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MY CHILD WANTS A CALCULATOR! 
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The following article appeared in the December 1975 NCTM Newsletter. 

S
hould I get a calculator for my 
child? Does it interfere with 

children's learning mathematics? 
We do want our children to know 
mathematics-the basic facts, how 
to add, subtract, multiply, and 
divide. What do you advise?" 

Undoubtedly you have been asked 
these questions, as have I, by 
parents of your students or by other 
parents of school-aged children. 
They may also ask, "And which 
calculator should I buy?" During 
the holiday season, we can expect 
even more of these questions. With 
prices for calculators declining, they 
are among possible gifts on those 
Christmas lists. 

In the classroom. Many schools 
are already using minicalculators in 
a variety of ways, supported by the 
NCTM statement that "the mini.:. 
calculator should be used in 
imaginative ways to reinforce learn
ing and to motivate the learner as 
he becomes proficient in mathemat
ics." Finding effective and creative 
ways is not necessarily an easy as
signment, however. The NCTM 
Instructional Affairs Committee has 
suggested some uses in a report to 
be published in the January issue 
of the Mathematics Teacher and the 
Arithmetic Teacher. Other articles 
.in those journals, as well as articles 
in the Instructor, Today's Educa
tion, and other professional journals 
and books can help you, as can the 
workshops and discussions at our 
professional meetings. 

Suppose that we look ahead and 
make a checklist of the mathemat
ical concepts and skills that we shall 
be teaching during the remainder. of 

the year. How can the calculator 
be used as an instructional aid to 
enhance learning beyond what we 
might otherwise expect1 

Obviously our lists will reflect 
the age of our students and the 
mathematical content of our pro
gram. One guide for all of us, 
however, is that we not use the 
calculator until our students have 
developed a coiwept of number, a 
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, system for naming numbers, and an 
understanding of the meaning and 
processes of the basic operations 
-that is, until our students under
stand what the calculator is doing 
for them. 
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Once students have this under
standing, using the calculator to 
check answers to paper-and-pencil 
computations might stimulate more 
thought than checking by simply 
looking up the answers. Checking 
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answers, however, seems a very 
narrow, limited use of the minical
culator. More thinking may be 
stimulated by using it to "debug" 
problems; to obtain insight into 
the operations-as, for example, 
finding the solution to a division 
problem with subtraction; to explore 
topics in number theory; to become 
more sensitive to the order of 
operations; to generate patterns; 
... and our list continues. Not to 
be overlooked is the opportunity to 
develop skill in estimating and to 
have more experiences with deci
mals. 

tion. Naturally, it enables students • no key having a dual purpose; 
to solve problems that can be • a rechargeable unit or AC 
fascinating to them but were pre- adapter; 
viously avoided because of the • algebraic logic. 
tedious, laborious computations in
volved. Thus, with the hand-held 
calculator it may be possible to in
crease considerably our students' 
skills in problem solving! 

Selecting your calculator. The 
selection of a calculator must de
pend on how it is to be used and 
how much money is to be spent. 
Minimal capabilities for beginning 
use should include-

• a minimum of six display digits 
( eight is better) ; We need not be reminded of the 

difficulties that many students en
counter in problem solving. The • 

calculator can be an impetus for 
them to formulate more carefully • 
the mathematical relations to be • 
solved in order to provide the cal- • 
culator with the necessary informa-

easily accessible, springloaded 
click keys; 

four functions: +, -, x. +; 
a floating decimal; 
two clearing keys ( clear entry 

and clear); 

From the Ediwr's File 

Also, the warranty, the reliability of 
the manufacturer, and the repair 
service should be considered. 

Like any teaching device, the 
calculator can create more problems 
than it can solve if it is misused. 
It docs not replace the need for 
understanding, skill, or good tcach
_ing in mathematics. It is not a 
substitute for pencil-and-paper 
skills, although it reduces their use. 
Creative use of minicalculators after 
students' mathematical understand
ings have been abstracted, however, 
can establish it as a "-'tluable asset 
among the instructional devices al
ready in today's mathematics class-
rooms. 

Math kits have been updated by Bob Holt and his committee. Those per
sons interested may write to him to obtain a kit suitable to your grade level. 
The kits will begin circulation in September. They are to introduce new ma
terials to as many teachers as possible. Therefore, do not expect to have time 
to try everythin� in your classroom, but consider others as you see and try some 
of the materials and/or ideas presented. 

Membership in MCJI.TA is now $6 with NCTM membership at $12.25 to $1fi.5n 
depending on your choices of publications. Ms. Pat Beeler will be pleased to 
answer any questions you have or you may contact a member of the executive who 
is more conveniently located in your area. 

Number Sentence Games Grades IV-X 

A 64-page book of worksheets giving students ample practice with the 
fundamental operations and number combinations in a game-type atmosphere. The 
worksheets are designed for various levels and can be used effectively in an 
individualized program as well as for group exercises. Special sections are 
included on order of operations and use of grouping symbols. Reproduction per
mission is granted. Spirit Duplicating Masters are also available. 

Available at: 
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Western Educational Activities Ltd. 
10577 - 97 Street 
Edmonton, Alberta 



''SORRY, YOU CAN'T USE THE CALCULATOR 
IN THE CLASSROOM.'' 

Wea Keener, Mathematln Con1ultant, London Board of Education 

This article is reprinted from the Ontario Mathematics Gazette, Vol. 14, No. 2, 

December 1975, which is printed by the Ontario Association for Mathematics 

Education. Some classroom uses of the calculator are included in the article. 

Pocket-size electronic calculators are sprouting everywhere, even in the pockets of school children, 
and some teachers are undecided what to do about them. 

I have heard from concerned elementary and secondary mathematics teachers who feel many of 
their students have not yet mastered the basic operations with whole numbers. and some critics of 
calculators argue that their use will create a generation of computational illiterates. 

There is little question as to the usefulness of a calculator in upper school or university, but the 
issue becomes more clouded at the elementary level. 

John Del Grande in his booklet 'Pocket Mini-Calculator Revolution' states, "In educational circles, 
the calculator can provoke as much controversy as the Spadina Expressway, the price of Canadian 
oil or M.P.'s salaries.'' He reminds us that we may be on the verge of repeating the ridiculous flap 
that was staged over the use of ballpoint pens in our classrooms around 1950. Many of us recall the 
pressures exerted to try and keep these pens out of the classes because the kids wouldn't learn how 
to write properly. 

CALCULATORS ARE HERE TO STAY 

Drill in basic arithmetic and computational skills will still have to be learned and understood. A 
calculator cannot tell a student when to multiply or divide and in what order the operations should 
be performed. Pressing the wrong key or obtaining an incorrect answer because of a run-down 
battery are common problems, and if the student doesn't know what he's doing or what to expect, 
he's got problems. 

The calculator cannot replace the understanding of numbers. 

Practical Teaching Ideas at the Junior/Intermediate levels 

Following are simply a few of the ways that I used 
a set of calculators with different groups of children 
ranging from Grade 4 to Grade 8. 

l. Pattern Work (done with a Grade 4 class). 

Children are provided with a calculator and a dittoed 
worksheet similar to the one below while I used an overhead 
sheet which was the same as their dittoed copy. 
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Numeral Multiplied By Product 

426 10 -------
426 100 -------
426 1000 -------

82 100 -------
926 1000 -------

After being instructed on how to use the calculator, they 
were asked to use the instrunent to find the products for 
questions l and 2. I enter�d their products on the 
overhead and they were encouraged to look for a pattern and 
to fill in the next product(s) by themselves using the 
calcul�tor to check. Many discovered the pattern quickly --
and enjoyed checking their assumptions. Sane children 
took longer to discover ·the pattern, but at the end of the 
lesson, my own intuitive feeling was that this enhanced 
more pupil involvement and learning than the traditional 
method. 

Another day a similar exercise was initiated dividing 
whole numbers ending in zeros by lO's, lOO's, and lOOO's 
(care was taken not to introduce quotients with decimals 
at this stage). 

2. Fractional - Decimal Equivalence 

With a Grade 6 class. I continued the dividing process 
until I arrived at: 

Numeral Divided By · Quotient 

100 
10 
1 

10 
10 
10 

10 
1 
0.1 

I was able to use the children's knowledge of fractions 
that 1+10 was the same as 1/10, and at this point they used 
the c�lculator to find 1/10=-0.l (printout on calculator 
conforms with Sl notation as shown in the Ministry's Hetrfc 
Styleguide). The pattern was developed estimating first 



then using the calculator to check into hundredths and 
thousandths. 

With a "slower" group of intermediate students, it 
was encouraging to see students taking 5/8 and dividing 
5 by 8 on the calculator to obtain the decimal- equivalent 
instead of doing it the other way around. 

3. Addition, Subtraction, Multiplication, Division Using 
Decimals (used at the Grade 6 level} 

a) Addition 

JO 3 O.J 
+40-+ +4 �•0.4 

Jo 7 T 

They were encouraged to use a pattern, estimate their 
answer, then use the calculator to verify their results. 
The above example was the easiest pattern used but ft did 

lead into the inore dffficult additions. Obviously. 
subtraction was handled in much the same way. 

b) Multiplication and Division by l0's, lOO's. lOOO's 

Question 

5 X 25 
0.5 X 25 
0.5 X 2.5 
0.5 X 0.25 

� 
5.2 t 10 
o. 7 • 10 

0.035 X 100 

4.QJ X 10 
2 .403 X 1000 
0.025 X 100 

Product 

125 
12.5 
1.25 

Standard Numeral 

Number of Figures to the 
Rt. of the Decimal in the 
First Second 
Factor Factor Product 

0 0 0 

0 1 

1 l 2 

The children were able to see the pattern develop for 
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determinin� the number of decimal places 1n the product. 
come up with this pattern. and check it out using the 
calcul.ator with further examples. 

Dividend Dhi sor Fraction Quotient 

156 13 156 12 

15.6 13 15.6 1.2 

15.6 1.3 15.6 12 

Which led to questions such as: 

"What do you notice about the quotients for 156 and 15.67" 
13 T.3 

"Why is 15.6 equivalent to 1567" 
T.3 13 

Which in turn. I believe. led to a better understanding 
of questions similar to: 

3.708 • 2.06 • 3.708 
- 2 .06 
= 3. 708 100 

2.06 X 100 
a 370. 8 

" 1.8 

After each of the above type exercises. I asked 

students to answer many questions using the traditional 
pencil and paper technique using the calculator to che��-
1 really believe that the calculator helped many children 
see the patterns involved in decimal operations. 

Further Uses 

1. At the Grade 6 and 7 levels. I found the calculator 
as a useful aid in teaching rounding off (the calculators 
had a floating decimal and decimal shift key). 
e.g. 
First Factor Second Factor 

3.9 4.3 

Product Rounded Off 
Product to 1 Decimal Place 

16.77 16.8 



Once again the children were encouraged to look for 
a pattern. 1.e. "When the product is 16.77 and you push 
D.S. 1 on the machine, why does it become 16.87 (whereas 
with 16.43, why does it becorre 16.47)" 

2. In a Grade 8 class, I found it useful when teaching 
Newton's Method for finding square roots correct to one 
decimal place (or more). It eliminated a lot of the tedious 
ca 1culations. 

i.e. 9 < /"BJ'< 10 

Since it is closer to 9 ,  the possibilities become 9.1, 
9.2, 9.3, 9.4, or 9.5. 

