ped during the first 3no years 
B.C . by Greek mathematicians and p hil osop hers . Certain l y  one of the greatest 
achi evements of the Gree ks was the creation of  the postul ational form of think­
ing (now cal l ed '' material axiomatics' ' ) and the geometry they structured accord­
ing to th i s  posture. 

Since changes and additions have been made in what now appears as 
Euc l id ' s  E l ements, it is not certain precisel y  what statements Euc l id assumed 
for his postul ates and common notions nor what definitions he made, �ut the 
avail abl e evidence suggested that there were five postul ates : 

1 .  To draw a straight l ine  from any point to any point . 
2 .  To produce a finite straight l ine continuousl y in a straight l ine . 

3 .  To describe a circl e with any centre and distance . 

4 .  That al l right angl es are equal to one another . 

1 0  



There 

There 

5. That, i f  a stra i ght l ine fal l ing on two strai ght l ines makes 

were 

l .  

2 .  

3 .  
4. 
5. 

were 

the i nterior an0l es on the same side l ess than two ri g ht angles, the 
two stra i ght l i nes, i f  produced i ndefini tely, meet on that si de on 
wh i c h  are the ang l es l ess t han two ri ght angl es. 

f ive common noti ons ( a x ioms ) : 

Th ings whi ch are equal to the same thing a re a l so equal to one 
another. 

If  equa l s  be added to equa l s, the whol es are equal . 

I f  equa l s  be subtracted from equal s, the rema i nders are equal. 
Things whi ch co inc i de w ith one another are equa l to one another. 
The whole i s  greater than the part. 

twenty-three def in it ions, some of whi c h  appear bel ow : 

l .  A poi nt i s  that wh i c h  has no part. 
2 .  A l ine i s  breadthl ess l ength. 

3. A stra i ght l ine i s  a l ine wh i c h  l ies even l y  with the points on i tse l f. 

4. A p l a ce angle  i s  t he incl i nati on to one another of two l ines i n  a 
p l ane wh i ch meet one another and do not lie i n  a stra i ght l ine . 

5. Para l l el strai ght l i nes are stra i ght l ines whi c h, being in the same 
p l ane and being produced indefin i tel y in both d i recti ons, do not 
meet one another in either d i rection .  

I t  appears then that Eucl i d  adopted Ari stotl e ' s  d ist inction between postul ates 
and common notions. He coul d a l so have adopted P l ato 's assumpt ions for cl as­
s ica l  constructi ons in the fi rst three postul ates. However , the remarkable 
insi ghts of Eucl i d  are conta ined in  his i deal to establ ish  geometry on any un­
i mpeachabl y-l og ica l  foundati on. Though h i s  attempt fai l ed, he neverthel ess 
concei ved i t. 

What Euc l i d  d i d  not seem to rea l i ze i s  that in a sense h is postul ates 
i mpose constra ints on points and l ines whi ch therefore are defined. Hence any 
further attempt to defi ne these terms i s  redundant mathemati cal l y. The ques­
tion now ar ises as to why Euc l i d  insisted on def in ing what shou l d  have rema ined 
undefined. The reason , i n  histori ca l  perspecti ve, appears to be that Eucl i d  
thought h is  geometry constituted a descri ption of the physica l  un i verse. It 
fol l ows that his geometry shoul d refer to externa l rea l it ies and therefore be 
definabl e .  

Another remarkable insi g ht of  Eucl i d  was h is  recognit ion of  the i mpor­
tance of the para l l e l postul ate and the necessity of assuming i t .  G iven that 
he avoi ded the use of the f i fth postul ate unti l  Proposit ion 29 of Book I ,  we 
may infer that Euc l i d  h i msel f may even have questi oned its inc l us ion .  From the 
beg inn ing th is  postul ate was criti c i zed . It l a cked the brevity of the other 
four postulates ; and its converse , vi z. - "The sum of two ang l es of a triang l e  
i s  l ess than two ri ght angl es" - was proved as  a theorem. Consequentl y, i t  was 
thought to be capabl e  of proof . Posi soni us, i n  the f i rst century B. C . , who de­
fined para l le l  l ines as l ines that are copl anar and equi d i stant, attempted to 
prove the equi val ent of Euc l i d ' s  para l l el postul ate . In the second century, 
C l aud i us Ptol emy of Al exandri a a l so worked on a proof of th is  postul ate. Even 
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Proc l us i n  the fi fth century con s i dered i t  a l i e n  to the spe c i a l  c hara cter of 
postu l ates . He was s ucces s fu l  i n  red u c i n g  t he proof to one that depended on 
the estab l i s hment of the fol l owi ng : G i ven any two para l l e l l i nes and a th i rd 
d i s t i nct l i ne whi ch  i ntersects one of the g i ven l i ne s ,  then i t  a l so  i n tersects 
the rema i n i ng gi ven l i ne .  Proc l us ' argument wa s based on the a s s umpt i o n  t hat 
para l l e l l i nes everywhere a re equ i d i stant and th i s i s  tantamount to the fi fth 
post u l a te .  The l og i c a l  anathema was that Proc l u s  a s sumed what he was tryi ng 
to prove . 

