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From the Editor's Desk 

Your editor, NCTM representative, and NCTM "name of site" chairman 
were all able to attend the annual NCTM meeting. Resolutions passed 
at the business session that affect MCATA and other Alberta math 
teachers expressed the following: 

• a need for improvement in the ability to teach reading math and/or 
improvement in the ability of students to read math properly; 

• a need for proper facilities for students with special needs, both 
handicapped and exceptionally gifted; 

• a need for better public awareness of the importance of mathemat­
ics in modern society and its future; 

• a need for the use of multi-year membership dues; 
• a need for the use of particular articles from the Arithmetic 

Teacher and the Mathematics Teacher in the classroom, including 
duplicating thereof without special permission; 

• a need for increased publication of material for special education 
needs; and 

• a need for a position on the use of microcomputers. 
The publications personnel already accept the policy of using the ma­
terial in the classroom, including duplicating, so long as only perti­
nent articles are used and no charge to students is involved. 

Almost all of the programs that followed the business session 
focused on reading in math and/or special needs in a very real way and 
provided some concrete assistance toward attaining the goals for im­
provement in teaching in these areas. 

Another activity of our group included making contacts to enlarge 
our Calgary "name-of-site" meeting, October 11-13, 1979. We now have 
a program that includes one or more activities for every grade level 
for every session, with local and international speakers in abundance. 
Programs will be sent to each MCATA and/or NCTM member soon for your 
early perusal and planning. Whatever needs you may have or may antic­
ipate will be given exposure at this meeting, so you know you will 
return home with more knowledge, ideas, and inspiration for having 
participated. Further, there will be NCTM representatives at this 
meeting who will be ready to discuss your concerns about the above 
resolutions, about publications, or about other issues. 

Ed CaNugeJt 
Editor 
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What's in a Cryptarithm 

by W,i,,U,lam J. 81{.Uc.e. 

The purpose of this article is to suggest to teachers of mathematics how 
cryptarithms can be used as a source for design and instruction experiences in 
arithmetic and algebra. 

Cryptarithms have been around for a long time, but for most people they have 
been little more than a superficial exercise in trial and error problem solving. 
Invariably these have been additive. By use of an example, the problem may be 
stated as follows: 

Solve on the set {0,1,2,3,4,5,6,7,8,9} the addition cryptarithm 
S E E 
S E A 
E B B 

in which each different literal number is to be replaced by a different 
decimal digit and S and E have nonzero replacements. 

Examination of this example shows that four different literal numbers are 
involved. The replacements for these literal numbers must be such that the re­
sulting numbers for S E E  and S E  A must add up to the number replacement for 
EBB. Carrying is permitted. By trial and error alone, even an elementary­
grade student might find a solution to be one or the other of 

255 377 
256 and 378 . 
5ll 755 

In this process, considerable practice in addition with carrying will have been 
experienced, as well as the thrill of having solved a problem, even though, pos­
sibly, only partially. The question should arise as to whether other solutions 
exist and the student will realize that the method of trial and error is limited. 

Junior higr school students should be able to pursue the problem of finding 
the general solution of this cryptarithm. It will be evident that the system 

E + A = B 

E + E = B 

S + S = E 

must be examined. From the first two relations it follows that E +A= E + E, 
so that A= E. But this is not possible since the replacements for A and E must 
be different. Thus, this system does not yield a solution. Note that no carry­
ing has been used. 
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If carrying is introduced in the first equation, we get 
E + A= 10 + B 
E + E + 1 = B 

S + S = E 



as another possible system. But from the first two relations it follows that 
E + A - 10 = E + E + 1, so that A= E + 1 1. This implies that A� 12, since 
E > 0. But none of the replacements can be greater than 9, so the above system 
cannot have a solution either. 

Similarly, if carrying is permitted in the second equation, we have 
E + A = B 
E+ E= lO+B 
S+ S+l= E. 

The first two equations now yield A= E - 10 and this implies A< 0, which is 
not admissible, so this system has no solution. 

There remains only one other possibility, namely, that carrying might occur 
in both of the first two equations. The system then will be 

E + A= 10 + B 
E + E + 1 = 10 + B 
S + S + 1 = E. 

From the first two equations, we get A= E + 1, which is possible. Since 
E + A� 10, and since 2S = E - 1 from the third equation, the only possibilities 
are found by using these relations and choosing E first, say, to obtain 

E = 5 6 
A = 6 7 
B = 1 3 

S = 2 

7 8 
8 9 
5 7 
3 

Therefore, this system yields only two solutions, namely, 

255 377 

256 and 378 . 
5Tf 755 

Since there are no other systems to solve, these are the only solutions of the 
cryptarithm. The procedure just described is applicable, with only minor dif­
ferences, to the problem of finding the general solution of any given cryptarithm. 

Students should be encouraged to experience the fun of designing and trying 
to solve their own addition cryptarithms. They should restrict their choice at 
first to three-letter words with few unknowns. The ones with three unknowns are 
not numerous. For example, the silly ones, 

B A A A B A 
B A  A and A B  A ,  
E B B B E B 

have three unknowns and two solutions each. Those with four unknowns are quite 
easily designed. These could be 

T A R 
F A T 
R A T 

(no solution) 

F A T 
R A T 
T A R 

(3 solutions) 

A N N 
E A T 
T E A 

(2 solutions) . 
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As more and more unknowns are included, an even wider variety is possible and in 
some cases the number of solutions becomes quite great. The following have five 
unknowns: 

A N N 
T O 0 
F A T 

(10 solutions) 
For those with six unknowns, try 

P A T 
S I P 
p O p 

S A M 
S I P 
p O p 

(no solution) (many solutions, 
For seven unknowns, 

E A T 
H O T 

attempt 
J A N 
N O T 

B A D 

(no 

A N N 
N O T 
F A T 
solution) 

T E N 
P I N 

B E T 

T E A 
F 0 R 
T W 0 

T O M 
T O 0 

( 11 

S U N 
N O T 
H O T 

F A T 
solutions) 

D A N 
E A T 
D O G 

D A N 
N O T 

B A D 

E A T 
B A D 
D O G 

P A T 
N O T 

B A D 
(320 solutions) 

When cryptarithms are extended to four-letter words, the solutions involve 
solving systems of four equations but the procedure is the same as before. 
Consider the addition cryptarithm 

J E A N 
B A R R 
N I C E . 