We were able to learn more mathematics by using the 
calculator at this stage to check these out. 

i.e. 9.l x 9.1 • 82.81 
9.2 X 9.2 c 84. 64 

9.3 x 9.3-= 

9.4 X 9.4 = 

and find that /83 + 9.1 
The list goes on. Calculators can be effectively used for: 
- checking work (even fractions by using deci111al equivalents 

and a knowledge of rounding off) 
- grocery 11st 
- per cents 
- powers 

Will our students becorre "mathematical dunm1esn if 
allowed to use them? As W. Judd pointed out in his 
article "A New Case for the Calculator", if a student 
uses a machine to find 603 x 404, then he needs to know 
somethjng about estimating and rounding off. 

i.e. 603 X 404 

� 600 X 400 

which means he still has to know 6 x 4 

Place value understanding is essential: 
i.e. 200; 0.03 "Is the answer very big or 

very small?" 
200 x 0. 03 "Is the answer very big or 

very sma 11? '' 
Many children now have mini-calculators and many more will have them as the ten dollar calculator 
becomes a reality. Children see their mothers using them when they go grocery shopping and their 
fathers when they do the family budget. Can we simply tell children "Sorry, you can't use the 
calculator in the classroom"? ■ 
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Geometry and Axiomatics: 
An Hiswrical Perspectiue 

by Wayne. J . P .  TWli.,e.y 
Lord Beaverbrook H i g h  Sc hoo l 

Ca l gary 

The evol u t i on of ax i omat i cs was pred i cated upon t he evol ut ion  of oeo
rnetri cal  thouaht .  S i nce the concepts of what c onst i tutes a oeometry and what 
const i tu tes ax ioma t i c  deve l opment change as a func t i on of  the t i me peri od under 
con s i derati on , i t  becomes essent i a l  that we exam i ne the evol u t i on of these i deas 
from ant i q u i ty to the present . The profound contri but ions  made by geometri ca l  
thought to the  genes i s  of a x i omat i c s  were pr i n c i pa l l y  deri ved through  the  cri 
ti que o f  Eucl i d ' s  fi fth postu l ate , t hrough the ri se  of non -Euc l i dean oeometry , 
thro ugh the constructi on of abs tract geometry , nay ,  through the deve l opment 
of l og i c .  Hence , an i n vest i gat i on of th i s  evo l uti o n ,  wh i c h  has s haped our pre
sent perspect i ve ,  wou l d  be mos t  val uabl e .  

T he earl i est extant record s of geometr ica l  acti v i ty are on baked-c l ay 
tab l ets from Mesopotam i a  bel i eved to date from Sumer ian  t ime s  ( 3ono B . C . ) .  From 
the fi rst Baby l o n i an dynasty of Ki na Hammurab i ' s  era , t he new Baby l o n i a n  emp i re 
of Nebuchadnezzar I I ,  and  the fo l l owi ng Per s i an a nd Se l e uc i d era s ,  there exi sts  
a s uperabundance of cunei form tabl ets wh i c h  s u ggest that Babyl on i an g eometry i n
vol ved pract i cal mensurat i on . Between 2000 and 1 600 B . C .  the Babyl o n i a n s  had 
deri ved ru l es for comp ut i ng the area of a rectangl e and the areas of r i ght  and 
i soscel es  tr iang l e s .  An examp l e  of the state of geometry i n  t he Baby l on i a n  
peri od of t he  seventeenth  century B . C .  der i ves from a 1 958 excavat i on  of a 
u n i q ue  ma themat i c a l  ta bl et conta i n i n g  the  fol l ow i n g  r i ght tri anol e probl em �  

< y � 

G i ven ABC i s  a r i ght  t r i ang l e  a t  A .  

C 

AD perpend i c u l ar to the hypothen use BC . 

AC = 6 0 ( l ) , AB  = 4 5 , BC = 7 5 ( 1 , 1 5 ) . 

BO = JAB/AC x 2 x a rea ABO 

= 045/60 X 2 X 486 

2 7 .  

(The area 486 wa s wr i tten a s  8 , 6  i n  Ba byl on i a n  
n umerat i on , a s  shown on  the d i agram . ) *  

*Da n i e l  B .  L l oyd , , · Recent E.v i clences of Pri meva l Mathema t i cs , "  
The Mathemat-ic: ; Teacher> ( Wa s h i ngton , D . C . : N at iona l  Counc i l o f  Tea c hers of 
Mat hema t i cs , 1 96 5 ) , p .  72 1 . 
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Ancient Egyptian geometry i s  contained in the Moscow and .Rhind papyri 
and of the 1 1 0  probl ems in t hese texts. 26 are devoted to geometry. Probl em 
number 1 4  of the Moscow Mathematical Papyrus indicates that the Egyptian scribes 
were fami liar with the formu l a  V = h/3  (a2 + ab +  b2 ) for the vol ume of a trun
cated pyramid, where h is the height and a and b are the edges of the square 
base and the square top, respective ly .  

Both the Babyl onians and t he Egyptians displ ayed mathematical 1 n 1 -
tiatives . They used intuition, experiment ,  induction , and pl ain guessing to 
create some of their resu l ts, but irrespective of how wel l  these ru l es agreed 
with experiences and no matter how exact the measurement, t he ru le was not 
deduced from explicit assumptions. The time when and the p l ace where the 
d istinction between inductive inference and deductive proof from a set of 
postu l ates became c l ear is not known , but it is known that t he Greeks were 
the first to transform geometry from a set of empirical concl usions of the 
Egyptians and Babyl onians to a ded uctive ly- based, systematic geometry. Per
haps the paradoxes of Zeno and t he probl em of incommensurabl es structured 
Greek thought to the direction of a l ogical base which u l timatel y l ed to an 
axiomatic treatment of geometry. 

The Eudemian Summary of Procl us p l aces t he genesis of Greek geometry 
with Tha les of Mil etus i n  the first hal f of the sixth  century B . C .  He was 
the first among t he Seven Wise Men of Greece. He is al so the first known 
individual with whom the use of deductive methods in geometry is associated . 
Thal es brought geometry from Egypt on his commercial ventures and then appl ied 
Greek procedures of deduct i on to his findings . He is cred i ted with  the 
fol l owing propositions rel ating to pl ane figures : 

l .  Any circle  is bisected by its diameter .  
2 .  The angl es at the base o f  a n  isoscel es triang l e  are equal . 

3 .  When two l ines intersect, the vertical ang les are equal . 
4. An angl e in a semicircl e  is a right angl e. 

5.  The sides of a simi l ar triang l e  are proportional . 

6 .  Two triang les are congruent if they have two ang l es and a 
side respectivel y equal . 

As propositions in geometry, t hey may appear to be trivial since t hey are 
intuitive but we must be reminded that prior to t his time geometry was confined 
al most exc l usive l y  to t he measu rement of surfaces and sol ids . The fundamental 
contributions of Thal es consisted of his geometry of l ines, and he is al so 
c redited with the idea of a logical proof to substantiate his geometrical 
resu l ts .  

Pythagoras of Samos (572 B . C . ) cont i n ued the systematization of geo
metry. Partic u l ar ly  important in the deduct ive aspects of geometry was the 
founding of the Pythagorean sc hool . Members of t he Pythagorean society de
vel oped the properties of paral l el l ines and used them to prove that t he sum 
of the angles of any tr iang l e  is equal to two riqht ang l es .  I n  the Eudemian 
S ummary we are l ead to bel ieve that a Pythagorean , H ippocrates of Chios, was 
the first to attempt a l ogical presentation of qeometry as a sequence of pro
positions which were u l timatel y based on some initial definitions and assump
tions .  Leon, Theud i us and others devel oped this concept further unt i l  approx
imatel y  300 B. C. E uc l id prod uced his treatise, the E l ements, which consi sted 
of an e l egant chain of some 465 proposi tions on o l ane qeometry ( Books I to IV ), 
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the theory of proportions (Boo ks V and VI ) ,  the theory of numbers ( Boo ks VI I 
to I X ) , the theory of incommensurabl es (Book  X )  and sol id geometry (Books X I  
t o  X I I I ). 

It is qeneral l y  accepted , however , that Aristotl e ' s  wor k  as a syste
matizer of l ogic real l y  prepared the way for Euc l id ' s  orqanization of the geo
metry of his time. Sir Thomas Heath , in the introductory chapters of his de
finitive Eng l ish translation of the El ements, quotes a l ong  passage from Aris
totl e ' s  Posterior Ana l ytics, containing a very careful anal ysis of the idea of  
a demonstrative science : 

Every demonstrative science, says Aristotl e, must start from indemon
strabl e  princip l es :  otherwise, the steps of demonstration woul d be end
l ess . Of these indemonstrabl e principl es some are (a ) common to al l 
science , others are (b) particul ar , or pecul iar to the particul ar 
science ;  ( a )  the common principl es are the axioms, most common l y  il l u
strated by the axiom that , if equal s be subtracted from equal s ,  the 
remainders are equal . Coming now to (b )  the principl es pecul iar to the 
particul ar science which must be assumed, we have first the genus or 
subject-matter, the existence of which must be assumed, viz . magnitude 
in the case of geometry , the unit in the case of arithmetic. Under this 
we must assume definitions of manifestations or attributes of the genus , 
e . g. straight l ines, triangl es, defl ection etc . T he definition in it
sel f  says nothing as to the existence of the thing defined : it o n ly  re
quires to be understood. But in geometry, in addition to the genus 
and the definitions, we have to assume the existence of a few primary 
things which are defined , viz . points and l ines on l y :  the existence to 
everything e l se ,  e . g .  the various figures made up of these, as triangl es ,  
squares, tangents, and their properties, e . g .  incommensurabil ity etc . , 
has to be proved (as it is proved by construction and demonstration ) .  
I n  arithmetic we assume the existence of the unit : but, as regards the 
rest , on ly  the definitions, e . g .  those of odd , even , square , cube , are 
assumed ,  and existence has to be proved . We have then c l earl y  distin
guished, among the indemonstrabl e principl es, axioms and definitions. 
A postul ate is al so distinguished from a hypothesis, the l atter being 
made with the assent of the l earner, the former without such  assent or  
even in opposition to his opinion .  

So the conception o f  a demonstrati ve science as � deductive sequence from an 
accepted set of initial statements was deve l o ped during the first 3no years 
B.C . by Greek mathematicians and p hil osop hers . Certain l y  one of the greatest 
achi evements of the Gree ks was the creation of  the postul ational form of think
ing (now cal l ed '' material axiomatics' ' ) and the geometry they structured accord
ing to th i s  posture. 

Since changes and additions have been made in what now appears as 
Euc l id ' s  E l ements, it is not certain precisel y  what statements Euc l id assumed 
for his postul ates and common notions nor what definitions he made, �ut the 
avail abl e evidence suggested that there were five postul ates : 

1 .  To draw a straight l ine  from any point to any point . 
2 .  To produce a finite straight l ine continuousl y in a straight l ine . 

3 .  To describe a circl e with any centre and distance . 

4 .  That al l right angl es are equal to one another . 
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There 

There 

5. That, i f  a stra i ght l ine fal l ing on two strai ght l ines makes 

were 

l .  

2 .  

3 .  
4. 
5. 

were 

the i nterior an0l es on the same side l ess than two ri g ht angles, the 
two stra i ght l i nes, i f  produced i ndefini tely, meet on that si de on 
wh i c h  are the ang l es l ess t han two ri ght angl es. 

f ive common noti ons ( a x ioms ) : 

Th ings whi ch are equal to the same thing a re a l so equal to one 
another. 

If  equa l s  be added to equa l s, the whol es are equal . 

I f  equa l s  be subtracted from equal s, the rema i nders are equal. 
Things whi ch co inc i de w ith one another are equa l to one another. 
The whole i s  greater than the part. 

twenty-three def in it ions, some of whi c h  appear bel ow : 

l .  A poi nt i s  that wh i c h  has no part. 
2 .  A l ine i s  breadthl ess l ength. 

3. A stra i ght l ine i s  a l ine wh i c h  l ies even l y  with the points on i tse l f. 

4. A p l a ce angle  i s  t he incl i nati on to one another of two l ines i n  a 
p l ane wh i ch meet one another and do not lie i n  a stra i ght l ine . 