Apol l on i us  of Perga ( 2 25 B . C . ) stud i ed under the succe ssors of Euc l i d .  
Thei r i n fl uence was man i fest i n  h i s  e i ght boo ks  on the Con i c s .  On l y  seven 
boo ks have survi ved , fo ur i n  Gree k and three i n  Arab i c  whi c h  conta i n  387 pro­
pos i t i ons . Wh i l e  Apol l on i u s  u sed a systemat i c  and ded uc t i ve process  of con­
struct i on and demonstration i n  h i s  treati s e ,  the form of the p ropos i t i on s  
was horrendous by vi rtue of the s ubj ect h e  was treati ng - a d i st i nct contrast 
to the e l ementary concept ions  of the l i n e  and c i rc l e  of Eucl i d .  Though 
Apol l on i u s marks the termi nat i on of the go l den age of Greek geometry .  such  
geometers as Heron of Al exand r i a  ( A . O .  7 5 ) , Menel aus  ( 1 nn ) ,  Ptol emy (85 - 1 65 )  
and Pappus ( 320 )  d i d  make some contri buti ons to geometry .  O f  thes e ,  perhaps 
the greatest work  wa s that of  Papp u s .  H i s  1 1 Col l ect i on ' '  conta i ned ori g i na l  
propos i t i ons and i mprovements . 

A gradua l  decl i ne i n  ori g i n a l  th i n k i n g  typ i f i ed the peri od of t he 
Roman Emp i re wh i c h  devoured Greece i n  1 46 B . C . Then , from the fa l l  of the 
Roman Emp i re in the mi ddl e of the fi fth c entury ,  t he Dar k  Ages gave r i s e  to 
l i tt l e  new mathemati ca l  th i n ki ng i n  Western Europe . I t  was dur i n g  t h i s  t ime 
that ma themat i cs was i n fl uenced by the H i ndu  and Arab i a n  peopl e .  But the i dea 
of deduct i ve proof was a l i en to the th i n k i ng of the H i nd u s  as exemp l i fi ed i n  
Aryabhata ' s  book ca l l ed Aryabhatiya wh i c h  wa s wri tten i n  499 .  The H i ndus ' 
c h i ef  i nterest  was i n  n umbers and there wa s l i tt l e  i n fl uence of Gree k geometry. 
However , the Arabi an schol ars of geometry were attracted to the proof of Euc l i d ' s  
fi fth postu l ate . Al hazen ( i bn-a l -Ha i tham ) ( 965- 1 03 9 )  " proved " t hat the fourth 
angl e in a tri rectangu l a r  quadri l atera l must a l so be a r i ght an o l e .  ( Actual l y ,  
the fi fth postu l a te fol l ows from the a s s umpt i on that Al hazen made . ) 

Omar Khayyam ( 1 044- 1 1 23 )  a l so  attempted the proof of Euc l i d ' s  fi fth . 
Khayyam' s second boo k ,  Commentar i e s  on t he D i ffi cu l t i e s  i n  t he Postu l a tes  of 
Euc l i d ' s  E l ements , was i n  part an attempt to connect the fi fth and fourth pos­
tul ates by means  of f i ve Ari stotel i a n  pri n c i p l e s .  For i nstanc e ,  Khayyam used 
the pri nc i p l e  that q uan ti t i e s  can be d i v i ded wi thout  end , id est, t here are no 
i nd i v i s i b l e s .  He used the pr i nc i p l e  that a stra i ght l i ne  can be i ndefi n i te ly  
produced ; two pri nc i p l e s of  i n tersecti ng l i nes  a n d  t h e  ax i om of Arch imedes . 

I n  order to prove one of h i s  p ropos i t i on s  i t  was necessary for h i m  to 
conce i ve of three s i tuati ons wh i c h  i n  l ater h i story became known as ( a )  the 
acute angl e cas e ,  ( b )  the obtuse ang l e case , and ( c )  the r i ght ang l e  case .  
Thi s  tri c hotomy wh i c h  u l t i mately became known as  non-Euc l i dean Bo lya i ­
Lobachev s k i i geometry , non- Eucl i dean Ri emann geometry , and Euc l i dean qeometry , 
was a l s o  quoted by the Pers i a n  mathemat i c i an Na s i r  ed-d i n  ( 1 201 - 1 274 ) who 
tried to prove the para l l el postu l ate from t he hypothe s i s :  

1 2  

I f  a l i ne u i s  perpend i cu l ar to a l i ne w at  A ,  and i f  l i ne v i s ob l i que 
to w a t  B ,  then the perpend i cu l ars drawn from u upon v a�e l es s  than AB 
on the s i de on wh i ch v ma kes an a cu te an a l e  w ith  w and q reater on the 
s i de on whi c h  v ma kes an obtuse ang l e wi th w .  



The h i story of the devel opment of a x i omati cs  i s  repl ete w i t h  a ttempts 
to prove the fi fth postu l ate . These so-ca l l ed proofs may be cata l og i st i ca l l y  
tr i c hotomi zed accord i n g  t o  the fol l owi ng types :  d i rect proof from the other 
four  postu l a tes ; subst i tut i on for the f i ft h  postu l a te some other osten s i bly 
s i mp l e r  one ,  of w h i c h  Al hazen , Omar Khayyam and Na s i r  ed-d i n  are typ i ca l  ex­
ampl es , and i nd i rect proof .  Whi l e  we know now that these approaches were i l ­
l o g i ca l , they were i n s trumental i n  the  evo l uti on of synthet i c  methods .  