The systems that must be considered are 
CASE I. No �aJUtying 

N + R = E 
A + R = C 
E + A = I 
J + B = N (no solution) 

CASE II. CaJUtying in one equation 
(a) N + R = 10 + E (b) N + R = E 

A +  R + 1 = C A +  R = 10 + C 
E + A = I E + A + 1 = I 
J + B = N J + B = N 
(4 solutions) (no solution) 

CASE III. CaJUtying in :two equa.tion,6 
(a) N + R = 10 + E (b) N + R = 10 + E 

A +  R + 1 = 10 + C A +  R + 1 = C 
E + A + 1 = I E + A= 10 + I 
J + B = N J + B + 1 = N 
(26 solutions) (no solution) 

CASE IV. CaJUtying in .tJvtee equa.tion1i 
N + R= lO + E  
A +  R + 1 = 10 + C 
E + A + 1 = 10 + I 
J + B + 1 = N 
{10 solutions) 
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(c) N + R = E 
A + R = C 
E + A = 10 + I 
J + B + 1 = N 
(10 solutions) 

(c) N + R = E 
A +  R = 10 + C 
E +A +l = lO +  I 
J + B + 1 = N 
(2 solutions) 



A total of 52 solutions were found for this addition cryptarithm, but an inde­
pendent check has not been done. 

The four-letter word addition cryptarithms, namely, 

have no solutions, but 

D E A R C A S H 
E D N A and BUY S ,  
M E A N C A R S 

D E A R L I V E 
E D N A  and V I LE 
N I C E E V I L 

do have solutions. The last one is special in that it has only one solution. 

Five-letter ones are very common. Try 
W R O N G R I G H T P O L A R T A R T Y 
W R O N G R I G H T B E A R S P A R T Y 
R I G H T W R O N G L O O S E F O R A Y 

A P P L E 
M A P L E 
B E E C H 

T I T H E 
T I T H E 
F I F T H 

(20 solutions) (one solution) 

in which the number of solutions is given only for the first and the last ones. 

Subtraction cryptarithms can be designed and solved in much the same way as 
addition ones. Consider the subtraction cryptarithm 

E B B 
S E A 
m 

in which each different literal number is to be replaced by a different decimal 
digit and S and E have nonzero replacements. The systems that must be consid­
ered are as follows: 

CASE I. No boMoW,[ng 
B - A = E 

B - E = E 
E - S = S 

No solution is possible for this case because the first two equations imply 
A =  E. 

CASE II. BoMoW,[ng .ln one. e.qu.a.lion 
(a) B + 10 -A= E (b) 

(B - 1) - E = E 
E - S = S 
(no solution) 

CASE III. BoMoW,[ng .ln :.two e.qua..tlon.6 
B + 10 - A =  E 
(B - 1) + 10 - E = E 
(E - 1) -S = S 

B -A = E 
B +lO - E= E 
(E - 1) -S = S 
{no solution) 
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This system yields two solutions, namely, 
511 755 
256 and 378 
255 m 

Note that the borrowing of 1 in the tens and hundreds places is indicated by 
B - 1 and E - 1, respectively, followed by the addition of 10 to each of the 
left members of the previous equations. Once the system is formed, the solution 
sets are determined as in the addition cases. 

Rearrangement of each system for the suhtraction cryptarithm will yield the 
corresponding system for the equivalent addition cryptarithm 

S E E 
S E A 
E B B 

This will be true always, so all suhtraction cryptarithms can be solved first as 
addition cryptarithms to obtain the solution sets. 

Teachers are urged to attempt a school project on the design and solution of 
both addition and subtraction cryptarithms. Unusual ones and original ones that 
are found are usually accepted for publication in both mathematics and science 
journals. 

DEDUCTIV E THINKING SKILLS 
(Harnadek) 

A series of six books to sharpen deductive thinking skills of students. 
They are supplementary, non-graded, low-read, and interdisciplinary with gener­
ous amounts of white space and fairly large type. A seventh book gives optional 
extra instructions. The range of difficulty is from gifted lower-elementary to 
average lower-college student. This series gives students a happy diversion 
from classroom routine after regular work is completed. It demonstrates the use 
of pure deductive reasoning in reaching logical conclusions. 

TITLES: (7) 
Mind Benders A-1 (easy) 
Mind Benders A-2 (easy) 
Mind Benders B-1 (medium) 
Mind Benders B-2 (medium) 
Mind Benders C-1 (hard) 
Mind Benders C-2 (hard) 
Mind Benders Instructions 

Obtainable from: 
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Western Educational Activities Ltd., 
Box 3806, 
Edmonton TSL 4J8 

Price: $3.75 each 
(32-36 pages) 



CONSTRUCTIVE EXPERIENCES WITH DECIMALS 

by T • E • K), e.Jum 
Faculty of Education 
University of Alberta 
Edmonton, Alberta 

The first of a series of decimal exercises were published in the March 1979 
issue of delta-k. The following exercises are a continuation of the series. 

DECIMAL TASK SET1: 

Tenths, Hundredths, Thousandths 

On your table you should have two flats divided into 100 congruent smaller 
squares, a number of longs, and a number of smaller cubes. You should also have 
one large cube. 

1. If a long is considered as one unit, what fractional name would describe 
one of the small squares? 
Why? 

2. Using longs and small cubes, illustrate the following: 
(a) 7/10 

(b) 3 6/10 

3. Using longs and cubes, find the following: 
(a) 3 6/10 + 4 1/10 

(b) 2 5/10 + 1 7/10 

Explain your result: 
(c) 4 5/10 - 2 1/10 

(d) 1 7 /10 - 9/10 

4. Write a set of directions for children and have them answer the following 
using longs and squares: 

(a) 2 7 /10 = /10 

( b) 13 4/10 = /10 

( C) 43/10 = 4 /10 = 3 /10 

9 



5. Sketch a cork board display which shows how to find the following results 
using longs and cubes: 

6. 

11 f 10 

Change gears! Suppose a flat 
name is now assigned to: 

(a) longs ? 

(b) sma 11 cubes 

(c) 1 arge cubes 

is now considered as a unit. What fractional 

□ ? 

? 

7. Using the materials, illustrate each of the following at least two ways: 

(a) fl a ts (1) 

25/100 

(b) flats (1) 

1 13/100 1 

longs (1/10) 

longs (1/10) 

1 

cubes (1/100) 

cubes ( 1/100) 

1 

8. Develop a short demonstration for children to show them how to use the 
blocks to solve the following: 

(a) 1 3/10 + 27/100 = 

(b) 36/100 + 29/100 = 

(c) 4/10 + 3/100 + 49/100 = 

(d) 1/2 + 1/5 + 3/20 = 

9. Using the materials, show two fractions equivalent to the following: 

(a) 1/2 5 longs (5/10) 50 cubes (50/100) 

(b) 1/4 

(c) 2/5 

(d) 3/4 

(e) 7 /20 

10 



10. The diagram below shows 7/10 -. 2. 

DDDDDDD 

+D DD □□ □□ 
-------- □ □□ 

DOD □ □□ 

+CD D 
□

□
□ 

□ □ 
----------------

DOD 
□□ □□ 

Sketch diagrams for the following: 

(a) 8/10 f 5 

( b) 1 8/10 + 5 

(c) 25/100.,. 5/10 

' 7 /10 2 = 35/100. 

(Can you think of an equivalent division question?) 