5. Para l l el strai ght l i nes are stra i ght l ines whi c h, being in the same 
p l ane and being produced indefin i tel y in both d i recti ons, do not 
meet one another in either d i rection .  

I t  appears then that Eucl i d  adopted Ari stotl e ' s  d ist inction between postul ates 
and common notions. He coul d a l so have adopted P l ato 's assumpt ions for cl as
s ica l  constructi ons in the fi rst three postul ates. However , the remarkable 
insi ghts of Eucl i d  are conta ined in  his i deal to establ ish  geometry on any un
i mpeachabl y-l og ica l  foundati on. Though h i s  attempt fai l ed, he neverthel ess 
concei ved i t. 

What Euc l i d  d i d  not seem to rea l i ze i s  that in a sense h is postul ates 
i mpose constra ints on points and l ines whi ch therefore are defined. Hence any 
further attempt to defi ne these terms i s  redundant mathemati cal l y. The ques
tion now ar ises as to why Euc l i d  insisted on def in ing what shou l d  have rema ined 
undefined. The reason , i n  histori ca l  perspecti ve, appears to be that Eucl i d  
thought h is  geometry constituted a descri ption of the physica l  un i verse. It 
fol l ows that his geometry shoul d refer to externa l rea l it ies and therefore be 
definabl e .  

Another remarkable insi g ht of  Eucl i d  was h is  recognit ion of  the i mpor
tance of the para l l e l postul ate and the necessity of assuming i t .  G iven that 
he avoi ded the use of the f i fth postul ate unti l  Proposit ion 29 of Book I ,  we 
may infer that Euc l i d  h i msel f may even have questi oned its inc l us ion .  From the 
beg inn ing th is  postul ate was criti c i zed . It l a cked the brevity of the other 
four postulates ; and its converse , vi z. - "The sum of two ang l es of a triang l e  
i s  l ess than two ri ght angl es" - was proved as  a theorem. Consequentl y, i t  was 
thought to be capabl e  of proof . Posi soni us, i n  the f i rst century B. C . , who de
fined para l le l  l ines as l ines that are copl anar and equi d i stant, attempted to 
prove the equi val ent of Euc l i d ' s  para l l el postul ate . In the second century, 
C l aud i us Ptol emy of Al exandri a a l so worked on a proof of th is  postul ate. Even 
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Proc l us i n  the fi fth century con s i dered i t  a l i e n  to the spe c i a l  c hara cter of 
postu l ates . He was s ucces s fu l  i n  red u c i n g  t he proof to one that depended on 
the estab l i s hment of the fol l owi ng : G i ven any two para l l e l l i nes and a th i rd 
d i s t i nct l i ne whi ch  i ntersects one of the g i ven l i ne s ,  then i t  a l so  i n tersects 
the rema i n i ng gi ven l i ne .  Proc l us ' argument wa s based on the a s s umpt i o n  t hat 
para l l e l l i nes everywhere a re equ i d i stant and th i s i s  tantamount to the fi fth 
post u l a te .  The l og i c a l  anathema was that Proc l u s  a s sumed what he was tryi ng 
to prove . 

Apol l on i us  of Perga ( 2 25 B . C . ) stud i ed under the succe ssors of Euc l i d .  
Thei r i n fl uence was man i fest i n  h i s  e i ght boo ks  on the Con i c s .  On l y  seven 
boo ks have survi ved , fo ur i n  Gree k and three i n  Arab i c  whi c h  conta i n  387 pro
pos i t i ons . Wh i l e  Apol l on i u s  u sed a systemat i c  and ded uc t i ve process  of con
struct i on and demonstration i n  h i s  treati s e ,  the form of the p ropos i t i on s  
was horrendous by vi rtue of the s ubj ect h e  was treati ng - a d i st i nct contrast 
to the e l ementary concept ions  of the l i n e  and c i rc l e  of Eucl i d .  Though 
Apol l on i u s marks the termi nat i on of the go l den age of Greek geometry .  such  
geometers as Heron of Al exand r i a  ( A . O .  7 5 ) , Menel aus  ( 1 nn ) ,  Ptol emy (85 - 1 65 )  
and Pappus ( 320 )  d i d  make some contri buti ons to geometry .  O f  thes e ,  perhaps 
the greatest work  wa s that of  Papp u s .  H i s  1 1 Col l ect i on ' '  conta i ned ori g i na l  
propos i t i ons and i mprovements . 

A gradua l  decl i ne i n  ori g i n a l  th i n k i n g  typ i f i ed the peri od of t he 
Roman Emp i re wh i c h  devoured Greece i n  1 46 B . C . Then , from the fa l l  of the 
Roman Emp i re in the mi ddl e of the fi fth c entury ,  t he Dar k  Ages gave r i s e  to 
l i tt l e  new mathemati ca l  th i n ki ng i n  Western Europe . I t  was dur i n g  t h i s  t ime 
that ma themat i cs was i n fl uenced by the H i ndu  and Arab i a n  peopl e .  But the i dea 
of deduct i ve proof was a l i en to the th i n k i ng of the H i nd u s  as exemp l i fi ed i n  
Aryabhata ' s  book ca l l ed Aryabhatiya wh i c h  wa s wri tten i n  499 .  The H i ndus ' 
c h i ef  i nterest  was i n  n umbers and there wa s l i tt l e  i n fl uence of Gree k geometry. 
However , the Arabi an schol ars of geometry were attracted to the proof of Euc l i d ' s  
fi fth postu l ate . Al hazen ( i bn-a l -Ha i tham ) ( 965- 1 03 9 )  " proved " t hat the fourth 
angl e in a tri rectangu l a r  quadri l atera l must a l so be a r i ght an o l e .  ( Actual l y ,  
the fi fth postu l a te fol l ows from the a s s umpt i on that Al hazen made . ) 

Omar Khayyam ( 1 044- 1 1 23 )  a l so  attempted the proof of Euc l i d ' s  fi fth . 
Khayyam' s second boo k ,  Commentar i e s  on t he D i ffi cu l t i e s  i n  t he Postu l a tes  of 
Euc l i d ' s  E l ements , was i n  part an attempt to connect the fi fth and fourth pos
tul ates by means  of f i ve Ari stotel i a n  pri n c i p l e s .  For i nstanc e ,  Khayyam used 
the pri nc i p l e  that q uan ti t i e s  can be d i v i ded wi thout  end , id est, t here are no 
i nd i v i s i b l e s .  He used the pr i nc i p l e  that a stra i ght l i ne  can be i ndefi n i te ly  
produced ; two pri nc i p l e s of  i n tersecti ng l i nes  a n d  t h e  ax i om of Arch imedes . 

I n  order to prove one of h i s  p ropos i t i on s  i t  was necessary for h i m  to 
conce i ve of three s i tuati ons wh i c h  i n  l ater h i story became known as ( a )  the 
acute angl e cas e ,  ( b )  the obtuse ang l e case , and ( c )  the r i ght ang l e  case .  
Thi s  tri c hotomy wh i c h  u l t i mately became known as  non-Euc l i dean Bo lya i 
Lobachev s k i i geometry , non- Eucl i dean Ri emann geometry , and Euc l i dean qeometry , 
was a l s o  quoted by the Pers i a n  mathemat i c i an Na s i r  ed-d i n  ( 1 201 - 1 274 ) who 
tried to prove the para l l el postu l ate from t he hypothe s i s :  
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I f  a l i ne u i s  perpend i cu l ar to a l i ne w at  A ,  and i f  l i ne v i s ob l i que 
to w a t  B ,  then the perpend i cu l ars drawn from u upon v a�e l es s  than AB 
on the s i de on wh i ch v ma kes an a cu te an a l e  w ith  w and q reater on the 
s i de on whi c h  v ma kes an obtuse ang l e wi th w .  



The h i story of the devel opment of a x i omati cs  i s  repl ete w i t h  a ttempts 
to prove the fi fth postu l ate . These so-ca l l ed proofs may be cata l og i st i ca l l y  
tr i c hotomi zed accord i n g  t o  the fol l owi ng types :  d i rect proof from the other 
four  postu l a tes ; subst i tut i on for the f i ft h  postu l a te some other osten s i bly 
s i mp l e r  one ,  of w h i c h  Al hazen , Omar Khayyam and Na s i r  ed-d i n  are typ i ca l  ex
ampl es , and i nd i rect proof .  Whi l e  we know now that these approaches were i l 
l o g i ca l , they were i n s trumental i n  the  evo l uti on of synthet i c  methods .  

The l atter ha l f  of the e l eventh century saw the i nf i l trat i on o f  Greek 
l earn i ng i nto E urope . S i gn i f icant t hough i n  terms of the h i s tory of mat he
mati cs  was the twe l fth century.  The E l ements appeared i n  La ti n from t he 
Ara b i c  and were tran s l ated i n  1 1 42 by Ade l ard of Bath ( 1 07 5- 1 1 60 ) . I t  a l so 
appeared as a rev i sed Lat i n  tran s l ati on from t he Ara b i c  work of  Thab i t  i bn 
Qurra . 

The ri se  of  the u n i vers i t i es i n  the th i rteenth century at  Pari s ,  Oxford , 
Cambri dge , Padua , and Nap l es contri buted to the devel opment of mathemat i c s .  I t  
was dur ing  th i s  century in  approx i mate ly  1 260 tha t J ohannes Campanus  o f  Novara 
made a command i ng Lat i n  trans l at i on of  Eucl i d ' s  E l ements ,  whi c h  l ater , in 1 482 , 
became the fi rst pr i nted vers i on .  The hundred-year h i atus  of the fourteenth 
century abounded i n  unproducti veness  by v i rtue of t he Bl ack  Death and the Hun
dred Years ' War but wa s fo l l owed by the i n venti on of  the pr i nt i ng  press in  the 
fi fteenth  century whi ch  revo l ut i o n i zed the d i s semi n at i on of knowl edge . 

The ma themat i c a l  a c h i evements of the s i xteent h  century were more a l 
gebra i c  than geometri c ,  a l though the symbo l i z at i on of a l gebra was t o  have a per
vas i ve effect on the devel opment of geometry . More i mportant ly  though were the 
1 533 trans l at i on of Procl us ' Commentary on Eucl i d ,  Book I ,  t he 1 566 Lati n trans
l a t i on of Books I - I V  of  Apo l l on i us 1 Con i c  Sect i ons , and the  1 572 Command i no 
trans l a ti on of the E l ements of Euc l i d .  W i t h  an i ncreas i na number o f  the 
great Greek works in geometry read i ly  access i b l e  i t  wou l d o n ly  be a quest i on  
of t i me before the  atten t i on of schol ars  wou l d  aga i n  be  focused on  t he deve l op
ment of geometry . 

From the Greek era unti l the seventeenth century there wa s a n  enormous  
gap in  the ax i omat i zati on of  geometry . But i t  appears that the i mpetus of sym
bo l i zed a l gebra and the general c l i ma te i n  t he arts and s c i ences affected the 
forma t i on of d i fferent conceptua l  pattern s in geometry . One such devel opment 
was that of non-Eucl i dean geometry .  

Non-Eucl i dean geometry was c reated as  a d i rect consequence of a cri t i que 
of Eucl i d ' s  para l l e l postu l ate . I t  became a compu l s i ve c ha l l enge to prove t h i s  
postul ate from the others . I t  was hered i tary stres s .  I t  appeared that there 
wa s a cul tura l  1 1 i ntu i t i on 1 1 not un l i ke that of t he Pythactoreans who , when pre
sented by Theodorus of Cyrene w i t h  the proof of the i rrati onal i ty of lff, refu s
i n g to scrap the i r phi l osophy ,  and , unab l e to ferret out  the 1 1 fau l ty 1 1  step i n  
the proof ,  arri ved at  a so l ut ion  by l abel l i ng the d i scovery 1 1 al agon 1 1  ( unutter
abl e )  and swore never to te l l  of th i s n ew number .  T h i s  cu l tural b i a s  then wa s 
probab ly  respons i b l e  for the preva i l i nct op i n i on i n  the M i dd l e Ages that the 
fi fth postu l ate cou l d  not concei vab ly  be " i ndependent" of the ot her postu l a te s .  