The l atter ha l f  of the e l eventh century saw the i nf i l trat i on o f  Greek 
l earn i ng i nto E urope . S i gn i f icant t hough i n  terms of the h i s tory of mat he­
mati cs  was the twe l fth century.  The E l ements appeared i n  La ti n from t he 
Ara b i c  and were tran s l ated i n  1 1 42 by Ade l ard of Bath ( 1 07 5- 1 1 60 ) . I t  a l so 
appeared as a rev i sed Lat i n  tran s l ati on from t he Ara b i c  work of  Thab i t  i bn 
Qurra . 

The ri se  of  the u n i vers i t i es i n  the th i rteenth century at  Pari s ,  Oxford , 
Cambri dge , Padua , and Nap l es contri buted to the devel opment of mathemat i c s .  I t  
was dur ing  th i s  century in  approx i mate ly  1 260 tha t J ohannes Campanus  o f  Novara 
made a command i ng Lat i n  trans l at i on of  Eucl i d ' s  E l ements ,  whi c h  l ater , in 1 482 , 
became the fi rst pr i nted vers i on .  The hundred-year h i atus  of the fourteenth 
century abounded i n  unproducti veness  by v i rtue of t he Bl ack  Death and the Hun­
dred Years ' War but wa s fo l l owed by the i n venti on of  the pr i nt i ng  press in  the 
fi fteenth  century whi ch  revo l ut i o n i zed the d i s semi n at i on of knowl edge . 

The ma themat i c a l  a c h i evements of the s i xteent h  century were more a l ­
gebra i c  than geometri c ,  a l though the symbo l i z at i on of a l gebra was t o  have a per­
vas i ve effect on the devel opment of geometry . More i mportant ly  though were the 
1 533 trans l at i on of Procl us ' Commentary on Eucl i d ,  Book I ,  t he 1 566 Lati n trans­
l a t i on of Books I - I V  of  Apo l l on i us 1 Con i c  Sect i ons , and the  1 572 Command i no 
trans l a ti on of the E l ements of Euc l i d .  W i t h  an i ncreas i na number o f  the 
great Greek works in geometry read i ly  access i b l e  i t  wou l d o n ly  be a quest i on  
of t i me before the  atten t i on of schol ars  wou l d  aga i n  be  focused on  t he deve l op­
ment of geometry . 

From the Greek era unti l the seventeenth century there wa s a n  enormous  
gap in  the ax i omat i zati on of  geometry . But i t  appears that the i mpetus of sym­
bo l i zed a l gebra and the general c l i ma te i n  t he arts and s c i ences affected the 
forma t i on of d i fferent conceptua l  pattern s in geometry . One such devel opment 
was that of non-Eucl i dean geometry .  

Non-Eucl i dean geometry was c reated as  a d i rect consequence of a cri t i que 
of Eucl i d ' s  para l l e l postu l ate . I t  became a compu l s i ve c ha l l enge to prove t h i s  
postul ate from the others . I t  was hered i tary stres s .  I t  appeared that there 
wa s a cul tura l  1 1 i ntu i t i on 1 1 not un l i ke that of t he Pythactoreans who , when pre­
sented by Theodorus of Cyrene w i t h  the proof of the i rrati onal i ty of lff, refu s­
i n g to scrap the i r phi l osophy ,  and , unab l e to ferret out  the 1 1 fau l ty 1 1  step i n  
the proof ,  arri ved at  a so l ut ion  by l abel l i ng the d i scovery 1 1 al agon 1 1  ( unutter­
abl e )  and swore never to te l l  of th i s n ew number .  T h i s  cu l tural b i a s  then wa s 
probab ly  respons i b l e  for the preva i l i nct op i n i on i n  the M i dd l e Ages that the 
fi fth postu l ate cou l d  not concei vab ly  be " i ndependent" of the ot her postu l a te s .  

S o  i t  became a l mos t  a l i fet ime pursu i t  o f  Gi rol amo Gi ovanni Saccheri 
( 1 667- 1 73i) to demon strate once and for al l that Euc l i d ' s  system of geometry 
wi th i ts postu l a te of paral l el s  wa s the on ly  one po s s i b l e .  The f i r st work , 
Logica demonstr·ati va, appeared i n  1 697 but wa s pub 1 i s  hed under the name of 
Count Gravere , one of Saccheri ' s  students . I n  th i s tex t ,  Saccheri ma kes a 
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c l ear d i s t i n c t i on between definitionea quid nominis and  definitiones quid 
rei ( n omi na l  and real defi n i t i on s ) .  The nomi na l  defi n i t i on refers to a spec i fi c  
term whi l e  t he real defi n i t i on  refers to t he exi s tence of a t h i n g  or i ts con­
structi b i l i ty .  Hence the nomi n a l  become s rea l  w i t h  a postu l ate . 