11. Change gears one more time. Suppose the large cube is a unit. What is a 
sequence of activities for children which will lead up to their being able 
to do the following: 

(a) 37/100 + 25/1000 + 5/10 

(b) 2 f 3 

The purpose of this task set has been to show a way of providing meaning to 
fractions which relate to decimals, to show physically the simplicity of the 
decimal operation of adding, and to show experiences relating decimal fractions 
to other fractions. 
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CONSTRUCTIVE RATIONAL NUMBER TASKS 

by T. E. K,i_e11..e.n 
Faculty of Education 
University of Alberta 
Edmonton, Alberta 

The first of a series of number tasks were published in the March 19?9 issue of 
delta-k. The f'oUowing exercises are a continuation of the series. 

FRACTION TASK 3: 

Operators and Machines 

1. Complete the table below: 

Input 

10 

20 

50 

100 

15 
5 

75 

5000 
3000 

Output 

6 
12 
30 
60 

The name of this machine is a ____ for ____ machine. For every 
5 that go in, ____ come out. 

2. For the above machine, complete this table: 

Input 

12 

Output 

9 
300 
600 



How did you know these results? 

You were using the notion of "inverse. " A machine which would do the re­
verse of the 3 for 5 machine above would be a 5 for 3 machine. 

3. Find a partner. Each of you make up a machine with a mixed list of eight 
inputs and outputs. Make sure you give three complete pairs. Exchange 
lists and see who can give the most correct answers. Here is a sample game 
machine: 

Input Output 

15 10 
9 6 

60 40 
6 

2 
24 
18 

20 

This machine is a for machine. Its "inverse" machine 
wou l d be a __ f_o_r_

_ 
_ __ m_a_c_h_i_n e . 

4. Here is a mysterious machine's input and output list. Can you complete it? 

Input Output 

10 10 
3 3 

727 727 

46 

29 
11 

7777 

21 

13 



Can you name this machine? _____ for _____ . A formal mathemati-
cal name for this machine is the identity machine. Its inverse machine 
would be a _____ for _____ machine. 

5. Here are two machines. 

1 
for 

3 

1 
for 

2 

The output from the first machine is the input for the second machine. Can 
you complete the table below? 

11achine 1 

I 0 
30 10 ----------
12 4 ----------
24 8 ----------
60 20 ----------
90 ----------

120 ----------
2 ----------

----------
----------

Machine 

I 

10 
4 

--

2 

0 
5 

2 

10 

1 

4 

2000 

Look at these machines carefully. What fraction could you use to automati­
cally get the final result if 300 were put into the first machine? 

We can write this result 1 for 3 followed by 1 for 2 is the same as 1 for 6. 

In more mathematical symbols, 1/3 --- 1/2 = 1/6. 

6. Use the machine idea to solve the following: 
1 for 2 followed by 1 for 2 is for --- ---
3 for 4 followed by 1 for 2 is for 
1 for 1 followed by 3 for 7 is for 
3 for 5 followed by 5 for 3 is for 

---

---

---
4 for 7 followed by ___ for ___ is 1 for __ _ 

7. What mathematical operations and what ideas are related to this approach to 
fractions? 
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FRACTION TASK 4: 

Part-Whole Equivalence 

1. Using the set of 72 objects in front of you, complete the following list of 
all the ways you can divide 72 objects into subsets of the same size. 
(1) 36 sets of 2 
(2) sets of 36 
(3) 24 sets of 
(4) 

(5) 

(6) 
* 

* 

* 

How many ways of partitioning the 72-object set did you get? 
Why is there such an abundance of ways? (Remember Kennedy, pp. 268-273) 

2. Looking at a list of partitions helps one see ways in which fractions can be 
expressed. For example, because there are four sets of 18 in 72, 18/72 can 
be expressed as 1/4. 

Complete the following lists of ways that the partitioning of 72 suggests 
for expressing various fractions. 
(a) 18/72, 1/4, __ , 
(b) 24/72, 2/6, _, __ , 

*(c) 10/72, 
*(d) 4/72, 
*(e) 17/72, 

__ , __ , __ , --

__ , __ , __ , --

__ , __ , __ , --
*Can you fill all the blanks? Why or why not? 

What can you say about the fractions in set (a) above? 

What can you say about all the sets of fractions above? 

FRACTION TASK 5: 

Measurement and Addition 

1. Look back to Fraction Task 1 and use your tape from that task or make a new 
tape. 

15 



2. Measure the following 
lowing table. 

Object 

(a) book 
(b) table 
(c) room or part 

of room 

objects as 

A 

Side 1 

precisely as you can, and complete the fol-

B 

Adjacent 
Side 

C 

Both Sides in a 
Single Measure 

D 

Sum of 
A + B 

3. What appears to be the relationship between columns C and Din the table? 

4. If the two sides of the room measure 6 1/2 and 4 3/8 tapes, we can relate 
these to the total length 10 7/8 with the following sentence: 
6 1/2 + 4 3/8; 10 7/8 

Using your data, write three sentences which describe the relationship be­
tween the side lengths and the total. 

Why do we use; instead of=? 

Why, in theory or in elementary school texts, can we write: 
6 1/2 + 4 3/8 = 10 7/8? 

5. Use two pieces of mayfair board which contain units marked off in eighths. 
Label the points starting at 1/8 with appropriate fractional and whole num­
ber names (for example, 3/4, 11/8, 3/2, et cetera). 

6. Use the two rulers to add 1/2 and 1/4. Result-�-�· Write a set of 
directions for Grade VI or VII children which would tell them how to add 
numbers using these rulers. 

7.  Use your ruler to add the following numbers: 
(a) 3/8 + 3/4 = 

(b) 5/8 + 3/2 = 

( C) 7/4 + 1/8 = 

( d) 17/8 + 1/2 = 

8. Re-label your rulers using mixed numerals (for example, 1 1/2, 2 1/4, 

16 

et cetera) or at least think of the partitions in those terms. Complete the 
following: 
(a) 3/8 + 3/4 = ---
(b) 1 3/8 + 1 1/2 = ---

J 
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(c) 1 1/4 + 7/8 = 

(d) 1 3/4 + 1 5/8 = 

9. Use your ruler to answer the following questions: 
(a) 3/4 = /8? 
(b) 5/2 = /4? 
(c) 5/4 = /8? 
(d) 5/4 + 7/8 = 

This is the same question as 
(e) 3/2 + 5/4 = 

is the same as /4 + 5/4; 

/8 + 7/8 = 

10. The purpose of this task sheet has been to show two things: 
A. Fractions or rational numbers can be added! There is no question of 

common denominators! 
B. When you are making up a quick algorithm which uses symbols only, 

equivalence allows you to make use of the common denominator notion to 
do so. 

AMUSEMENTS IN DEVELOP ING GEOMETRY SKILLS 
(Clack and Leitch) 

In BOOK 1 (informal geometry), exercises are on Mixed Polygons, Squares, 
Rectangles, Parallelograms, Trapezoids and Triangles, and deal with perimeter, 
sides, and area of the latter five. Exercises on Circles deal with lengths 
only. Word searches and scrambled words are found in Miscellaneous Puzzles. 