S o  i t  became a l mos t  a l i fet ime pursu i t  o f  Gi rol amo Gi ovanni Saccheri 
( 1 667- 1 73i) to demon strate once and for al l that Euc l i d ' s  system of geometry 
wi th i ts postu l a te of paral l el s  wa s the on ly  one po s s i b l e .  The f i r st work , 
Logica demonstr·ati va, appeared i n  1 697 but wa s pub 1 i s  hed under the name of 
Count Gravere , one of Saccheri ' s  students . I n  th i s tex t ,  Saccheri ma kes a 
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c l ear d i s t i n c t i on between definitionea quid nominis and  definitiones quid 
rei ( n omi na l  and real defi n i t i on s ) .  The nomi na l  defi n i t i on refers to a spec i fi c  
term whi l e  t he real defi n i t i on  refers to t he exi s tence of a t h i n g  or i ts con
structi b i l i ty .  Hence the nomi n a l  become s rea l  w i t h  a postu l ate . 

H i s  most defi n i t i ve attempt to prove t he paral l el pos tul ate was pub
l i s hed i n  1 733 under the t i t l e  of Euclides ab omni naevo vindicatus sive 
conatus geometric-us quo s tabi liuntur p:rima ipsa geomet:riae p:rincipia, I n  th i s 
ma s terp i ec e ,  Saccheri , u s i n g  the method of reductio ad absurdum, tri ed to c l ear 
Euc l i d  of a l l  bl emi s hes , i nc l ud i ng the suppo sed error of a s s umi ng the fi fth 
postu l ate . H i s  tec hn i que  was to deny Euc l i d ' s  paral l e l postu l ate , reta i n  the 
other postu l ates and cons eq uent ly  derive a sel f-contrad i ctory geometry . To 
arri ve a t  a con trad i ct i on , he u sed a fi gure contai ned i n  t he Cl av i u s  ed i t i on of 
Euc l i d ' s  E l ements , the b i rectangu l ar q uadr i l ateral ( t he Sacc heri quadr i l atera l ) 

wh i c h  con s i sted of two equal  perpend i c u l ars  AC and  BO to segment AB. Saccheri 
c a l l ed LACD and LBDC t he summi t ang l es  of the quadr i l ateral . He noted three 
pos s i bi l i t i es : 

l .  The s ummi t a ng l e s  are ri ght ( the r i ght-an g l e hypothe si s ) .  
2 .  The s ummi t ang l es a re obtuse (the obtuse-angl e  hypothes i s ) .  
3 .  The s ummi t angl es  are acute ( the acute-ang l e  hypothe s i s ) .  

Saccheri s howed that i f  any of these hypotheses i s  va l i d  for one Sacc heri 
quadr i l ateral , i t  i s  va l i d  for every quadri l ateral of the same type . He a l so 
showed that the para l l el postu l ate i s  a l og i ca l  con sequence of the r i g ht-ang l e 
hypothes i s .  He s howed further t hat by as sumi n g  a stra i ght l i ne  i s  i nf i n i te ly  
l on g ,  the obtuse-ang l e hypothes i s  i s  se l f-contradi ctory .  To  d i spose of  t he 
actue-ang l e  hypothes i s  was another matter , however . He obta i ned many res u l ts  
d i fferent from those that had been estab l i s hed by u se of the fi fth postul ate , 
but  he never d i d  fi nd a contrad i c t i on . Con seq uent l y ,  he concl uded on the bas i s  
of i ntu i t i on that the " hypothe s i s of the acute angl e i s  abso l ute ly fal s e ,  be
ca u se  i t  i s  repugnan t  to the na ture of a s tra i ght  l i n e . "  We now know that 
i t  wou l d  have been i mpos s i b l e for Saccheri to ever deduce a contrad i ci ton 
from the acute-an g l e  hypothe s i s .  

I n  h i s  a ttempt , t hough , he succeeded i n  creati ng a geometry i ndependent 
of the paral l e l  postu l ate . Perhaps the t i t l e  of h i s treat i s e  s uggests t ha t  he 
expected to fi nd no contrad i cti ons i n  Euc l id ,  h i s  i do l . Certa i n l y ,  t he ab l e 
l og i c i an Saccheri was cogn i zant that t he system of fundamental  propo s i t i on s  i n  
every demons trati ve s c i ence i s  prec i se ly  t he i r  i ndemon stra bi l i ty .  Perhaps 
Saccheri j us t  cou l d  not concei ve of th i s because  of the extreme ly  stronq tra d i 
t i on that the on ly concei vabl e mathema t i c s  o f  s pace wa s Euc l i dean . He d i d  not 
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recog n i z e  h i s  creat i o n , yet he proved several  theorems i n  two new geometr ies  
wh i c h  were as sound  l og i ca l l y  a s  Euc l i d ' � . 

The geometers of  the e i g hteenth century were i n fl uenced by the wor k  of 
Saccheri , especi a l l y  Johann  Hei n r i c h  Lambert ( 1 728- 1 855 ) ,  a Sv.Ji s s  mathemat i 
c i an , who , i n  1 76 6 ,  ana l yzed the work of Saccher i  and conc l uded that the obtu se
an g l e  hypothes i s  i s  con s i stent wi t h  spher i ca l  geometry . Another geometer i nfl u
enced by Saccheri , Adr i en Mar i e  Legendre ( 1 7 52- 1 853 ) wrote �lements de geometrie 
wh i c h  c l early resemb l e s  S accheri ' s  wor k ,  except that Legendre proposed thret 
hypotheses i n  wh i c h  the s um of the a ng l es i n  a tr i ang l e  i s  equal  to , greater 
than , and l es s  than two r i ght angl e s .  He succeeded i n  produc i ng a proof that 
the ang l e s um of a t r i an g l e  cannot be greater than two r i ght anql es but fa i l ed 
to s how that the s um cannot be l es s  than two ri g ht ang l e s .  I n  any case , h i s  
"proof" was based ori as sumpt i on s  equ i va l ent t o  what h e  wa s try i n g  t o  p rove . I n  
1 809 , Bernhard Fri edri c h  Th i baut tr i ed to prove Le9endre 1 s f i rst hypothes i s  
ba s i n g  h i s  argument  on the a s s umpt i on that e very r i g i d  mot i on can be resol ved 
i n to a rotat ion and a tran s l ati on ,  and a s sumpt i on equ i va l ent to that of the 
fi fth pos tu l ate .  John  P l ayfa i r  i n  1 81 3  t r i ed to t i dy up the errors in  Th i baut ' s  
arqument but wi th  no succes s .  

I t  rema i ned for Gauss to bri ng  the expre ss i on of the concept of non
Euc l i dean geometry to our  attenti on . Carl Fri ed r i c h  Gau s s  ( 1 777- 1 855 ) a l so 
attempted to prove the para l l e l postul ate by as sumi n g  i ts fa l s i ty .  I t  i s  not 
known when Gauss  recogn i zed the exi stence of a l og i ca l l y- sound geometry wi th
out Euc l i d ' s  f i fth postul ate but it  is  certa i n  that he spent some t h i rty years 
i n  pursu i t  of s uc h  an a i m  g i ven the cu l tural prej u d i ce assoc i ated wi th  i t .  I n  
a l etter to Franz Ado l f Tauri nus  on November 8 ,  1 824 , he wrote : 

The as sumpt ion tha t the angl e sum ( of  a tr iang l e )  i s  l es s  than 1 80° 

l eads to a cur i o u s  geometry , q u i te d i fferent from ours but t horoug h l y  
cons i stent , wh i c h  I have devel oped t o  my ent i re sat i sfact i on .  The 
theorems of th i s  geometry appear to be pa radox i ca l , and , to the u n i n i 
t i ated , absurd , but ca l m ,  s teady ref l ecti on revea l s  that they con ta i n  
noth i ng a t  a l l  i mpos s i b l e .  

However , the d i scovery o f  non-Euc l i dean geometry wa s not made by one 
person but by three a l most  s i mu l taneou s l y  and i ndependentl y .  Gauss  d i d  not com
p l ete h i s d i scover i es but Janos Bo lyai  d i d .  Bo l ya i  ( 1 775- 1 85 6 )  repl aced t he 
para l l e l postul ate w i t h : " I n  a p l ane two l i nes can  be d rawn throuqh a po i n t  
para l l e l to a g i ven l i ne and through t h i s  po i n t  a n  i n fi n i te number of  l i nes  may 
be drawn lyi n g  i n  the an g l e  between the fi rst two and hav i nq the property that 
they wi l l  not i ntersect t he g i ven l i ne . "  Bo lya i ' s  work wa s publ i s hed in  1 83 2 .  
N i ko l a i  I vanov i c h  Lobachevs k i i  ( 1 793- 1 856 )  a l so i n vented a new geometry , pub
l i s hed i n  1 829 . Lobachevsk i i ' s  rep l acement o f  Euc l i d ' s  para l l e l postu l ate wa s :  
" Through a poi n t  P not on a l i ne  there i s  more than one l i ne  wh i c h  i s  paral l e l 
to the 9 i ven l i ne . " Con s i der  the apoca lypt i c a l  though l o9 i ca l  consequences of 
t h i s postul ate : ( 1 ) No quadr i l ateral i s  a rectang l e ;  i f  a quadri l a teral has 
three r i ght ang l es , the fou rth ang l e i s  acute , ( 2 )  T he sum of the mea suies of 
the ang l es  of a tri ang l e i s  a l ways l es s  than 1 80 ° , a nd ( 3 )  If  two tr i an9 l es are 
s i mi l a r ,  they are congruent . 

The obtuse-anq l e hypothes i s was not a con s i derat i on of Bo l ya i  or 
Lobachevsk i i but of Georq Fri edr i c h  Bern hard R i emann ( l 8?n- 1 866 ) ,  a s tudent o f  
Gaus s .  Repl ac i n g  the paral l e l postul ate of Euc l i d  w i t h : "Throug h  a po i n t  i n  a 
p l ane there can be drawn i n  the p l ane no  l i ne  w h i c h  does not i ntersect a g i ven 
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l i ne not pas s i ng through  the g i ven po i n t , 11 Ri emann i a n  geometry was born . It  
gave r i s e  to other curi ous resu l ts : 

l .  Two perpendi c u l ars  to the same l i ne  i ntersect . 
2 .  Two l i nes enc l ose an  area . 
3 .  The s um o f  the mea s ures o f  the ang l es o f  a triangl e i s  greater than 

1 80° . 
4 .  I f  two s i des  o f  a q uadr i l atera l are congruent and perpendi cu l ar to 

a th i rd s i d e ,  t he fi gure i s  not a rectang l e ,  s i nce two of the ang l es 
are obtuse . 

But ,  we may add , i t  was Eugen io  Bel trami i n  1 868 who f ina l l y  estab l i s hed t he 
rel at i ve cons i stency of the new geometri es by i nterpret i ng  p l ane non-Euc l i dean 
geometry as the geometry of geodes i c s  on a certa i n  c l a s s  of surfaces i n  
Eucl i dean space.  