H i s  most defi n i t i ve attempt to prove t he paral l el pos tul ate was pub­
l i s hed i n  1 733 under the t i t l e  of Euclides ab omni naevo vindicatus sive 
conatus geometric-us quo s tabi liuntur p:rima ipsa geomet:riae p:rincipia, I n  th i s 
ma s terp i ec e ,  Saccheri , u s i n g  the method of reductio ad absurdum, tri ed to c l ear 
Euc l i d  of a l l  bl emi s hes , i nc l ud i ng the suppo sed error of a s s umi ng the fi fth 
postu l ate . H i s  tec hn i que  was to deny Euc l i d ' s  paral l e l postu l ate , reta i n  the 
other postu l ates and cons eq uent ly  derive a sel f-contrad i ctory geometry . To 
arri ve a t  a con trad i ct i on , he u sed a fi gure contai ned i n  t he Cl av i u s  ed i t i on of 
Euc l i d ' s  E l ements , the b i rectangu l ar q uadr i l ateral ( t he Sacc heri quadr i l atera l ) 

wh i c h  con s i sted of two equal  perpend i c u l ars  AC and  BO to segment AB. Saccheri 
c a l l ed LACD and LBDC t he summi t ang l es  of the quadr i l ateral . He noted three 
pos s i bi l i t i es : 

l .  The s ummi t a ng l e s  are ri ght ( the r i ght-an g l e hypothe si s ) .  
2 .  The s ummi t ang l es a re obtuse (the obtuse-angl e  hypothes i s ) .  
3 .  The s ummi t angl es  are acute ( the acute-ang l e  hypothe s i s ) .  

Saccheri s howed that i f  any of these hypotheses i s  va l i d  for one Sacc heri 
quadr i l ateral , i t  i s  va l i d  for every quadri l ateral of the same type . He a l so 
showed that the para l l el postu l ate i s  a l og i ca l  con sequence of the r i g ht-ang l e 
hypothes i s .  He s howed further t hat by as sumi n g  a stra i ght l i ne  i s  i nf i n i te ly  
l on g ,  the obtuse-ang l e hypothes i s  i s  se l f-contradi ctory .  To  d i spose of  t he 
actue-ang l e  hypothes i s  was another matter , however . He obta i ned many res u l ts  
d i fferent from those that had been estab l i s hed by u se of the fi fth postul ate , 
but  he never d i d  fi nd a contrad i c t i on . Con seq uent l y ,  he concl uded on the bas i s  
of i ntu i t i on that the " hypothe s i s of the acute angl e i s  abso l ute ly fal s e ,  be­
ca u se  i t  i s  repugnan t  to the na ture of a s tra i ght  l i n e . "  We now know that 
i t  wou l d  have been i mpos s i b l e for Saccheri to ever deduce a contrad i ci ton 
from the acute-an g l e  hypothe s i s .  

I n  h i s  a ttempt , t hough , he succeeded i n  creati ng a geometry i ndependent 
of the paral l e l  postu l ate . Perhaps the t i t l e  of h i s treat i s e  s uggests t ha t  he 
expected to fi nd no contrad i cti ons i n  Euc l id ,  h i s  i do l . Certa i n l y ,  t he ab l e 
l og i c i an Saccheri was cogn i zant that t he system of fundamental  propo s i t i on s  i n  
every demons trati ve s c i ence i s  prec i se ly  t he i r  i ndemon stra bi l i ty .  Perhaps 
Saccheri j us t  cou l d  not concei ve of th i s because  of the extreme ly  stronq tra d i ­
t i on that the on ly concei vabl e mathema t i c s  o f  s pace wa s Euc l i dean . He d i d  not 
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recog n i z e  h i s  creat i o n , yet he proved several  theorems i n  two new geometr ies  
wh i c h  were as sound  l og i ca l l y  a s  Euc l i d ' � . 

The geometers of  the e i g hteenth century were i n fl uenced by the wor k  of 
Saccheri , especi a l l y  Johann  Hei n r i c h  Lambert ( 1 728- 1 855 ) ,  a Sv.Ji s s  mathemat i ­
c i an , who , i n  1 76 6 ,  ana l yzed the work of Saccher i  and conc l uded that the obtu se­
an g l e  hypothes i s  i s  con s i stent wi t h  spher i ca l  geometry . Another geometer i nfl u­
enced by Saccheri , Adr i en Mar i e  Legendre ( 1 7 52- 1 853 ) wrote �lements de geometrie 
wh i c h  c l early resemb l e s  S accheri ' s  wor k ,  except that Legendre proposed thret 
hypotheses i n  wh i c h  the s um of the a ng l es i n  a tr i ang l e  i s  equal  to , greater 
than , and l es s  than two r i ght angl e s .  He succeeded i n  produc i ng a proof that 
the ang l e s um of a t r i an g l e  cannot be greater than two r i ght anql es but fa i l ed 
to s how that the s um cannot be l es s  than two ri g ht ang l e s .  I n  any case , h i s  
"proof" was based ori as sumpt i on s  equ i va l ent t o  what h e  wa s try i n g  t o  p rove . I n  
1 809 , Bernhard Fri edri c h  Th i baut tr i ed to prove Le9endre 1 s f i rst hypothes i s  
ba s i n g  h i s  argument  on the a s s umpt i on that e very r i g i d  mot i on can be resol ved 
i n to a rotat ion and a tran s l ati on ,  and a s sumpt i on equ i va l ent to that of the 
fi fth pos tu l ate .  John  P l ayfa i r  i n  1 81 3  t r i ed to t i dy up the errors in  Th i baut ' s  
arqument but wi th  no succes s .  