BOOK 2 (informal geometry) deals with Mixed Polygons (perimeter and sides), 
Squares and Rectangles (perimeter, area, and sides), Parallelograms (perimeter, 
area, sides, altitude), Trapezoids (perimeter, area, bases, sides, altitude), 
Triangles (perimeter, area, sides, base, altitude), Circles (diameter, radius, 
circumference, area), Mixed Polygons and Circles (perimeter, area), Miscellane­
ous Puzzles (word search, scrambled words, crosswords). 

BOOK 3 (formal geometry) deals with Real Number Properties and Logic, Angle 
Relationships and Perpendicular Lines, Parallel Lines and Planes, Congruent Tri­
angles, Applying Congruent Triangles, Similar Polygons, Similar Right Triangles, 
Circles, Constructions - Coordinate Geometry, Areas of Polygons and Circles, 
Areas and Volumes of Solids . 

Obtainable from: 

Western Educational Activities Ltd., 
Box 3806, 
Edmonton T5L 4J8 

Prices: 

BOOK 1 (elementary) 
BOOK 2 (junior high) 
BOOK 3 (senior high) 

$7.15 
7.15 
8.35 

Duplicator 
Masters 
$15.50 

15.50 
16.75 
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1979 Alberta High School Prize 
Examination Results 

Prize $ Amt. Student School 

Canadian Mathematical 400 PATON, Gregory Lindsay Thurber Composite High 
Society Scholarship Red Deer, Alberta 

Nickel Foundation 400 Not awarded 
Scholarship 

First runner-up 150 WONG, Eric Ross Sheppard Composite High 
Edmonton, Alberta 

Second runner-up 150 MOREWOOD, Robert Medicine Hat High School 
Medicine Hat, Alberta 

Special 

Provincial Prizes 

Highest Grade 12 75 ANTOLAX, John St. Joseph's Sr. High School 
student (below first 3) Grande Prairie, AlberLa 

Highest Grade 10/11 75 BARAGAR, Arthur Old Scana Academic High 
student (below first 3) Edmonton, Alberta 

District Prizes 

District No. $ Amt. Student School 

1 50 SLAVEN, Robert Sir John Franklin High School 
Yellowknife, N.W.T. 

2 50 KLEM, Raymond H.A. Kostash High School 
Smoky Lake, Alberta 

3 50 FINLAY, Warren Salisbury Composite High 
Sherwood Park, Alberta 

4 50 PENNER, Robert Lindsay Thurber Composite 
Red Deer, Alberta 

5 so SHEPHERD, Douglas Hugh Sutherland Sr. High 
Carstairs, Alberta 

6 50 NEUFELDT, David Kate Andrews High School 
Coaldale, Alberta 

7 (1) 50 BOWMAN, John Old Scona Academic High 
Edmonton, Alberta 

7 (2) 50 WELSH, Michael Old Scana Academic High 
Edmonton, Alberta 

8 (1) 50 KRYCZI<A, John Bishop Carroll High School 
Calgary, Alberta 

8 (2) 50 KOLODINSKY, Steve Queen Elizabeth High School 
Calgary, Alberta 
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267 students from 58 schools in Alberta and the Northwest Territories wrote 
the 1979 examination . The following students took the first 16 places and are 
nominated for the Canadian Mathematical Olympiad : 

Student 

ANTOLAK, John 
BARAGAR,  Arthur 
BARAGAR,  Henry 
BOWMAN, John 
KAY, Lewis 
KOLODINSKY , Steve 
KRYCZKA, John 
LEUNG , David 
LOVE , Nathan 
MA, Raymond 
MOREWOOD, Robert 
PATON, Gregory 
SHEPHERD, Douglas 
WELSH ,  Michael 
WINQUIST, Eric 
WONG , Eric 

The following students placed 17-30 : 

School 

St. Joseph ' s  Sr . High School , Grande Prairie 
Old Scona Academic High School , Edmonton 
Old Scona Academic High School ,  Edmonton 
Old Scona Academic High School , Edmonton 
Ross Sheppard Composite High School , Edmonton 
Queen Elizabeth Jr . -Sr . High School ,  Calgary 
Bishop Carroll High School , Calgary 
Harry A inlay Composite High School , Edmonton 
J. G .  Diefenbaker High School,  Calgary 
Victoria Composite High School , Edmonton 
Medicine Hat High School , Medicine Hat 
Lindsay Thurber Composite High School , Red Deer 
Hugh Sutherland Sr. High School , Carstairs 
Old Scona Academic High School , Edmonton 
Bonnie Doon Composite High School , Edmonton 
Ross  Sheppard Composite High School , Edmonton 

Victoria Cho (McNally Comp . High School , Edmonton) ,  Jocelyn Coates (Old Scona 
Academic High School , Edmonton) , Dean Elhard (William Aberhart High School , Calgary) , 
Warren Finlay ( Salisbury Composite High School , Sherwood Park) , Brian Hart (Prairie 
High School , Three Hills ) , Raymond Klem (H .A . l<ostash High School , Smoky Lake) , 
Richard Maisonneuve (Salisbury Composite High School , Sherwood Park ) , Andrew McIntosh 
(Bishop Carroll High School , Calgary) , David Neufeldt (Kate Andrews High School , 
Coaldale) ,  William Olsen (Old Scona Academic High School , Edmonton) ,  Robert Penner 
(Lindsay Thurber Composite High School , Red Deer) , Gautam Rao (Eastglen Composite 
High School , Edmonton) , Charles Ursenbach (Dr . E . P .  Scarlett High School , Calgary) , 
Carl Wilting (M . E .  Lazerte Composite High School, Edmonton) .  

The following students placed 31-50 : 

Douglas Allen (William Aberhart High School , Calgary) , Mike Blum / Lord Beaverbrook 
High School , Calgary) , Kim Chernowski (Old Scana Academic High School , Edrnonton ) ,  
Edward deBeaudrap (Didsbury High School , Didsbury) ,  Ken deCock (St.  Michael ' s ,  
Pincher Creek) , David Filipchuk (Harry Ainlay Composite High School , Edmonton) ,  
Donald Haigh (Lethbridge Collegiate Institute, Lethbridge) ,  Joe Kasper (Louis 
St . Laurent High School , Edmonton) ,  Andrew Kennett ( Lord Beaverbrook High School , 
Calgary ) , Paul Moret (St. Joseph' s  Composite High School, Edmonton) ,  Srinath 
Mutyala ( Harry A inlay Composite High School , Edmonton) ,  David Muzyka (Bonnie Doon 
Composite High School, Edmonton) ,  Robert Nordal {Dr ,  E.P. Scarlett High School , 
Calgary ) , Robert Proudfoot (Didsbury High School , Didsbury) ,  Michele Reeves 
(William Aberhart High School, Calgary) , Dave Salahub {Sir Winston Churchill High 
School , Calgary ) , Robert Slaven ( Sir John Franklin High School , Yellowknife) , 
Angelee Wahl (Medicine Hat High School , Medicine Hat) , Jeffery Westbrook {Sir 
Winston Churchill High School , Calgary) , Gary Wiens (Didsbury High School , Didsbury) .  
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ANSWER SHEET 

To be fi l l ed in by the Candidate . 