The sol uti on of the para l l el postu l ate was f i n a l l y  found . I t  i s  rather 
curi ous that i ts i n i t i a l  so l u t i on  s hou l d occur a l most s i mu l taneous ly  and i nde
pendently through the work of Gauss , Bolyai and Lobac hevs k i i u n l e s s  we i nvoke 
a cu l tural expl anati on referred to at a n  earl i er t ime i n  th i s  paper . The 
equ i pment needed , the i deas  prerequ i s i te to appropri ate a na l o g i es are add i t i ve 
wi th i n  the mathema t i ca l  commun i ty ,  be i n g  u b i qu i tou s  and yet accumu l a t i ve unt i l  
su ffi c i ent s tress i s  created that t he probl em commences to be sol ved by several 
i n vest i gators i n  the same temporal  doma i n . (There a re many such  examp l es  of 
th i s  phenomenon i n  the h i story of  mathemat i c s . W itnes s , for examp l e ,  the de
vel opment of ca l cu l u s . ) The so l uti on of t he para l l e l postu l ate probl em was 
l on g  i n  comi ng  and yet i ts d i scovery occurred becau se  the concepts and i deas  
that were pre va l ent j ust pr ior  to  i ts s o l u t i o n ,  s uch  a s  t he advent of  axi omat i c  
systems i n  a l gebra , i n i ti ated new i n s i ghts  un i que to a so l uti on . 

The en i gma of the fi fth postu l a te was a l so s l ow i n  com i n g  not on ly be
cause of the i n heri ted trad i t i on that surrounded i t  but a l so because  of the  
preva i l i n g  p h i l osophy of Kant  ( l 724-l 8n4 ) who treated space not as  emp i r i ca l  
b u t  a s  someth i ng  ex i st i ng i n  the mi nd a nd hence non-exper i ent i a l . The obstac l e  
to overcome then was to v i ew geometry as  a n  experimenta l s c i ence compl ete wi t h  
postu l ates a s  a func t i on of  conven i ence  b u t  correl ated wi th the data i n  the 
phys i ca l  worl d .  Certa i n ly  Kant i an ph i l osophy was respons i bl e  for the l a ck  of 
true regard for the d i s cover i e s  of  Gau s s , Bo lya i and Lobac hevs k i i .  But there 
i s  no ques t i on that the rol e  of the non- Euc l i dean geometri es d i d  have a per
vas i ve effect on mathemati ca l  and ph i l osophi c a l  thought espec i a l l y  i n  t he n i ne
teenth century .  I t  l ent  c redence to t he i dea that mat hema t i cs ought not t o  be 
bound to spec i fi c  patterns a l a  Kant or even patterns d i s pl ayed in the phys i ca l  
uni verse , but rather that mat hemat i c s  o u g ht to c reate its  own patterns pred i 
ca ted on con tempora ry thought . 

The sta ge wa s set for the abstract concept i on that geometr i c  theor i e s  
a re true on ly i n  the sense that they are l og i ca l  con s equences of  t he a x i oms 
that consti tute t he i r  bases .  Mathemat i c i ans  were a l most ready to accept the 
not i on that E uc l i dean geometry i s  no more true than non- Euc l i dean geometry . 

Eucl i d  defi ned poi nt  and l i ne a s  an approxi mat i on of the phys i ca l  u n i 
verse bec ause he t hought that they represented someth i ng extant . For centuri es , 
th i s concept i on of the un i verse was not quest i oned . Even today t he mat hemati 
c i an hes i tates to defi ne wh i c h  geometry i s  more representat i v e  of h i s  worl d .  
The truth of the matter i s  that he may never know i f  he agrees wi t h  the Henri 
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Poincare model : I f  our universe were encl osed in a s phere of fi n i te radius a nd 
our p l anet were cl ose to its centre ; if, when ent i ties approach the boundary 
of the s phere they become increasingl y but uniforml y  sma l l er, then they can 
never reach the boundary and we woul d be unaware of this s hrin king s i nce our 
measuring devices woul d a l so get sma l l er and sma l l er ;  con sequent ly, our uni
verse, from our conception of it, woul d appear to be unbounded but, in fact, 
it is bounded. But physical  space is l ocal l y  Euc l idean which mean s that - in the 
neighborhood of a point , space is Euc l idean. I n  contradistinction, universal 
space may be Eucl idean, el l ipt i c  or hyperbol ic and notwithstanding Poincare, 
Einstein ' s  general  theory of rel ati vity predicts hyperbol ic space. 

Non-Euc l idean geometry tran smogrified deductive rea soning. I t  was the 
basis of viewing mathematics as  a creation of postul ates by mathematic i ans. 
The advance of mathematics i s  gradual a s  Bel l point s  out in "The Devel opment 
of Mathematics 1 1  so even by 1 945 some s til l adhered to the P l atonic doctrine of 
mathematica l  truths. But the greatest iconocl asm of non-Eucl idean geometry, 
neverthel ess, was its destruction of the myth  of absol ute truth i n  mathematics. 
Thi s ,  then, was an important precursor to the noti on that a mathema t i ca l  sys
tem cou l d  have an intrinsic independence of any notion of physica l rea lity. 

The sel f-con sistency concept of  a mathematical  system wa s consonant w i t h  
the prevail ing s cienti fic p hil osophy of the l a te nineteenth and ear ly  twentieth 
centuries. The first step on the l adder of maturity is the view of mat hema t i c s  
a s  a sc ience independent of  physica l rea lity, a science whose entities are them
sel ves abstract sys tems capable of sel f-consistency without bei ng true of any 
particul ar reality but neces saril y of some other s tructure. So Frege 1 s concep
tion of  a foundation for ma thematics - because mathemat i c s  i s  independent of 
p hysical  rea l ity, its truths must a l so be independent of t his rea l ity - was ul
ti matel y an outgrowth of the existing concepti on of the universe as suggested 
by non-Euc l idean geometry. 

I t  was a l so duri ng t he l a te nineteenth and ear l y  twentieth centuries, 
after the foundations of geometry had been examined exten s i vel y, that satis
factory postul ate sets emerged for Euc l idean geometry. I t  is not the purpose 
of this paper to ferret out a l l t he inconsis tencies in Eucl i d ' s  E l ement s  but 
we s ha l l  mention a few that gave rise to the further advance of geometry. 
Postul ate two which was referred to ear l ier, that a straight l ine may be pro
duced indefinitel y, does not mean neces sarily  that a s traight l ine is infinite. 
Riemann in 1854 pointed out that distincti on. I n  Propo sition I 21 Euc l id made 
an assumpti on that Moritz Pas c h  ( 1 843- 1 930 ) recognized must be made expl icit . 
So he supp lied what is someti mes ca l l ed Pasch ' s  Axiom : I f  a l ine l intersects 
AB, one side of a tr� ang le  ABC ,  it intersects either BC or AC in a point be• 
tween B and C or in a point between A and C .  

1 7  



Dedek i nd s uppl i ed a con t i n u i ty postul ate someti mes ca l l ed Dedek i n d ' s  
Axi om :  I f  a l i ne segment connects a po i n t  i n s i de a c i rcl e to a po i n t  outs i de 
a c i rc l e ( i n  the s ame p l an e )  then the l i ne segment wi l l  i ntersect the c i rc l e .  
Th i s  postul ate wa s n eces sary t o  the l oqi cal ana ly s i s  o f  Propos i ti on I I  where 
i t  i s  a s sumed that c i rc l es wi th centres at the ends of a l i ne segment and hav
i ng the l i ne segment as  a common rad i u s  i ntersect .  To t i dy up some of these 
and other cri t i c i sms of Euc l i d  such men as  Vebl en , H i l bert , P i er i  and Hant i ng
ton suggested other postul ates and other undefi ned terms . So i t  was the q uest 
for a l ogi ca l l y  acceptab l e postul ate set for Eucl i dean geometry coup l ed w i t h  
the apocal ypse of  con s i stent hyperbo l i c ,  parabo l i c  a nd  e l l i p t i c  geometr i e s  
that advanced the devel opment of  axi omat i cs . 

We now descend to a more profound l evel of Pasch ' s  work where we ob
serve antecedents of the postul ati onal method i n  geometry .  He effec t i ve ly  
obl i terated both the Newton i an concept i on of space a s  the a bsol ute u l t i mate 
and the Le i bn i z i an i dea of space as a l abyr i n t h  of rel at i ons . Pa s c h ,  l i ke 
Pei rce before h i m ,  thought o f  geometry as an hypothet i co-deducti ve system 
i n  wh i ch the el emental terms l i ke po i nts , l i nes , and pl anes rema i ned undefi ned . 
I t  i s  i mportant for us  to note that Pasch ' s  l uc i d  representat i o n  of geometry 
was the f irst  after Eucl i d ' s  i n  the pos tu l at i onal trad i t i on , though he went 
beyond Euc l i d ,  as  we have exp l a i ned , in  h i s  ferret i n g  out  of covert a s sumpt i on s . 
That our present concepti on o f  geometry i s  c l ose to that of Pasch  i s  testi mony 
to s upport h i s  profound i nfl uence on the subject .  

I n  the  ear ly 1 890s , Peano began the monumental  task  of restructur i n g  
a l l of mathemati cs , i n c l u d i ng  geometry , to  a precise symbo l i sm .  Con sonant wi th 
t h i s  approach were postul ate sets that were neces sary and s u ffic i en t  cond i ti on s  
for proofs . The n i neteenth century w i tnessed an unprecedented devel opment of 
mathemati cal  s horthand , espec i a l ly  i n  t he work of Boo l e .  I t  was thi s  movement , 
spearheaded by Peano and c u l m i nated by Dav i d  H i l bert ( 1 862-1 943 ) , t hat probably 
more than anyth i ng el se l a i d  the foundati on to mathemati cal l og i c . Al so con so
nant w i t h  the Peanoi an approach was the vi ew. of geometry as an abstrac t ,  pure ly 
forma l system wi thout any i ntr i n s i c  content save that i mp l i ed by  t he postu l ate s .  
I n  the penul t i mate year o f  the n i neteent h  century the u l t i mate advance was made 
i n  H i l bert ' s  c l as s i ca l  Grundlagen der Geometrie. Once and for a l l the postu l a
ti onal method wa s establ i s hed not on ly  for geometry but for mos t  of mathemati c s  
t o  come , i f  we are permi tted the l i berty of  a h i n d s i g ht .  Here was the gene s i s 
of the rea l i zati on that axi omat i c s  were not pecul i ar to geometry .  

The adopti on of  the axi omat i c  method a s  a general foundat i ona l  dev i ce 
was s l ow i n  comi n g .  The method ipso facto was not ful l y  accepted u nt i l  the 
n i neteenth century .  Then t he  beq i n n i nqs  of t he  power of the method not o n ly  
a s  a mean s  of genera l i z i ng mathemati ca l  concepts but a l so a s  a research tool 
were rea l i zed . The s tage was set for the prom i nent ro l e  that  l og i c  was to 
ass ume i n  the Edward i an per i o d .  Wh i l e  i t  i s  not the purpose of t h i s oaper 
to cons i der the ro l e  of ax i omati c s  i n  l og i c ,  i t  i s ,  neverthel ess , i nterest i ng 
to note the para l l e l  between the destruct i on of the u n i q ueness of Eucl i dean 
geometry by the i n venti on of the non-Eucl i dean geometr i es and the destruct i on 
of the u n i q ueness of mathemat i ca l  l og i c  by the ax iomat i c  analy s i s  of l og i c .  