I t  rema i ned for Gauss to bri ng  the expre ss i on of the concept of non­
Euc l i dean geometry to our  attenti on . Carl Fri ed r i c h  Gau s s  ( 1 777- 1 855 ) a l so 
attempted to prove the para l l e l postul ate by as sumi n g  i ts fa l s i ty .  I t  i s  not 
known when Gauss  recogn i zed the exi stence of a l og i ca l l y- sound geometry wi th­
out Euc l i d ' s  f i fth postul ate but it  is  certa i n  that he spent some t h i rty years 
i n  pursu i t  of s uc h  an a i m  g i ven the cu l tural prej u d i ce assoc i ated wi th  i t .  I n  
a l etter to Franz Ado l f Tauri nus  on November 8 ,  1 824 , he wrote : 

The as sumpt ion tha t the angl e sum ( of  a tr iang l e )  i s  l es s  than 1 80° 

l eads to a cur i o u s  geometry , q u i te d i fferent from ours but t horoug h l y  
cons i stent , wh i c h  I have devel oped t o  my ent i re sat i sfact i on .  The 
theorems of th i s  geometry appear to be pa radox i ca l , and , to the u n i n i ­
t i ated , absurd , but ca l m ,  s teady ref l ecti on revea l s  that they con ta i n  
noth i ng a t  a l l  i mpos s i b l e .  

However , the d i scovery o f  non-Euc l i dean geometry wa s not made by one 
person but by three a l most  s i mu l taneou s l y  and i ndependentl y .  Gauss  d i d  not com­
p l ete h i s d i scover i es but Janos Bo lyai  d i d .  Bo l ya i  ( 1 775- 1 85 6 )  repl aced t he 
para l l e l postul ate w i t h : " I n  a p l ane two l i nes can  be d rawn throuqh a po i n t  
para l l e l to a g i ven l i ne and through t h i s  po i n t  a n  i n fi n i te number of  l i nes  may 
be drawn lyi n g  i n  the an g l e  between the fi rst two and hav i nq the property that 
they wi l l  not i ntersect t he g i ven l i ne . "  Bo lya i ' s  work wa s publ i s hed in  1 83 2 .  
N i ko l a i  I vanov i c h  Lobachevs k i i  ( 1 793- 1 856 )  a l so i n vented a new geometry , pub­
l i s hed i n  1 829 . Lobachevsk i i ' s  rep l acement o f  Euc l i d ' s  para l l e l postu l ate wa s :  
" Through a poi n t  P not on a l i ne  there i s  more than one l i ne  wh i c h  i s  paral l e l 
to the 9 i ven l i ne . " Con s i der  the apoca lypt i c a l  though l o9 i ca l  consequences of 
t h i s postul ate : ( 1 ) No quadr i l ateral i s  a rectang l e ;  i f  a quadri l a teral has 
three r i ght ang l es , the fou rth ang l e i s  acute , ( 2 )  T he sum of the mea suies of 
the ang l es  of a tri ang l e i s  a l ways l es s  than 1 80 ° , a nd ( 3 )  If  two tr i an9 l es are 
s i mi l a r ,  they are congruent . 

The obtuse-anq l e hypothes i s was not a con s i derat i on of Bo l ya i  or 
Lobachevsk i i but of Georq Fri edr i c h  Bern hard R i emann ( l 8?n- 1 866 ) ,  a s tudent o f  
Gaus s .  Repl ac i n g  the paral l e l postul ate of Euc l i d  w i t h : "Throug h  a po i n t  i n  a 
p l ane there can be drawn i n  the p l ane no  l i ne  w h i c h  does not i ntersect a g i ven 
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l i ne not pas s i ng through  the g i ven po i n t , 11 Ri emann i a n  geometry was born . It  
gave r i s e  to other curi ous resu l ts : 

l .  Two perpendi c u l ars  to the same l i ne  i ntersect . 
2 .  Two l i nes enc l ose an  area . 
3 .  The s um o f  the mea s ures o f  the ang l es o f  a triangl e i s  greater than 

1 80° . 
4 .  I f  two s i des  o f  a q uadr i l atera l are congruent and perpendi cu l ar to 

a th i rd s i d e ,  t he fi gure i s  not a rectang l e ,  s i nce two of the ang l es 
are obtuse . 

But ,  we may add , i t  was Eugen io  Bel trami i n  1 868 who f ina l l y  estab l i s hed t he 
rel at i ve cons i stency of the new geometri es by i nterpret i ng  p l ane non-Euc l i dean 
geometry as the geometry of geodes i c s  on a certa i n  c l a s s  of surfaces i n  
Eucl i dean space.  

The sol uti on of the para l l el postu l ate was f i n a l l y  found . I t  i s  rather 
curi ous that i ts i n i t i a l  so l u t i on  s hou l d occur a l most s i mu l taneous ly  and i nde­
pendently through the work of Gauss , Bolyai and Lobac hevs k i i u n l e s s  we i nvoke 
a cu l tural expl anati on referred to at a n  earl i er t ime i n  th i s  paper . The 
equ i pment needed , the i deas  prerequ i s i te to appropri ate a na l o g i es are add i t i ve 
wi th i n  the mathema t i ca l  commun i ty ,  be i n g  u b i qu i tou s  and yet accumu l a t i ve unt i l  
su ffi c i ent s tress i s  created that t he probl em commences to be sol ved by several 
i n vest i gators i n  the same temporal  doma i n . (There a re many such  examp l es  of 
th i s  phenomenon i n  the h i story of  mathemat i c s . W itnes s , for examp l e ,  the de­
vel opment of ca l cu l u s . ) The so l uti on of t he para l l e l postu l ate probl em was 
l on g  i n  comi ng  and yet i ts d i scovery occurred becau se  the concepts and i deas  
that were pre va l ent j ust pr ior  to  i ts s o l u t i o n ,  s uch  a s  t he advent of  axi omat i c  
systems i n  a l gebra , i n i ti ated new i n s i ghts  un i que to a so l uti on . 