PRINT : 
Last Name 

Candidate ' s  Street Address 

Name of Candidate ' s  School 

Grade 

ANSWERS : 

2 3 4 5 6 7 

1 1  1 2  1 3  14 15 16 1 7  

First Name Initial 

Town/City POSTAL CODE 

8 9 1 0  

1 8  1 9  20  

To be  completed by  the Department of Mathematics , University of  Alberta : 

Points Point s Correct Number Wrong 

1 - 20  5 5 X 1 X = 

TOTALS C = w = 

SCORE = Correct - Wrong = 
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PART I Time: 60 Minutes 

Instructions to Candidates 

1 .  Please do not open this booklet beyond Page 2 until instructed to do 
so by the supervisor . 

2 .  Please turn now to Page 2 (the next page) and fill in the top four lines -
Page 2 is your answer sheet . 

3 .  This exam is multiple choice. Each question will be followed by 5 
possible answers , labelled A ,  B ,  C ,  D ,  E .  For each question , list 
your choice of answer in the box on the answer sheet directly above 
the question number. For example, if you decide the correct answer to 
question 3 is labelled C ,  then enter C in the box above 3 on the answer 
sheet . 

4. To discourage random guessing, there is a penalty for each incorrect 
answer ; there is no penalty for unanswered questions . Filling in 
more than one letter in any box counts as a wrong answer for that 
question . 

5 .  At the signal from your supervisor,  detach both this page and page 2 
(the answer sheet) and begin the examination. Pencil , graph paper , 
scratch paper , ruler , compass , and eraser are allowed. 

Calculators are !!.£!_ allowed. 

Do all problems . Each problem is worth five points . 

1 .  A triangle  has sides of lengths 1 ,  2 and 13 .  

I t s  area i s  

(A) 1/2  

(C) 2 

(E) none of these . 

(8)  /3/2 

(D) 2 /3  

2 .  P (x) = 4x4 - kx2 + 1 has two double  roots if  

(A) k = 1 (B) k = 2 

(C) k = 3 (D) k = 4 

(E)  none of these i s  true . 

2 1  



3 .  For what value s of  a , b i s  the equation (/ og 1 o b

)
ab 

(b 

log 1 0 a

)
ba 

t rue? 

(A) Al l values o f  a and b ( B )  No values of a and b 

(C)  A l l  pos i t ive values of  a and b 

(D )  Al l negat ive values of a and b 

(E ) none of these i s  correct . 

4 .  The equation of  the l ine that is  perpendicular to the l ine 

X + 2y = 3 and passes  through the point ( 4 ,  S )  i s  

(A) X - 2 y  = 3 (B )  2x  - y = 3 

(C) 2x + y = 3 (D) -2x + y = 3 

(E ) none of these . 

S .  Let S be the set of point s defined by the inequalities  x + y � 1 ,  

X - y � 1 ,  y � 1 / 2  . The area of  the region determined by S i s  

(A) 3/8 (B)  1 / 2  (C) 5/8 (D )  1 (E)  none of  thP.se . 

6 .  X i s  a square of diagonal 1 ,  Y i s  an equilat eral t riang l e  of 

side 1 and Z is a right -ang led i sosceles  triang le  whose  equal s ides 

have l ength 1 . Comparing the areas of these figures , 

(A) X i s  larger than both Y and Z (B )  Y i s  l arger than both Z and X 

(C )  Z i s  l arger than both X and Y (D )  X , Y , Z  a l l  have the same area 

(E )  none of  these  i s  correct . 

7 .  A posit ive integer i s  squarefree if  it  cannot be divided exactly  by the 

22 

square of  an integer larger than 1 

integers l es s  than 20  i s  

(A) 0 (B )  3 (C )  9 (D )  1 3  

The number o f  pos it ive squarefreE 

(E) none of these i s  correct . 



8 . The solutions of the equation (sin e 2 + cos 0 )  = 1 are 

(A) a l l  multiples of TT/2  (B) all  multiples of TT 

(C) all  odd multiples of TT/2 (D)  all  even multiples of TT 

(E) none of these is correct. 

9. The sum of the first 27 odd positive integers i s  

(A) 1 53 (B) 1 96 (C) 144 (D) 2 1 6  (E) none of  these. 

1 0 .  

� )
n 

{cni n ) is  equal to 

(A) 2 (B) rz (C) 4 ( D) 8 (E)  none of these . 

1 1 . I f  a. ,  a are the roots of 2 

+ 
7x - 5 0 ,  then 2 

+ 
a2 i s  equal X = a. 

to 

(A) 59 (B) 47 (C) - 15  (D) 35 (E)  none of these. 

1 2 .  In the figure,  AOB and COD are straight l ines and 0 is  the center 

of the circ le ,  whi le PD , PA, QB, QC are tangents to the circ le. 

The distance from p to Q i s  'D 

(A) 2 
'P 

(B) 3 

(C) 4 

(D) 1/2  

(E) none of these. Q 

C. 
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1 3 .  For which values of x is  a triangle with sides x ,  x+l , x+2 

an acute-angled triangle? 

(A) X = 1 

(C) x < 4 

(E) none of these is true . 

(B) x > 2 

(D) x > 3 

14 .  Which of  the fol lowing inequalities are always true for any pair of 

real numbers x ,y? 

(A) X + y $ xy 

(C) (x+y) � xy 

(B) 

(D) 

2 (x+y) � xy 

2 (x+y) � X + y 

(E) none of the preceding is  always true. 

15 .  A twelve-hour digital watch displays the hours , minutes and seconds. 

1 6 .  

24 

During one complete day it registers at least one figure 3 for a total time 

of 

(A) 1 hour and 5 seconds 

(C) 2 hours and 24 minutes 

(E) none of these. 

(B) l hour, 15  minutes and 15  seconds 

(D) 3 hours 

In the diagram ,  ABCD is  a square of  side 1 and APQ is  an equilateral 

triangle. The length DQ is equal to 'B ,p 

(A) 1/2  

(B)  12 - 1 

(C ) 1/3 

(D) 2 - 13 

(E) none of these. 



1 7 .  The product o f  John and Mary ' s  ages i s  five more than four times the 

sum of their ages. If Mary is 4 years yoW1ger than John , John ' s  age is  

(A) 1 3  (8) 1 1  (C) 9 (D) 7 (E) none of these .  