Havi ng travel ed the non-Euc l i dean h i ghway s o  far we s hou l d  now l i ke to 
g l ance over the route and note some other geometri c l andmarks that contr i buted 
to the deve l opment of axi omati c s .  Mathema t i c i ans  were profound l y  i nfl uenced 
i n  the devel opment of modern mathemat ica l  thought by proj ect i ve geometry and 
the attendant el ements s uc h  a s  the l aw of dua l i ty ,  J . D . Gergonne ( 1 7 7 1 - 1 859 )  
noti ced that  i f  po i n t  and l i ne were i nterc hanged i n  some pl ane geometry t heo-
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rems i t  woul d  be possibl e to create independent l y  provabl e but dual propos i
tions . He  suggested that the  original theorem is  a sufficient conditi on for 
the dual . Further, Gergonne reasoned anal ogous l y  in three-di mensional space 
that point and p l ane were dual s .  J . V .  Poncel et ( 1 788-1 867 ) pub lis hed h i s  
Traite des proprietes projectives des figures in 1 82 2  which was a c l as s i c of 
the synthetic method and a definit i ve precursor to the conception of geometry 
as an hypothetico-deductive system. In observing that certain c haracteristic s 
of a p l ane configuration, for instance, col l ineari ty ( Pascal 1 s theorem ) ,  re
main invariant under projection, Poncel et defined the projective properties 
of figures .  But it was Ju l ius P l ucker ( 1 801 - 1868 ) who general ized the c l as sic 
dual ity for confi gurations of points and l ines in p lane  geometry .  Whi l e  Ger
gonne may have believed h i s duality an absol ute attribute of 1 1 space 11 born of 
intuition, the " space"  of e l ementary proj ective geometry for Pl acker ' s  geo-
metry was a trivial consequence of a narrow way of c hoosing systems of coordi
nate s. In fact, it was P l Ucker ' s  abandonment of visual intui tion for an al
gebraic and analytic treatment that f i nished someth ing that t he non-Euc l i dean 
geometr i es onl y  began . I t  was this k i nd of mathematical construction of. " spaces "  
and " geometries "  that final l y  demolished Kant ' s  conception of  t he nature of  mathe
matics. In any case , there is no question that the re sidue of the work of 
P l Ucker was another tes timony that geometry was fast becoming an abstract formal 
discipl ine .  

The  devel opment of axiomatic s was profoundly infl uenced by a number of 
geometric themes : abstract geometry in the l aws of dual ity, Pl Ucker 1 s coordi
nates and hyperspace, non-Euc l idean geometry, and the criticism of the funda
mental principl es of geometry in reference to physical fact s .  I t  was al l of 
these and more that prec ipitated the so-cal l ed hypothetico-deduct i ve system 
of contemporary mathematical theory . These themes have retained their vital ity 
and interest al though particul ar concepts may have l ost thei r attractiveness 
for those trained in newer habits of thought for whi c h  those very concepts 
were part ly  responsibl e .  But in seek i ng  the things that have endured in mathe
matics, we are l ed to processes and ways of thinking rather than to t heir pro
ducts in any one epoch .  However, the c reation of a set of ax ioms that is 
fecund in profound resul ts,  s.mal l in number, pl atitudinous in difficul ty, sel f
evident to reasonabl e peop l e and demonstrab ly  independent wil l enhance t he 
aestheti c appearance of the creation but the axiom system can never be proved 
con sistent  by methods formal izabl e within the system itsel f. Consequentl y, 
the c l oser we approach the foundat ions of mathematics the more il l usory is our 
grasp on the axiomati c  met hod, unti l ,  in the final analysis, when we transcend 
the thresho l d of mathemati cs, the heurist i c s  of axiomatics disappear and the 
focus ought to change to new methods of expl oration . 

Bil>liography 

Bel ge , Edward G. (ed. ) .  " Mathematics for Education . 11 The Sixty-ninth Yearbook 
of the National Society for the Study of Education. Chicago , I l l inois : 
University of Chicaqo Press, 1 970, pp . 10-22 . 

Be 1 1  , E . T .  The Deve lopment of Mathematics. New York : McGraw-Hi 1 1  Book Company, 
Inc., 1 945, pp . 263-266 and 320-360 .  

Eve s .  Howard. An Introduction to the History of Mathematics . New York : 
Hol t, Rinehart and Hinston, 1 966, pp. 1 2 1-1 30 .  

"The His tory of Geometry . "  NCTM Thirty-first Yem;>book : Histor-

1 9  



ical Topics foP the Mathematics Classroom. Was hi ngton , D . C . : Nati onal 
Counc i l  of Teachers of  Ma themati c s , I nc . , 1 96 9 .  

Guggenbuhl , Laura . 1 1The New York fragments of  the Rh i nd Mathemati ca l  Papyrus . 1 1 

The Mathematics Teacher, ( October 1 964) , p p .  406-41 0 .  

Heath , T . L .  ( ed . ) .  Apol lonius of Perga : Treatise on Conic Sections . C�mbri dge : 
W .  Heffer & Sons Ltd . , 1 96 1 . 

The Thirteen Books of Euc lid 's Elements . Cambri dge , 1 92 6 .  

H i l bert ,  D .  " Mathemat i cal Probl ems . 1 1 American Mathematical Society Bul letin. 
Lancaste r ,  Pa . :  The MacMi l l an Co . , 1 902 , p p .  447-451 . 

Fant , Al fred B .  " Ha l f  Man , Ha l f Myth . JI The Mathematics Teacher, (March 
1 969 ) , p p .  225-228. 

F i tzpatri ck , S i s ter Mary.  " Saccheri , forerunner of non-Euc l i dean geometry . JI 
The Mathematics Teacher, (�ay 1 964 ) , p p .  323-332 . 

Gemi gnan i , M . C .  " On the Geometry of Eucl i d . 1 1 The Mathematics Teacher, 
( February 1 967 ) ,  pp . 1 60- 1 64 .  

Goodstei n ,  R . L .  Essays in the Phi losophy of Mathematics .  Lei c ester: 
Lei cester Un i ver s i ty Pres s , 1 965 , p p .  84-86 , 1 1 6- 1 2 5 ,  1 26 - 1 38. 

Hatche r ,  Wi l l i am S .  Foundations of Mathematics . P h i l adel p hi a ,  Pa . : W . B .  
Saunders Company , 1 968 , p p .  76-8 5 .  

Kattsoff ,  Lou i s  O .  " The Sacc heri quadri  1 atera l . 1 1 The Mathematics Teacher, 
( December 1 962 ) , 638-636 .  

Kenner ,  Morton R .  1 1 Hel mhol tz  and  t he nature of �eometr i c a l  axi oms : a seg
ment in the h i  story of  mathemati c s .  JI The Mathematics Teacher>, 
( February 1 962 ) ,  p p .  

0

98- 1 �4 .  

Kl eene , Stephen Col e .  Mathematical Logic.  New York : John Wi l ey & Son , I nc . , 
1 967 , pp . 1 9 1 - 1 98 .  

Kl i ne ,  Morri s .  1 1 Mathemat i c s  and Axi omat i c s .  11 The Ro le of Axiomatics and 
Prob lem Solving in Mathematics. Wa s h i ngton , D . C . : The Con ference 
Board of the Mathemat i ca l  Sci ence s ,  G i n n  and Company , 1 96 6 ,  p p .  57-62 . 

Kneebone , G . T .  Mathematical Logic and the Foundations of Mathematics : An 
Introductory Survey .  London : D .  Van Nostrand Companv L im i ted , 1 963 . 

L l oyd , Dan i e l  B .  " Recent ev i dences of  primeval ma themat i c s . "  The Mathe
matics Teacher

., 
( December 1 96 5 ) , pp . 720-723 . 

Lobatsc hews ky , N i chol a u s .  Geometrical Researches on the Theory o f  Para lle ls .  
Trans l ated from the ori g i na l  by George Bruce . Hal sted , Aus t i n , 1 892 . 

Ma i ers , Wes l ey W .  
Teache;r

) 

1 1 I ntroduct i on to non-Euc l i dean geometry . "  
( November 1 964 ) , p p .  457-46 1 . 

The Mathematics 

Meder , A . E . ,  J r .  1 1 �/hat i s  wrong w i th Euc l i d ? "  The Mathematics Teacher, 
( December 1 958 ) , pp . 578- 584 . 

20 



Meschkows ki , Herbert . Noneuclidean Geometry. Berl i n ,  Germany : The Free 
Uni vers i ty of Berl i n .  Tran s l a ted by A .  Shen i tzer , Department of 
Mathemati cs , Adel p h i  Un i ver s i ty ,  Garden C i ty ,  Long I s l a nd ,  New York , 
and  pub l i s hed by Academi c Pres s ,  New York and London , 1 964 . 

Meserve . Bruce E .  1 1 Eucl i dean and other Geometr ies . "  The Mathematics Teacher> 
( January 1 96 7 ) , pp . 2- 1 1 .  

. "The evol ut ion  of geometry . 11 The Mathematics Teacher, 
---.(.,...,.Ma_y__,1�9-56 ) ,  pp . 372-382 . 

Murray , Earl . 1 1 Confl i cti ng Assumpt i on s . "  The Mathematics Teacher, ( Febru
ary 1 944 ) ,  pp . 57-63 . 

Reeve , vli l l i am Davi d .  "Tha l es . 1 1  The Mathematics Teacher, (February 1 930 ) ,  
p p .  84-86 . 

Rolwi n g ,  Raymond H .  "The Paral l el Postul ate . "  The Mathematics Teacher, 
( December 1 969 ) ,  pp . 665-669 .  

Sanford , Vera . "Adri en-Mari e  Legendre . "  The Mathematics Teacher, (Marc h 
1 935 ) , p p .  1 82 - 1 84 .  

Stri uk , D . J .  " Omar Khayyam, Mathemati c i an . "  The Mathematics Teacher, 
( Ap ri l 1 958 ) ,  p p .  282- 284 . 

Webb , Harri son E .  " Certa i n  Undefi ned E l ements and Tac i t  Assumpt i ons  i n  the 
F i rst Book of Eucl i d ' s  E l ements . "  The Mathematics Teacher, ( De
cember 1 9 1 9 ) , pp . 4 1 -60 . 

W i l de r ,  Raymond L .  Evo lution of Mathematical Concepts . New York : John 
Wi l ey and Son s , I nc . , 1 968 , p p . 99- 1. 1 0 .  

• • • • • • • • • • • • • • • 

Aftermath 
Grades V- I X  

Thi s i s  a ser i es of  four enri chment books des i g ned t o  rei nforce the 
regu l ar curri cu l um as wel l as to rei nforce new a s pects of mat h .  The act i v i t i es 
i n  these boo ks are guaranteed to keep you a nd your  students fa sci na ted wi th 
mathema t i c s .  Act i v i t i e s  are s impl e a nd s el f -expl a natory a nd empha s i s  i s  on 
teach i ng students to so l v e  probl ems creat i vel y .  One hu ndred twenty-ei g ht pages . 
i n  each boo k ,  of cartoons , humor , des i g n s ,  puzzl es , codes , games , a nd a n swers 
ma ke s tudents eag er to l earn . Su i ta b l e for a l l  a b i l i ty l evel s .  Reproduct ion  
permi s s i on i s  granted . S p i r i t Du pl i c at i ng Ma s ters are  a l so ava i l ab l e .  

Ava i l ab l e a t :  

Wes tern Educa ti onal Act i v i t i es Ltd . 
1 0577 - 97 Street 
Edmo nto n ,  Al berta 
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New From Copp Clark Limit,ed 

Mathematics A live 1 by Ronal d Paterson , ( pr i nc i pa l , Northmount H i q h  
Schoo l , Mon trea l ) ,  Ma rti n C l enman ( Department o f  Mathemati c s , Humbers i de 
Col l egi ate I nst i tute , Toronto ) ,  and Reyno l d Cl arke ( Lakeshore School  Board , 
Beaconsfi e l d ,  Quebec ) i s  a textbook desi gned for use i n  Grades I X  and X under 
the Al berta curri cul um content . The book appears to have very qood organi za
t i on throughout w i th  top i cs i n  oood s eq uence for use as a bas i c  text . For 
those a l ready usi ng  a mu l t i - text approach th i s book wi l l  be useful i n  he l p i nq 
the m i dd l e  and weaker groups of s tudents wi th  i ts qood s i mp l e  exp l anat ions  
and  cha l l engi n g  probl ems . Al l meas urements that  I have found are  i n  t he  S I  
system wh i c h  i s  des i rab l e  at th i s t i me .  Anyone who has experi ence wi th  t hi s 
text i s  req ues ted to oi ve us  further i nformat i o n .  