The en i gma of the fi fth postu l a te was a l so s l ow i n  com i n g  not on ly be­
cause of the i n heri ted trad i t i on that surrounded i t  but a l so because  of the  
preva i l i n g  p h i l osophy of Kant  ( l 724-l 8n4 ) who treated space not as  emp i r i ca l  
b u t  a s  someth i ng  ex i st i ng i n  the mi nd a nd hence non-exper i ent i a l . The obstac l e  
to overcome then was to v i ew geometry as  a n  experimenta l s c i ence compl ete wi t h  
postu l ates a s  a func t i on of  conven i ence  b u t  correl ated wi th the data i n  the 
phys i ca l  worl d .  Certa i n ly  Kant i an ph i l osophy was respons i bl e  for the l a ck  of 
true regard for the d i s cover i e s  of  Gau s s , Bo lya i and Lobac hevs k i i .  But there 
i s  no ques t i on that the rol e  of the non- Euc l i dean geometri es d i d  have a per­
vas i ve effect on mathemati ca l  and ph i l osophi c a l  thought espec i a l l y  i n  t he n i ne­
teenth century .  I t  l ent  c redence to t he i dea that mat hema t i cs ought not t o  be 
bound to spec i fi c  patterns a l a  Kant or even patterns d i s pl ayed in the phys i ca l  
uni verse , but rather that mat hemat i c s  o u g ht to c reate its  own patterns pred i ­
ca ted on con tempora ry thought . 

The sta ge wa s set for the abstract concept i on that geometr i c  theor i e s  
a re true on ly i n  the sense that they are l og i ca l  con s equences of  t he a x i oms 
that consti tute t he i r  bases .  Mathemat i c i ans  were a l most ready to accept the 
not i on that E uc l i dean geometry i s  no more true than non- Euc l i dean geometry . 

Eucl i d  defi ned poi nt  and l i ne a s  an approxi mat i on of the phys i ca l  u n i ­
verse bec ause he t hought that they represented someth i ng extant . For centuri es , 
th i s concept i on of the un i verse was not quest i oned . Even today t he mat hemati ­
c i an hes i tates to defi ne wh i c h  geometry i s  more representat i v e  of h i s  worl d .  
The truth of the matter i s  that he may never know i f  he agrees wi t h  the Henri 
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Poincare model : I f  our universe were encl osed in a s phere of fi n i te radius a nd 
our p l anet were cl ose to its centre ; if, when ent i ties approach the boundary 
of the s phere they become increasingl y but uniforml y  sma l l er, then they can 
never reach the boundary and we woul d be unaware of this s hrin king s i nce our 
measuring devices woul d a l so get sma l l er and sma l l er ;  con sequent ly, our uni­
verse, from our conception of it, woul d appear to be unbounded but, in fact, 
it is bounded. But physical  space is l ocal l y  Euc l idean which mean s that - in the 
neighborhood of a point , space is Euc l idean. I n  contradistinction, universal 
space may be Eucl idean, el l ipt i c  or hyperbol ic and notwithstanding Poincare, 
Einstein ' s  general  theory of rel ati vity predicts hyperbol ic space. 

Non-Euc l idean geometry tran smogrified deductive rea soning. I t  was the 
basis of viewing mathematics as  a creation of postul ates by mathematic i ans. 
The advance of mathematics i s  gradual a s  Bel l point s  out in "The Devel opment 
of Mathematics 1 1  so even by 1 945 some s til l adhered to the P l atonic doctrine of 
mathematica l  truths. But the greatest iconocl asm of non-Eucl idean geometry, 
neverthel ess, was its destruction of the myth  of absol ute truth i n  mathematics. 
Thi s ,  then, was an important precursor to the noti on that a mathema t i ca l  sys­
tem cou l d  have an intrinsic independence of any notion of physica l rea lity. 

The sel f-con sistency concept of  a mathematical  system wa s consonant w i t h  
the prevail ing s cienti fic p hil osophy of the l a te nineteenth and ear ly  twentieth 
centuries. The first step on the l adder of maturity is the view of mat hema t i c s  
a s  a sc ience independent of  physica l rea lity, a science whose entities are them­
sel ves abstract sys tems capable of sel f-consistency without bei ng true of any 
particul ar reality but neces saril y of some other s tructure. So Frege 1 s concep­
tion of  a foundation for ma thematics - because mathemat i c s  i s  independent of 
p hysical  rea l ity, its truths must a l so be independent of t his rea l ity - was ul­
ti matel y an outgrowth of the existing concepti on of the universe as suggested 
by non-Euc l idean geometry. 