18 .  In  a pol l  of 1 000 coffee drinkers , 40% preferred their coffee with neither 

cream nor sugar and 60% of the remainder preferred their coffee with cream 

only. After deducting both of these groups , 40% of those left preferred 

their coffee with sugar only. The rest preferred coffee with cream and 

sugar and their number was 

(A) 144 (8) 216  (C) 96 (D) 1 72 (E) none of these is  

correct. 

1 9 .  A sphere and a triangle cannot intersect in exact ly 

(A) 1 point (8) 2 points 

(C) 3 points (D) 4 points 

(E) al l  of the preceding are possible .  

20 .  The picture cards are removed from a pack of 52  playing cards. The 

number of ways of drawing 2 cards from the remaining 40 so that the sum 

of the numerical values is 10  i s  

(A) 100 

(C) 50 

(E) none of these . 

(8) 10  

(D) 7 0  

25 



PART II Time: 1 10  Minutes 

26 

INSTRUCTIONS TO CANDIDATES 

Do each of questions 1 ,  2 and 3 and any two of questions 4 ,  5 

and 6 .  All questions are weighted equally and you may attempt them in 

any order you wish. 

Your paper should be concise and complete and each step of your 

answer should be clearly justified and presented in a legible and 

intelligible form. Extra credi t will be given for particularly elegant 

solutions as well as for non-trivial generalizations with proof. If 

there is any doubt about an interpretation of a problem, make a note of 

that on your paper and state and solve wha t you consider to be a valid 

non-trivial interpretation of the problem. 

1 .  A hexagon is  inscribed in a circle 

as shown . I f  two pairs of opposite 

sides are paral lel , prove that the 

third pair of sides are also 

paral lel . 

2 .  Determine al l real values of 

intersects the curve given by 

exact ly two distinct point s .  

A for which the l ine x -

3 3 2 2 x + y - 2x + Ay + x + 

y = 1 

y = 0 in 



3 .  Prove that for any integer n ,  is  exactly divisible by 5 .  n - n 

4. If a single die is thrown, each of the numbers 1 through 6 has 

an equal probability of occurring , namely one-sixth. Now suppose 

that four such dice are thrown - together. Find the most probable  

value of  the total number obtained , and the probability of obtaining 

this number. 

5 . Start ing with a given positive integer n ,  the fol lowing procedure i s  

used for obtaining a sequence of integers : 

Suppose the previous number obtained i s  m . I f  m i s  even , tr.· 

next number i s  m 

2 
if m 

square number l arger than m 

is  odd , the next number is  the smallest 

If  1 is obtained , the sequence 

terminates. For example ,  if we started with 20 , the sequence would 

proceed 2 0 ,  10 , 5 ,  9 ,  16 ,  8 ,  4 ,  2 ,  1 .  

Prove that for any starting number n ,  the number 1 wi l l  be 

obtained after a finite number of steps. 

6 . In a round-robin tennis tournament , 16 men played each other once 

with no t ie games allowed . Show that it is  possible to l abel the men 

beat 
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Solutions to Part I 

I B I D C B E E D A E C 

2 3 4 5 6 7 8 9 1 0  

I A X D B E D B A E D 

1 1  1 2  1 3  14  1 5  16  17  18  19  20 

X = The diagram associated with this question was incomplete and 
any answer given was marked as correct . 

Solutions to Part II 

1. Suppose AB I I nc , Be l I EF . Let 

0 be the center of the circle . 
A .,,,...... 

We have ABC = FED (ar 6l es formed 

by parallel  pairs of lines) and 

so AC =  DF (chords of a circle 

subtending equal an�les ) .  

Since AO , CO , DO , FO are al l  

equal (radi i of the circle) , we find 

that bAOC , bFOD are conguent isosce les triangles (corresponding sides are 

28 

� /",. ............ /",. 
equal ) . Therefore OAC = OCA = OFD = ODF = a 1 , say. Now bAOF , bCOD 

.,,,...._ /"-.. 
isosceles triangles , and so OAF = OFA = a

2
, 

,,,,,..._ .,,,...._ 
OCD = ODC = a

3
, say . 

are 



.,,,....... ,/'.. ,.,,..._, .,,,,,..._ ,,-.. 
Thus DCA + CAF = OCD + OCA + OAC + OAF ·- 83 + 8 1  + 8 1 + 0

2 
= 20 + a + 1 2 83 . 

---. .,,.,....__ � /"-.. /',.. 
Simi larly,  CDF + DFA = coo + ODF + DFO + OFA -= 281 t-

8
2 

+ 83 J 

.,,,,...._ ,,,,,...._ .,A... 
DCA + CAF = CDF + DFA . But these four angles 

convex quadri lateral , and so add up to 360° . 

and so CD I I AF 

are the interior 

It follows that 

and so 

angles of a 
/'-. /"­
DCA + CAF = 

2 .  Put x = l+y and substitute int� the equation of the curve to get 

1 + 3y + 3y2 
+ y3 

+ y2 - 2 - 4y - 2y2 
+ Ay2 

+ 1 + y + y = 0 ,  

which simplifies to 

3. 

y [ 2y2 
+ (A+ l )y  + 1 )  = 0 .  

One root (and hence one point of intersection of the line and the curve) is 

given by y = 0 .  To obtain exact ly one more intersection point , the 

d t . 
2y2 

+ (A+ l )y  + 1 -- 0 t h  d b l  qua ra 1c mus ave a ou e root . The condition 

for a double  root is that the discriminant 2 (A+ l )  - 8 = 0 ,  that is ,  

A = - 1  + /8 

5 4 2 2 n - n = n (n - 1 )  = n (n - l ) (n + 1) 

= n (n- l ) (n+ l ) (n2+ 1 )  . 

Any integer n leaves a remainder of 0 ,  l ,  2 , 3 or 4 when divided by 5 .  

180° 

I f  the remainder is 0 ,  1 or 4 ,  respectively,  then n ,  n- 1 ,  n+ l ,  respectively 

are divisible by 5 If  the remainder is 2 or 3,  respectively, then n 

. f h f Sk 2 . 1 d n2 
+ 1 -- (Sk,:_2 ) 2 1s o t e orm + , respective y ,  an so 

= 2Sk2 + 20k  + S ,  whi ch is again divisible by 5 . 

is divisible by 5 

So in all  cases , n - n 

4. Throwing a single pair of dice yields the numbers 2 through 1 2 with the 

fol lowing probabil ities : 
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PROBABI LITY TABLE 

number : 

prob . 

2 

1/36 

3 

2/36 

4 s 

3/36 4/36 

6 7 

5/36 6/36 

8 9 

5/36 4/36 

1 1  1 2 

3/36 2/36 1/36 

Throwing four dice i s  equivalent to throwing two pairs and the most probable 

total number obtained is  14.  14 is  obtained if  the numbers thrown for the 

two pairs of dice are (2 , 1 2 ) , ( 3 , 1 1 ) , . . .  , or ( 1 2 , 2) ,  and we may use the 

probability table above to compute the likel ihood of throwing 14  as  

2 ( 1 2+2
2+32+4 2+s2

) + 62 

362 

146 

36
2 

73 
748 

5 .  I f  n i s  even , the next number in the sequence i s  I ,  which is  less than n 

I f  n i s  an odd number greater than 1 • then it l ies between the squares 

6. 
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of two consecutive positive even integers , say 2 2 (2m) < n < (2m+2) • 

where m � 1 . 