B Math by Mary A .  S t .  Lou i s - Garson - Fa l conbr i d9e Secondary Sc hool , S ud
bury ,  On tari o ,  and W . H .  Jenn i ngs , Wi ndsor , Ontari o ,  formerly wi th  H i a h  School 
of Commerce , i s  desi gned for advanced bus i ness educati on s tudents as a bas i c  
text .  I n  read i nq and s tudy i nq the ·book i t  appea rs to be orqa n i zed wel l to 
meet the needs of the s tudents i n  both i ts order of devel opment and i ts abi l i ty 
to l ead from the s i mp l e  to comp l ex wi th a qood refres her sec t i on at t he heq i n
n i ng for the s tudents who have been away from bas i c  math for s evera l years . 
Th i s  book cou l d  be very usefu l  as a sou rce book for teachers i n  the j u n i or h i qh  
a rea of opt i on math  cours e s .  Much of t h e  s i mp l er work i s  very pract i c a l  for 
the s tudents who need to understand bus i ness  math but who are not  ao i ng to be 
ab l e  to take courses i n  b u s i ness  i n  the i r h i gh s choo l program.  Anyone who has 
used t h i s  book i s  as ked to present h i s rea ct i on s  from h i s  experi ence . 

The coopera t i on of  tea chers i n  the c l a s s room i n  reacti ng to books they 
a re us i ng i s  the best way for us to get our  pub l i s hers to wri te the texts and 
s uppl ementary materi a l s  i n  t he way we need and want for mos t  effi c i ent a i ds to 
our teach i ng . ■ 

. .  • · • . . . . . . . . . .  . 

EPIE Reports 

Two new reports by the Educational Products Infor
mation Exchange (EPIE) have jus t been re leased : 
"Early Learning Kits--25 Evalua tions " (EPIE REPORT 
No . 68)  and "Analyses of Elementary School Mathe 
matics Materia l s "  (EPIE REPORT No . 69/70 ) . "Early 
Learning Kit s - -25  Evaluations '1 deals  with the eval
uat ion of ins t ructional materials  for  use by pre
elementary school children , as well  as feedback by 
educators who have actually used these materials . 
"Analyses of Elementary School Mathematics Materials " 
investigates major  mathematics prog rams in overall 
assessment and recommenda t ion , content ,  methodology, 
and means of evaluation, 

Copies of these reports are available for $20 each ($10 for EPIE members ) from 
EPIE Ins titute , 463 Wes t  S treet ,  New York, New York 10014. ■ 
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News Relea.se From SSMA 

Career educat i on a nd i ts i mp l i ca t ions  for sc i ence and mathemat i c s  
teac hers i s  t he  theme of the  spec i a l  i s sue j ust publ i s hed by the  Schoo l · 
Sc i ence and Mathemat ics  Assoc i a t i on .  The recent emphas i s  i n  the school s on 
career educat i on has stres sed tha t tea chers from e l ementary s c hool throuqh 
the un i vers i ty l eve l are to have extens i ve i n put i nto the c areer ed ucati on of 
the i r  students . What i nput have mathema t i c s  and s c i ence teachers had i n  the 
i mp l ementa t i on of career educati on of thei r school s?  Wi l l  career educati on 
be a ve hi c l e  through wh i c h  more students become i nterested in mathemat i c s  and 
s c i ence?  The a rt i c l es in t h i s  spec i a l  i s sue prov i de  some of  t he a nswers to 
these questi ons . 

Some of the top i c  areas of i n d i v i dua l  arti c l es i n c l ude the h i s tory 
of  career educati on and the l eg i s l a t i ve and fund i ng p rograms duri ng the l ast 
fi ve years ; how s c i ence and mathemati cs  can be i nfused wi th c areer educat i on 
i n  the e l ementary sc hool s ;  i ntrod uc i ng career educati on i n to s econdary school 
sci ence and mathemat i c s  c l asses ; how career educat i on can p l ay a l a rger rol e 
i n  the j u n i or co l l eges ; how teac her educa t i on can faci l i tate i nc l u d i ng  sc i ence  
and mathemati cs  i n  career educat i on ;  and  a comprehens i ve l i st i ng  of resources 
for getti ng more i deas for i n fus i ng career educa ti on i n  sc i ence and ma the
mati cs c l asses . 

Career educati on i s  i n teres t i n g  and c ha l l enqi n q .  Today , more than a t  
any other t ime i n  our h i s tory ,  mathemat i c s  a nd s c i ence  teachers shou l d  be 
aware o f  how the i r  d i sc i p l i nes can  become the fi rst steppi ng stone to a l i fe
l on g  career .  S i n g l e cop i es of t h i s publ i cat i on a re avai l abl e  for $1 . 50 from 
the School Sc ience and  Ma t hema t i c s  A s soci a t i on , P . O .  Box 1 6 1 4 ,  I nd i ana Un i 
vers i ty o f  Penn syl vani a , I nd i a na , PA 1 5701 . ■  

• • • • • • • • • • • • • • • 

National Statistics Examination 

For al l inte res ted ins titutions , a National S tatis tics 
Examination (NSE)  is availab le for course administration 
at the end of this academic term and in May 1976 . Th.e 
NSE tests  cover all the topics that might appear in any 
non-calculus s tatis t ics cours e .  Examination booklets and 
scoring are f ree for schools that report the ir results . 
Persons writing for further information or for the NSE 
wi l l  automatical ly be placed on a ma il ing list  for the 
period ical TEACHING STATISTICS . Richard G .  Lefkon , Asso
ciate Director,  Arithmet ical S tatis tics Proj e c t ,  S taten 
Island Conununity College , S taten Is land , New York 10301 , 
is the contac t  for NSE . ■ 
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1976 Alberta High School Prize Exams 

- Winners and Solutions 

RESULTS -- 1 976 A l berta H i gh Schoo l Pr i ze Exam 

Pr i ze Amt. Student 

Canad i an Math. Congress $400 ROTH, Dwayne C. 
Scho I a rsh i p 

N l cke l Founda t i on $400 CH I PPERF I ELO , Randa 1 1  

Scho I arsh i p 

Th i rd H i ghest $200 MATTHEWS , Pau l 

Fourth H i ghest $200 SAMPLE ,  R i ck 

SPEC I AL PROV I NC I AL  PR I ZES 

H i ghest Grade 1 2  student ( be l ow f i rst 4 ) : 

$ 1 00 HEW I TT ,  Law rence 

H i ghest Grade 1 0 / 1  I student ( be l ow f i rst 4 ) : 
$ I 00 FENSKE ,  r�e i th 

D I STR I CT PR I ZES 

D i str i ct No. Amt .  Nrsrr.e 

Mo pr i ze awarded i n  D i str i ct # I  
2 $50 HERCHEN , Hara l d  

3 $50 OSBORNE ,  t�orman 

4 $50 YOUNG, Bryar, 

5 $50 HUANG, L i ngl i ng 

6 $50 NEUFELDT , Kev i n  

7 ( I l $50 DOM I ER ,  Ca l v i n 

$25 GOON , Ve i ven 
7 ( 2 )  ! 

$25  FUJ l NAGA, Masao 

8 ( I ) $50 PATTULLO, Andrew 

8 ( 2 )  $50 PATTERSON , Roger 
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Schoo I 

Med i c i ne Hat H i gh Schoo l 
Med i c i ne Hat 

Ernest Mann i ng H i gh Schoo l 
Ca I gary 

Dr .  E .P .  Scar l ett H i gh 
Ca l gary 

Harry A l n l ay Comp . H i gh 
Edmonton 

W i  I l i am Aberhart H i gh ,choo l 
Ca l gary 

Ha rry A i n l ay Comp . H i gh 
Edmonton 

Schoo l 

Grand Trunk H i gh Schoo l 
Evansburg 
Ardrossan J r .  S r .  H i gh 
Ardrossan 
Wm . E. Hay Comp . H i gh 
Stett l e r 
Coch rane H i gh Schoo l 
Cochrane 
Kate Andrews H i gh Schoo l 
Coa l da l e  
Ha rry A i n l ay Comp . H i gh 
Edmonton 
Harry A i n l ay Comp . H i gh 
Edmonton 
H�rry A i n f ay Comp . H i gh 
Edmonton 
W i  I I i am Aberhart H i gh 
Ca l gary 
B i shop Grand i n  H i gh 
Ca l gary 



PART I 

CANAVIAN MATHEMATICAL CONGRESS 

1 9 76 ALBERTA HIGH SCHOOL 

PRIZE  EXAMINATION IN MATHEMATICS 

ANSWER SHEET 

To be filled in by the Candidate . 

PRINT : 
Las t Name Firs t Name Initial 

Candidate ' s  Address Town/City 

Name of  School 

Grade 

ANSWERS : 

1 2 3 4 5 6 7 8 9 10 

11 12 13 14 15 16 17  18 19 20 

To be completed by the Dep artment of Mathemati cs , University of  
Alberta :  

Points Points Corre ct Number Wrong 

1 - 20 5 5 X = 1 X = 

Totals C = w = 

SCORE = C - W = 

25 



26 

1 .  

2. 

Vo a..U p11.oblem6 . Eac.h p11.obf.e.m i...6 wo!Lth oive. poin;(:.6 . TIME : 60 Mwutu 

What is the value of 

(A) 1 (B) 5 (C)  6 (E) none of these 

Let s be the set of  points , (x ,y) , in the plane satis fying both 

2 
+ y 

2 � 1 and 2 
+ y 2 � 2 A value of  such that s is the X X r r 

empty set is : 

(A) 1 (B) -1 (C) 
1 (D) 1 

(E) none of these 2 2 

3. If  S ,  T ,  and V are any sets , then [ (SnT) u ( SnV) ] is the same 

set as 

(A) S ,  (B)  T u V ,  (C) T n V ,  (D) S n (TuV) , 

(E) none of  these 

4 .  A met al dis c has one face marked "1" and the o ther face marked "2" 

A second me tal dis c  has one face marked "2"  and the o ther marked 

5 .  

"3" . Assume that , when tossed , the two faces of  a disc are equally 

likely to turn up . If both discs are tossed , what is the probability 

that "4" is the sum of  the numbers turning up ? 

(A) 
1 

(B) 
1 (C) 

4 2 

Whi ch of the following 

(A) I t  is irrational 

(D) It is positive 

3 (D) 1 
(E) of  these 

4 3 
none 

statements about 1 + 12 is true ? 
1 - 12 

(B) It  is rational (C) It is imaginary 

(E) None of these are true 

6. If i = /:I , then i6 is 

(A) 1 (B)  -1 (C) i (D) -i (E) none of these 



7 .  The solution set of the inequality x2 - x - 2 < 0 is the interval 

(A) -2 S X S  1 

(D) -2 < X S  1 

(B)  -2  < X < 1 

(E)  none of these 

(C) -2 S X < 1 

8 .  At the end of a p arty , everyone shakes h ands with everyone else .  

9. 

Altogether there are 28 h andshakes , How many people are there at 

the party? 

(A) 8 (B) 14 (C)  20  (D)  56 (E) none of these 

Let [x]  denote the largest integer no t exceeding X • Thus , e . g . 

[2 � = 2 ' ( 3. 99 ]  = 3 , (- . 5 )  = -1 . Which of the following s tatements 

are always true? 