I t  was a l so duri ng t he l a te nineteenth and ear l y  twentieth centuries, 
after the foundations of geometry had been examined exten s i vel y, that satis­
factory postul ate sets emerged for Euc l idean geometry. I t  is not the purpose 
of this paper to ferret out a l l t he inconsis tencies in Eucl i d ' s  E l ement s  but 
we s ha l l  mention a few that gave rise to the further advance of geometry. 
Postul ate two which was referred to ear l ier, that a straight l ine may be pro­
duced indefinitel y, does not mean neces sarily  that a s traight l ine is infinite. 
Riemann in 1854 pointed out that distincti on. I n  Propo sition I 21 Euc l id made 
an assumpti on that Moritz Pas c h  ( 1 843- 1 930 ) recognized must be made expl icit . 
So he supp lied what is someti mes ca l l ed Pasch ' s  Axiom : I f  a l ine l intersects 
AB, one side of a tr� ang le  ABC ,  it intersects either BC or AC in a point be• 
tween B and C or in a point between A and C .  
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Dedek i nd s uppl i ed a con t i n u i ty postul ate someti mes ca l l ed Dedek i n d ' s  
Axi om :  I f  a l i ne segment connects a po i n t  i n s i de a c i rcl e to a po i n t  outs i de 
a c i rc l e ( i n  the s ame p l an e )  then the l i ne segment wi l l  i ntersect the c i rc l e .  
Th i s  postul ate wa s n eces sary t o  the l oqi cal ana ly s i s  o f  Propos i ti on I I  where 
i t  i s  a s sumed that c i rc l es wi th centres at the ends of a l i ne segment and hav­
i ng the l i ne segment as  a common rad i u s  i ntersect .  To t i dy up some of these 
and other cri t i c i sms of Euc l i d  such men as  Vebl en , H i l bert , P i er i  and Hant i ng­
ton suggested other postul ates and other undefi ned terms . So i t  was the q uest 
for a l ogi ca l l y  acceptab l e postul ate set for Eucl i dean geometry coup l ed w i t h  
the apocal ypse of  con s i stent hyperbo l i c ,  parabo l i c  a nd  e l l i p t i c  geometr i e s  
that advanced the devel opment of  axi omat i cs . 

We now descend to a more profound l evel of Pasch ' s  work where we ob­
serve antecedents of the postul ati onal method i n  geometry .  He effec t i ve ly  
obl i terated both the Newton i an concept i on of space a s  the a bsol ute u l t i mate 
and the Le i bn i z i an i dea of space as a l abyr i n t h  of rel at i ons . Pa s c h ,  l i ke 
Pei rce before h i m ,  thought o f  geometry as an hypothet i co-deducti ve system 
i n  wh i ch the el emental terms l i ke po i nts , l i nes , and pl anes rema i ned undefi ned . 
I t  i s  i mportant for us  to note that Pasch ' s  l uc i d  representat i o n  of geometry 
was the f irst  after Eucl i d ' s  i n  the pos tu l at i onal trad i t i on , though he went 
beyond Euc l i d ,  as  we have exp l a i ned , in  h i s  ferret i n g  out  of covert a s sumpt i on s . 
That our present concepti on o f  geometry i s  c l ose to that of Pasch  i s  testi mony 
to s upport h i s  profound i nfl uence on the subject .  

I n  the  ear ly 1 890s , Peano began the monumental  task  of restructur i n g  
a l l of mathemati cs , i n c l u d i ng  geometry , to  a precise symbo l i sm .  Con sonant wi th 
t h i s  approach were postul ate sets that were neces sary and s u ffic i en t  cond i ti on s  
for proofs . The n i neteenth century w i tnessed an unprecedented devel opment of 
mathemati cal  s horthand , espec i a l ly  i n  t he work of Boo l e .  I t  was thi s  movement , 
spearheaded by Peano and c u l m i nated by Dav i d  H i l bert ( 1 862-1 943 ) , t hat probably 
more than anyth i ng el se l a i d  the foundati on to mathemati cal l og i c . Al so con so­
nant w i t h  the Peanoi an approach was the vi ew. of geometry as an abstrac t ,  pure ly 
forma l system wi thout any i ntr i n s i c  content save that i mp l i ed by  t he postu l ate s .  
I n  the penul t i mate year o f  the n i neteent h  century the u l t i mate advance was made 
i n  H i l bert ' s  c l as s i ca l  Grundlagen der Geometrie. Once and for a l l the postu l a­
ti onal method wa s establ i s hed not on ly  for geometry but for mos t  of mathemati c s  
t o  come , i f  we are permi tted the l i berty of  a h i n d s i g ht .  Here was the gene s i s 
of the rea l i zati on that axi omat i c s  were not pecul i ar to geometry .  

The adopti on of  the axi omat i c  method a s  a general foundat i ona l  dev i ce 
was s l ow i n  comi n g .  The method ipso facto was not ful l y  accepted u nt i l  the 
n i neteenth century .  Then t he  beq i n n i nqs  of t he  power of the method not o n ly  
a s  a mean s  of genera l i z i ng mathemati ca l  concepts but a l so a s  a research tool 
were rea l i zed . The s tage was set for the prom i nent ro l e  that  l og i c  was to 
ass ume i n  the Edward i an per i o d .  Wh i l e  i t  i s  not the purpose of t h i s oaper 
to cons i der the ro l e  of ax i omati c s  i n  l og i c ,  i t  i s ,  neverthel ess , i nterest i ng 
to note the para l l e l  between the destruct i on of the u n i q ueness of Eucl i dean 
geometry by the i n venti on of the non-Eucl i dean geometr i es and the destruct i on 
of the u n i q ueness of mathemat i ca l  l og i c  by the ax iomat i c  analy s i s  of l og i c .  