The next number in the sequence i s  (2m+2) 2 • or it i s  (2m+l ) 2 in which 

2 case the fol lowing number in the sequence is  (2m+2) ; in either case 

2 2 (2m+2 ) = 4 (m+ l )  is  obtained in the sequence . Then the next two numbers 

obtained are 

Now m � 1 

2 2 
2 (m+ l )  , (m+ l )  

imples that m + 1 � 2m and so < n . 

Thus in all  cases , i f  we start with n � 2 , we eventual ly obtain a number 

less than n in the sequence. Repeating this argument inductively, we must 

eventual ly obtain 1 

Let n be the maximum number of men that can be label led A
l

, A
2

, . . .  • A , n 

say ,  so  that Al beat A
2 • A

2 
beat A

3 
, . . .  , A beat A . 

n-1  n 

Obvious ly n � 2 , and we would l ike to show that n = 16 . Suppose 

that n < 16 . 



Let B be any man remaining after we have label led Al , A2 , • • •  • A 
n 

I f  B lost to each of the A . I s  , 
l. 

then we may relabel each A .  as 
l. 

B .  , i = 1 ,  2 ,  . . .  , 
l. 

n , and l abel B as B n+ l 

Otherwise B must have beaten some A .  and we choose the smal lest index 
J 

j such that B beat A .  Then B lost to al l  A .  with i < j 
J 1 

. 
Now label B as B .  • relabel A .. as B . for all  i < j and relabel 

l. 1 

A.  as B
. 1 

for all  i � j 
1 ].+ 

In both cases we have managed to l abel (n+ l )  men as B1 , B
2

, . • . , Bn+l , 

s o  that B1 beat B2 , B
2 

beat B
3 , . . .  , Bn 

beat Bn+l , which violates 

the assumption that n is the maximum number that can be label led in this 

fashion . Hence it  must be false that n < 16 , and so n = 16 ,  that i s ,  

a l l  the man may b e  label led in the appropriate way . 

MATHLAB 
(K through 8 )  

A series o f  f ive books : K ,  1-2 , 3-4 , 5 -6 , and j unior high. Metricated in 
5 1  unit s  for s tudents . Activity- oriented . Students work in pairs which rotate 
through each activity . Each o f  the books from K through to Grade VI is divided 
into three levels for each grade - each level to be done in order . Each level 
is divided into 15 activities as follows : graphing , length , whole number con­
cep t s , games , shopping , area , probability , money , volume and capac ity , shape,  
whole number computat ion , t ime , weight , geoboards , and fraction concepts . 

Each activity is set up on a page by itself and makes use of  equipment and 
materials found easily in most school s .  

The Mathlab Junior High book has eight levels - four for each o f  Grades VII 
and VIII , with nine act ivit ies in each level as follows : calculator ; fractions , 
decima l s ,  and percent ; shape; perimeter and area ; puz zles and games ; volume; 
science; probability ; and applications . 

Obtainable from: 

Western Educational Activities Ltd . , 
Box 3806 , 
Edmonton T5L 4J8 

Prices: 

Mathlab K 
Mathlab 1-2 
Mathlab 3 -4 
Mathlab 5-6 
Mathlab Junior High 

$9 . 50 
9.50 
9 . 50 
9 . 50 
5.50 
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EDITOR'S NOTE: The following "Act ivit ies· ·  from the Mathematics Teacher and "Ideas" from the Arithmetic 
Teacher are samples of some of the advantages you may have by belonging to the National Counci l  of 
Teachers of Mathematics. Another advantage is the meeting in Calgary, October 1 1 -1 3, 1 979. Because 

NCTM is a cosponsor. we w i l l  be provided with resources not normally available for our annual meet­

ings. These wi l l  include extra personnel from western Canada and western United States in attendance 
and NCTM financial support for the meeting expenses. 

actMlies 
Tetra hexes 

by Raymond E .  Spaulcu_ng 
Radford College , Radford, Va. 24142 

Reprinted from the Mathematics Teacher, October 1978 (Vol. 7, No. 7, pp. 598-602) , 
copyright 1978 by the National Council of Teachers of Mathematics. Used by 
permission. 

Teacher's Guide 

Grade level: 7-10 
Materials: Copies of worksheets 1 -3 and 

scissors 
Objectives: The students will solve prob­

lems in a geometric setting where con­
gruence and symmetry are significant con­
cepts. They will develop problem attack 
skil ls such as makir� conjectures and test­

ing those conjectures. 
Sheet I ,  A ctivity I .  Each student will 

need one copy of this sheet, which should 
be made on construction paper, i f  possible. 
Ask your students to cut three hexagons 
out of sheet I and then find as many differ­
ent polygonal shapes as possible that can be 
made using all three hexagons. One rule in 
making these shapes is that the hexagons 
have to match up along a common edge. I t  
should also be noted that two shapes are 

not considered different if one of these can 
be flipped, turned, or moved so that it fits 
on top of the other. Your students should 
find these three shapes (called trihexes): 
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& Qy cco 
Have your students cut the three different 
trihexes out of the hexagonal grid on sheet 

I .  
A ctivity 2. Ask your students to use the 

trihexes they have just cut out to find all the 
different polygonal shapes that can be 

made with four hexagons. They should find 
the following shapes (called tetrahexes): 

cxo OXX) 

cxB V  
&9 QR) 

w 



S H E E T  1 
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SHE�'I 2 
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S H E E T 3 
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Have your students cut the seven tetrahexes 
out of the hexagonal grid on sheet I .  

A ctivity 3. Ask the students to find all the 
motions of symmetry for the seven tetra­
hexes and one of the hexagons. The mo­
tions of symmetry for a shape can be found 
by tracing the shape on a piece of paper and 
then finding all the ways the shape can be 
turned and flipped and then p laced so that 
it fits exactly on the original tracing. I t  
might be helpful to label the shape i n  some 
manner first. Two of the tetrahexes can be 
placed on their tracings in only one way. 
These are said to be asymmetric shapes. 
Two of the tetrahexes can be placed on 
their tracings in exactly two ways. One of 
these has a line of symmetry, which means 
that you can flip the piece over a line so that 

it fits on its tracing. The other has a point of 
symmetry, meaning that a half turn in the 
plane about a point is a possible symmetry. 

Sheets 2 and 3. A ctivity 1 .  Use a ll seven 
tetrahexes to make each of the designs on 
these sheets. It may be necessary to turn 
some of the pieces over to find a solution. 
Your students should find that selecting a 
key piece and deciding where they think it 
might go is a good means of getting started. 