(i )  [x+y ]  = [x] + [y ] 

(ii)  [ 2x ] = 2 [x] 

(iii)  [-x ] = - [x] 

(A) (i )  (B) ( i i) (C) (iii) (D) all (E) none 

1 0 .  If the sum o f  the f irst n positive integers i s  n (n+l ) /2 , the sum 

of the firs t  n positive odd integers is 

(A) n (n+l ) /4 (B) 
n (2n+l) 

2 (C)  (D) n2 
- 4 (E) none of these . 

11,  Suppose that 2 2 d = x - y where x and y are two odd integers . 

Whi ch of the following s t atements are aiways true? 

( i )  d is odd 

( ii )  d is divisible by 4 

(iii)  d is ·a  perfect square . 

(A) ( i )  (B) (ii )  ( C) (iii)  

(E)  none of  these 

(D) (ii)  and ( iii)  
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12 . If each term of  the sequence al •  
a

2 • . . .  , a is either +1 or 
n 

then al + a
2 + + a is always 

n 

(A) 0 (B) 1 ( C) { odd if n is odd 

even i f  n i s  even 

(D) { 
odd if n is even ( E) none of these 

even if n is odd 

13 .  If  X is a real number satis fying the equation 

then x is equal to 

(A) oo (B)  2 (C )  412 (D) fi (E)  none of these 

14 . The number of  p ipes of inside diameter 1 uni t that will carry the 

same amount of water as one pipe of inside diameter 6 units of the 

s ame length is : 

(A) 6 TT ( B) 6 (C)  12 (D) 36 

15 . 2- (2k+l) - 2 - (Zk-l) + 2
-2k is equal to 

( E) none of these 

-1 

(A) -2k 2 (B) 
- (2k-l)  2 (C)  (D) 0 (E)  none of these 

16 . Let P be  the product of  any 3 consecutive positive odd integers . 

The largest integer dividing all such P is : 

(A) 15 ( B) 6 {C)  5 (D) 3 (E) none of these 



1 7 .  If I x  - log Y I = x + log y where x and log y are real , 

then 

(A) X = 0 (B) y 1 (C) x = 0 and y = 1 (D) x (y-1) = 0 

(E) none of these 

18 .  Each of a group of  50  girls is b londe or brunette and is b lue or  

brow.n eyed.  If 14 are blue-eyed blondes , 31 are brunettes and 1 8  

are brown eyed , the number of brown-eyed brunettes is 

(A) 7 (B) 9 (C) 11 (D) 13 (E) none of  these 

19 . After finding the average of 35 s cores , a student carelessly 

included the average with the 35 s cores and found the average of  

these 36 numbers . The ratio of the second average to the t rue 

average was 

(A) 1 :  1 (B) 35 : 36 (C) 36 : 35 (D) 2 :  1 (E) none of  these 

20 .  I f  the line y = mx + 1 intersects the ellipse x2 
+ 4y2 

= 1 

exactly once , then is equal to 

(A) 1/2 (B) 2/ 3  (C )  3/4 (D) 4/5  (E )  none of  these 

PART 11  TIME : 1 1 0 Mimitu 

1 .  Prove that it is imposs ible to find posi tive integers a ,b s atisfying 

Q = ! + .!. and O < a < b . 
2 3  a b 
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2 .  A fly sitting in the upper corner A of  a room measuring 6 x 6 x 2 

wishes to walk to the opposite lower corner B .  What is the minimum 

3 .  

4 .  

distan ce the fly mus t walk and how many different paths achieve this 

distance? 

A 

Find all real v alues of k so that the equation 

has two of its  three roots equal . 

3 2 
x + x - 4kx - 4k = 0 

In a round-rob in tournamen t ,  each of n players P
1

, P
2

, . • .  , P
n 

pl ays one game with each o f  the other players . The rules are such th at 

no t ies can occur.  If w .  and £ .  deno te respect ively , the number 
1 1 

of games won and lost by player 

2 
+ . . .  + w 

P .  , show that 
l. 

S .  Find the side x o f  the triangle shown in the diagram 
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6 .  Given real numbers a,b , c  which satisfy 
2 2 2 a + b + c ; 1 , f ind 

the smallest value of r so that - !. :5 ab + b e  + ca s r 2 
is always 

true . 

7 . Find all possible integers a,b , c  such that 

8.  Given that 

a log1 O  2 + b log 1 O  5 + c log 1 O 7 ; 1 

cos 30 3 ; A cos 8 + B cos 0 

holds for every real number 8 , find A ,B . 

9 .  Nine lines are drawn parallel to the base o f  a triangle so that the 

other two sides are divided into 10 equal segments and the area 

10. 

into 10 port ions , the larges t of which is 38  square units. Find the 

area of the triangle .  

Let 

If 

2n 

is 

a and b be odd integers and let n be 

b is divisible by 2n prove that 3 a - a 

Moreover , if  3 - b 3 is divisible by a 

divisible by 2n 

SOLUTIONS 

1976 Alberta High Schoot 

PRIZE EXAMINATION IN MATHEMATICS 

a posit ive integer . 

- b3 is divisible by 

2n prove that a - b 

PART I - KEY 

I C E I D B I A I B E I A I E C 

2 3 4 5 6 7 8 9 10 
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B C D D C 

11 12 13 14 15 16 17  18 19 20 

PART II - ANSWERS 

1 .  If 

if 

1 

a and 

a = 1 

+ .!. � .!.  
b 2 

t 

b are pos itive integers 

1 1 - + - > 
a b 1 , 

1 5 21 
+ - = - < -

3 6 23  

and if  a � 

such that 0 < a < b t then 

2 t then 

2 .  Unfold the room t o  get : 
2� 

6 . B  
I 

The closest distance is the straight dotted line which is the 

hypotenuse of a right triangle with sides 6 and 8 .  Thus 

d • = 10 • Us ing the floor and ceiling , there are 4 

distinct paths achieving this distance .  

3 . Factoring , one gets x3 + x2 
- 4kx - 4k • x2 (x+l) - 4k (x+l) • 

2 • (x+l) (x -4k) . Hence the roots are given by x "'  -1 and 

x • +2 /k . Clearly then two af the roots are O if  k "'  0 ,  and 

two of the roots are -1 if  k � 1/4 . 

4 .  Taking the difference of the two sides : 



5.  

.. 0 • 

Since every game is either won or los t ,  the total of the wins is 

equal to the total of all the losses . We also used the fact that 

for each player , the total of his wins and losses is the number of 

games (n - 1) that he . played. 

Construct the altitude AD , thus 

bisecting EG at H .  Then HG • 1/2 , 

B C 

AG .. fi and by Pythagoras ' Theorem 

applied to A AHG we have 

Now if the perpendicular EF is dropped to BC , then 

EF � HD •  AD - AH and by Pythagoras ' Theorem again , applied to A ABD , 

and hence 

- /,2 2 AD •  x - (x/2) 

EF ,. TJ/2 (x-3 ) 

• xT3/2 

Finally , since FJ • EG = 1 ,  we must have BF • (x-1) /2 and applying 

Pythagoras ' Theorem to A BEF we obtain 
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6 .  

an d  upon simplifying,  

�2 - 5x + 3 = 0 

so that x = ( 5  .:t ill) /2  Now since (5-✓13) /2 < 1 and we clearly 

require x > 1 , we must have x • (5+✓13) /2 . 

2 2 2 2 2 2 2 (a+b+c) = a + b + c + 2ab + 2bc + 2ac . Since a + b + c • 1 ,  

1 2 ab + be + ac = 
2 

[ (a+b+c) - l ]  . The right side will be smallest 

if a +  b + c c  O , and largest if a •  b = c • 1/✓'3 . Hence 

- ! s ab + ac + b e s  l and r s  1 .  

7 . Note that 

1 = a log1 0  2 + b log 1 o 5 + c los 1 0  7 

Taking ant ilogs , 

a b c 
= log1 0  2 + log 1 0  5 + log 1 0  7 

Since 10 = 21s½0 uniquely , the only solution in integers is 

a =  1,  b c 1 ,  c = 0 .  

8 Si 00 
0

0 
/ 0 . nee cos = 1 , cos 6 = l 2 , and cos 180 • -1 , 

if 

cos 38  - A cos e + B cos e 

we must have 

3 -1 m A · (l/2)  + B • (l/2)  



i . e. 

3 1 • A· l + B · l  

-k + .;a - -1 
8 2 

A + B = l 

and solving we obtain A c  4 ,  B O -3 . (There are other methods of solution. )  

9 .  

10. 

In 6 ABC , let ED denote the first of 

the 9 lines inserted above and parallel to 

the base BC . If h denotes the altitude 

of the quadrilateral BCDE , then the 

altitude of 6 ABC is 10h (by construction) 

and since 6 ABC is similar to 6 ADE , 

we must have 9 -
DE • 

l O  
BC Now 

Area 1 - - 1 -
BCDE • -(BC+DE) •h  • -(l . 9 ) BC •h  

2 2 

is given to be 38 . Hence 

Area ABC = ½BC • lOh .. ��
9 [ ½(l. 9 )BC •h ]  ,.. i�

9 
• 38 = 200 

square units.  (There are several other methods o f  solution . ) 

a3 - b3 • (a-b) (a2+ab+b2) 

it must divide a3 - h 3 

Clearly , if n 
2 divides a - b ,  

Suppose 2
° divides a3 - b3 , then 

s ince a3 + ab +  b2 is odd , it must divide a - b .  

• • • • • • • • • • • • • • • • 
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·, 

6nom >-..thg. Ma...th.�c..6 S.tµ.d,e.n_t }owr.yr.a!.. 
Fo� moJLe. in�ofl.ma:Uon w/Ute. to : G. R. Holt 

,, I •,I I 

4255 - 74 S treet 
EDMO�TON , Alberta 
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MCATA ANNUAL CONFERENCE 

Red Deer Lodge, October 1 and 2 , 1 976 
PRE-BHGISTRATION 

P�e. c.mnpl/lh. ,uf.1.JJ. A cheque oh. money olUleJ,.,, payable. hJ t:he.. MCATA,, 
mu.6� acc.Dnrpany i:.h1.h 601Un. 

NAME ----------------------------- -----

(last name) (first name) (initial) 

MAILING ADDRESS ----------------------------

(province) (post code) 

HCATA Member 
.Conference registration fee · (�eludes luncheon) 

· 'P1te.-Jteg.i6t/ulilon pM� malLk.e.d p,u01r. :t.o Se.pumbeJL. 15 • 1916. 

(Re.gi-6.tll..ation in Red Ve.ell Oe:t:obe.11. i,, 1916 • • • • $ 16.00)  
Acld,i:,twno.i. lunclteon .tic.kw _____ at:. $ 1. 00 

MCATA membership □ regular, 

□ student, 

* * * * * * * * * * * * * * * * * 
NCTM membership (optional) 

$3. 00 

-with Alut:hmeti.c. Te..ac.heJL $12 . 00 ( ) 
-with Ma.t:he..nnti.e Teaelwt $12 .00 ( ) 
-with both j ournals $18. 00 ( ) 

□ new 

□ renewal 

* * * * * * * *  
□ new 

D renewal 

. $  14. 00 

$ 

---
* * * * * 

$ __ _ 

TOTAL • •  $ ---
* * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * 

Accommodation available at the Red Deer Lodge, Red Deer, Alberta 

(Re.gi.A-tvr. cliJr.eclhJ JteqUUting UCATA Con!e.Jlell.U. 1UU:.eA )  

Regular Room: Single $20.00; Double $26 . 00 

Bed Sitting Room: Single $23.00; Double $28.00 

* * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * 

You may pre-register by completing the above form and mailing it, with your 
cheque, to: Hr. Dave Mackenzie, 49 Greenfields Estates, ST. ALBERT T8N 2G2.  
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