Havi ng travel ed the non-Euc l i dean h i ghway s o  far we s hou l d  now l i ke to 
g l ance over the route and note some other geometri c l andmarks that contr i buted 
to the deve l opment of axi omati c s .  Mathema t i c i ans  were profound l y  i nfl uenced 
i n  the devel opment of modern mathemat ica l  thought by proj ect i ve geometry and 
the attendant el ements s uc h  a s  the l aw of dua l i ty ,  J . D . Gergonne ( 1 7 7 1 - 1 859 )  
noti ced that  i f  po i n t  and l i ne were i nterc hanged i n  some pl ane geometry t heo-
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rems i t  woul d  be possibl e to create independent l y  provabl e but dual propos i­
tions . He  suggested that the  original theorem is  a sufficient conditi on for 
the dual . Further, Gergonne reasoned anal ogous l y  in three-di mensional space 
that point and p l ane were dual s .  J . V .  Poncel et ( 1 788-1 867 ) pub lis hed h i s  
Traite des proprietes projectives des figures in 1 82 2  which was a c l as s i c of 
the synthetic method and a definit i ve precursor to the conception of geometry 
as an hypothetico-deductive system. In observing that certain c haracteristic s 
of a p l ane configuration, for instance, col l ineari ty ( Pascal 1 s theorem ) ,  re­
main invariant under projection, Poncel et defined the projective properties 
of figures .  But it was Ju l ius P l ucker ( 1 801 - 1868 ) who general ized the c l as sic 
dual ity for confi gurations of points and l ines in p lane  geometry .  Whi l e  Ger­
gonne may have believed h i s duality an absol ute attribute of 1 1 space 11 born of 
intuition, the " space"  of e l ementary proj ective geometry for Pl acker ' s  geo-
metry was a trivial consequence of a narrow way of c hoosing systems of coordi­
nate s. In fact, it was P l Ucker ' s  abandonment of visual intui tion for an al­
gebraic and analytic treatment that f i nished someth ing that t he non-Euc l i dean 
geometr i es onl y  began . I t  was this k i nd of mathematical construction of. " spaces "  
and " geometries "  that final l y  demolished Kant ' s  conception of  t he nature of  mathe­
matics. In any case , there is no question that the re sidue of the work of 
P l Ucker was another tes timony that geometry was fast becoming an abstract formal 
discipl ine .  

The  devel opment of axiomatic s was profoundly infl uenced by a number of 
geometric themes : abstract geometry in the l aws of dual ity, Pl Ucker 1 s coordi­
nates and hyperspace, non-Euc l idean geometry, and the criticism of the funda­
mental principl es of geometry in reference to physical fact s .  I t  was al l of 
these and more that prec ipitated the so-cal l ed hypothetico-deduct i ve system 
of contemporary mathematical theory . These themes have retained their vital ity 
and interest al though particul ar concepts may have l ost thei r attractiveness 
for those trained in newer habits of thought for whi c h  those very concepts 
were part ly  responsibl e .  But in seek i ng  the things that have endured in mathe­
matics, we are l ed to processes and ways of thinking rather than to t heir pro­
ducts in any one epoch .  However, the c reation of a set of ax ioms that is 
fecund in profound resul ts,  s.mal l in number, pl atitudinous in difficul ty, sel f­
evident to reasonabl e peop l e and demonstrab ly  independent wil l enhance t he 
aestheti c appearance of the creation but the axiom system can never be proved 
con sistent  by methods formal izabl e within the system itsel f. Consequentl y, 
the c l oser we approach the foundat ions of mathematics the more il l usory is our 
grasp on the axiomati c  met hod, unti l ,  in the final analysis, when we transcend 
the thresho l d of mathemati cs, the heurist i c s  of axiomatics disappear and the 
focus ought to change to new methods of expl oration . 
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Aftermath 
Grades V- I X  

Thi s i s  a ser i es of  four enri chment books des i g ned t o  rei nforce the 
regu l ar curri cu l um as wel l as to rei nforce new a s pects of mat h .  The act i v i t i es 
i n  these boo ks are guaranteed to keep you a nd your  students fa sci na ted wi th 
mathema t i c s .  Act i v i t i e s  are s impl e a nd s el f -expl a natory a nd empha s i s  i s  on 
teach i ng students to so l v e  probl ems creat i vel y .  One hu ndred twenty-ei g ht pages . 
i n  each boo k ,  of cartoons , humor , des i g n s ,  puzzl es , codes , games , a nd a n swers 
ma ke s tudents eag er to l earn . Su i ta b l e for a l l  a b i l i ty l evel s .  Reproduct ion  
permi s s i on i s  granted . S p i r i t Du pl i c at i ng Ma s ters are  a l so ava i l ab l e .  

Ava i l ab l e a t :  

Wes tern Educa ti onal Act i v i t i es Ltd . 
1 0577 - 97 Street 
Edmo nto n ,  Al berta 
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