TAPESTRY OF MATHEMAT I CS 

( Laycock and Johnson )  

In  many instances the position of the first 
piece determines the positions of other 
pieces, leading to a solution or an impos­
sible situation . If the latter occurs, the posi­
tion of the key piece may be in question. 

For some students, it might be helpful to 
reproduce the designs shown on sheets 2 
and 3 in full size. This way they can arrange 
the seven tetrahexes directly on the design. 

A ctivity 2. Have your students determine 
the motions of symmetry for the shapes on 
sheets 2 and 3 .  See if they can do this with­
out cutting out the shapes. Warn them to 
be careful, since one of the shapes is asym­
metric. 

Follow- Up 

Seven more designs that can be made 
with the tetrahexes can be found on page 
149 of Martin Gardner's book, Mathemati­
cal Magic Show ( 1 977). Many more designs 
exhibiting various kinds of symmetry can 
be made from the seven tetrahexes. 
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I DEAS for this month consists of 
two posters that provide counting 
problems from geometry. Students 
will need several days to consider 
the questions. Supplementary activi­
ties can be found in the NCTM publi­
cation Boxes, Squares, and Other 
Things , by Walters. 

The posters are arranged so that 
you can make copies for the students 
to use along with the posters. 

IDEAS For Teachers 

"Squares, Squares, and More Squares" 

Objective: 
To develop two-dimensional visu­

alization and to encourage students 
to search for patterns as a way to 
solve problems. Fundamental concepts 
of area are useful. 

Levels: 2,3 ,4 , 5  

Directions for teachers: 
1. Put the poster on the bulletin 

board and let students think 
about the questions for several 
days. Provide space next to the 

poster for students to write 
their answers. 

2. Be sure students understand that 
orientation of the small squares 
does not matter. The following 
are all counted the same way: 

That is , 

n means "squares with two colored 
._. sides. " 

Similarly , 

F-:1 
Li..iJ 

means "squares with one colored 
side , 1 1  and 

r7I 
L.LJ 

means "squares with no colored 
sides. " 

3. After students have had several 
days to think about the poster, 
discuss the answers with the 
class . Help students identify 
patterns in the data. (See 
tables 1 and 2.)  
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Table 1 

How many? 

Figure El la 

2 by 2 4 0 
2 by 3 4 2 
2 by 4 4 4 
2 by 5 4 6 
2 by 6 4 8 

Table 2 

How many? 

Figu re CJ [] 0 

3 hy 3 4 4 I 

4 by 4 4 8 4 
5 hy 5 4 1 2  9 

6 hy 6 4 1 6  1 6  

Note in table 2 that the numbers 
in the second column are succes sive 
multiples of four , and the numbers in 
the third column are perfect squares . 

Going further : 

1 .  Extend each series of figures . 
Let students predi ct the numbers 
of each type of square , then have 
them check the answers by drawing 
the fi gures and countin g .  

2 .  Create a new series o f  figures ; 
for example , 3 by 3 ,  3 by 4 ,  3 by 
5 ,  3 by 6 ,  and so on . Have stu­
dents predict the correct numbers 
and then check the answers by 
drawing the figures and countin g .  

IDEAS For Teachers 

"Cubes, Cubes, and More Cubes" 

Objecti ve: 

To develop three-dimensional 
visualization and to encourage stu­
dents to search for patterns as a way 
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to solve problems . Concepts of area 
and volume are used . 

Levels : 5 , 6 , 7 , 8  

Directions for teachers : 

1 .  Put the poster on the bulletin 
board and let students struggle 
with the questions for several 
days . Provide space next to the 
poster for students to write 
their answers . 

2 .  You may want to provide small 
cubes so that students can build 
models of some of the figures. 
Be sure that students understand 
that each small cube has six 
faces , each of which is in the 
shape of a square . 

3 .  After students have had several 
days to think about the poster , 
discuss the answers with the 
class .  Help students identify 
patterns in the data . (See 
tables 3 and 4 . )  

Table 3 

Figure 

2 by 2 by 2 

2 by 2 by 3 

2 by 2 by 4 

2 by 2 by 5 

Table 4 

Figure 

Number of 
painted faces 

3 2 

8 0 

8 4 
8 8 
8 1 2  

Number of 
painted faces 

3 2 I 0 

2 by 2 by 2 8 0 0 0 

3 by 3 by 3 8 1 2  6 I 

4 by 4 by 4 8 24 24 8 



4. If students have trouble finding 
the answers , check to be sure 
that they understand that only 
the outsi de layers of cubes have 
pai nted faces. The 3-by-3-by-3 
and 4-by-4-by-4 cubes have 
smaller i nner cubes , two uni ts 
smaller on an edge , that do not 
get painted. S imilarly , the 
cubes with one , two ,  and three 
painted faces form patterns. 
(See f ig. 1 . ) 

Note that for the cubes (table 4) , 
the numbers in  the second column are 

F ig .  1 

multi ples of 12 ; the numbers i n  the 
third column are, si x ti mes the per­
fect squares (6 X 0 ,  6 X 1 ,  6 X 4) , 
and the numbers in the fourth column 
are perfect cubes. 

Goi ng further: 
1 .  Extend each series of figures. 

let students predict the numbers 
of each type of cube and then 
check the answers by drawing pic­
tures of the figures and cour�i ng. 

■ 3 pai nted faces 

Ill 2 pai nted faces 

■ 1 painted face 

39 



Squares, Squares 
How many? -

� 

□ 
EE □ 

□ : 
□ □ 

I 1 1  I I I 

1 1  i 1 1  I I 
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and More Squares 
How many? 

□ 

I 

I 

4 1  



Cubes, Cubes 

Each figure is made from small cubes and 
only the outside surface of the figure is 
painted. 
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How many small cubes have 

3 yellow faces 2 yellow faces 



and More Cubes 

How many small cubes have 

3 yellow faces 2 yellow faces 1 yellow face O yellow faces 
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Calculators in the Classroom 

The NCTM , recognizing the potential contribution of the calculator as a 
valuable instruct ional aid . in the classroom , has adopted the following position 
statement: 
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The National Council of Teachers of Mathematics encourages the use of 
calculators in the classroom as instructional aids and computational 
tools. Calculators give mathematics educators new opportunities to 
help their students learn mathematics and solve contemporary problems . 
The use of calculators , however , will not replace the necessity for 
learning computational skills . 

As instructional aids , calculators can support the development and 
discovery of mathematical concepts. As computational tools , they re­
duce the time needed to solve problems , thereby allowing the consider­
ation of a wider variety of applications . Furthermore , the use of 
calculators requires students to focus on the analysis of problems and 
the selection of appropriate operations. The effective use of calcu­
lators can improve student att itudes toward , and increase interest in , 
mathematics . 

Other electronic devices , programmed to generate questions and activi­
ties , that provide immediate feedback to students , are not to be con­
fused with calculators or computers. These devices can be used to 
reinforce computational skills through drill . 
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