B. GEOMEITRY

B.1 Lines

Parallel Lines and Perpendicular Lines (Dufresne)

In order to create an atmosphere of active learning with today's students,
they must first be "conditioned." The majority of our senior high students will
suffer the same restrictions that I feel. That is, they feel inferior when com-
pared with their teacher and fellow students. That fear, that their way is not
the correct way or at least not the expected way to attack a g1ven problem, re-
stricts creative work on their part. Since active learning requires creative work
on the part of the student, time must first be spent on changing students' atti-
tudes. I feel this is very important and as this is the developement-of-a-topic
that I, personally, will find useful, I shall state how I overcome these
difficu]ties.

|

From the start of the year, I think of the students as "people." I treat them
with respect, listen to everything they have to say and value what they have said.
If a student knows that you feel this way, he will respond by giving more and more
of himself and not just give expected answers or someone else's answers. Since
students are more intelligent than we give them credit for, their suggestions and
view points are full of merit, and with the correct handling they gradually gain
confidence which, in turn, generates more ideas from their own thinking.

In class, wrong and right answers must be handled in such a way as not to work
the student's participation. The students must be taught that a wrong answer is
valuable.- A1l answers should be proved. When a wrong answer has been disproved,
generally the student who gave that answer, and the others, have learned va1uab1e
information and perhaps this understanding will Tead to a correct answer.
student must be made to feel that his answer is a good one, although not necessar11y
correct, and that he had grounds to give such an answer. As such, it must be treated
with respect and given the same treatment as other answers in proving or disproving
them. Above all, students should not be graded on the quality of their responses,
but, rather, on the quality of their participation.

The above sounds simple, but I have found that it works. For the lessons,
the students have already learned the following mathematical skills. They know
what is meant by the slope of a straight line, and how to find the slope and equa-
tion of a line. They know what is meant by parallel and perpendicular Tines.

Different methods suit different teachers. I have tried the formal group
method but have not found it to work satisfactorily and, therefore, I prefer to
have students work individually. Through past experiences the students know that
they are allowed to confer on their work so, in reality, the situation is one of

153




group work as they do compare answers, argue and agree. The advantage of their
‘method is that each student must record his own results and can't rely on the
work of others. Also, if a student doesn't agree on the method used by others
around him he can gracefully withdraw and do it the way he wants.

Each student has several sheets of graph paper, a ruler and a hand-out sheet.
I would prefer to ask only one question and from there let the students take it on
their own. The question would be similar to the following one. "Knowing what you
know about the slopes and equations of straight lines, find out everything you can
about the slopes and equations of lines that are (i) parallel, and (ii) perpendic-
ular." The student would be given the following instructions: he is not allowed
to use his text book, only his graph book, and try to discover the relationships
on his own. This simple question is enough for some students, but for others it
is frustrating as they don't know how to begin. Therefore, the following sheet
of instructions has been prepared.

1. On your graph paper draw several lines that are parallel.

2. Find the equations and slopes of these parallel lines. (Hint - if you
draw your parallel lines to intersect a few lattice parts, you can use
these points to find the slopes and equations of these lines. This will
give a greater degree of accuracy.)

3. Can you find any similarities or relationships in the slopes and equa-
tions of these parallel lines?

4. Draw a different sets of parallel lines to check your results.
5. What conclusions can you draw?
6. Repeat 1-5, using perpendicular Tines.
(If you cannot see any relationships try drawing another set of lines.)

This active learning Tesson is relatively easy for Math 20 students. A few
students found that their curiosity led them further into the slope concept.
For example, one student came to me with the following question. "What about the
slope of y = x2? I don't think it is constant." I agreed, gave him a quick ex-
planation of how to find the slope by drawing a tangent to the curve and explained
that the slope of y = x2 could be found by using a certain formula, and could he
find out what the formula was? The student drew the graph to a large scale taking
many points to ensure greater accuracy. He took the slope at many points record-
ing both the point and slope, and came to the conclusion that the slope was equal
to 2x for any pt. with coordinates (x,y). He also ventured that the slope of any
curve y = x", would be nx. I drew the graph of y x and pointed out that the slope
is always positive, even when x is negative. He was able to come up immediatel
with the answer that the slope of y = x3 must be 3x and then the slope of y = x
must be nx*!. He must have done a lot of work on his first answer that he could
switch his answer so readily because he did seem to have a clear explanation of it.
I was greatly pleased and gave him a pat on the back, explaining that he had de-
veloped a "formula" in calculus for the derivative of y, when y = xN. I believe
that the best results come from students' own questions and if a teacher can en-
courage them to investigate for their own answers, the results will be greater.
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A student is truly interested to question in the first place and even if the
question isn't entirely related to the topic under discussion he should be en-
couraged to pursue it if there is any mathematical merit in it.

After all of the students had a chance to find the relationships, we discussed
them in class and then tried some of the questions in the textbook that used this
new information. I find it is necessary to have a discussion period at the end
of the lesson to help those students who are unable to formulate all their conclu-
sions until they are told that they are correct.

In concluding I will say that the lesson was satisfactory. The students found
it enjoyable and it provided for all levels of students in that the quicker students
had questions to ask that led them into further discovery of their own. There was
no student that couldn't complete at least a part of the assignment.

Parallelism (Moynihan)

A Workshop Approach to Teaching the Concept of Parallelism

PURPOSE Activity I - To discover the conditions which make two or more
lines parallel; to apply the knowledge gained to the solution of some
problems.

Activity 11 - To discover the results when two or more parallel
lines are crossed by a transversal.

Activity 111 - To discover the kinds of parallelograms, their
relation to each other and to quadrilaterals in general.

CLASSROOM SET-UP
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MATERIALS Text: Geometry - A Modern Approach. Wilcox. Transparencies to
accompany text. Reference Texts: Geometry, Plane and Solid. Brown and Mont-
gomery; Modern School Mathematics. Jurgensen, Donnelly and Dolcianni;
Glossary of Mathematical Terms. Gundlach; Unitversal Exercises in Geometry.
Charles E. Merrill Books, Inc. Film strip projector. Film strips:
S.V.E. - Modern Elementary Geometry

1. Points, Lines and Planes

2. Angles

3. Parallelism (used as a review after activities completed).
Overhead projector, colored mounting paper, paste, brushes, scissors, colored
pencils, magazines (for pictures), graph paper, mimeographing services (for
copies of instructions so that each pupil has own copy to work with), geo-
boards, punched cardboard strips, pins, and elastic bands.

[ For this project, 30 Grade X students enrolled in the Math 10 course were
randomly chosen and divided into six groups of five students each. When an
activity was finished, each student was required to write up the findings.
Before beginning this activity, you may wish to review. There are a number
of film strips in the film strip corner. Run them if you wish. Please re-
wind them carefully when you have finished. Note — the strip on Parallelism
was not made available at this time; it was used for an overview when the
project was finished. ]

ACTIVITY 1

Draw AB. At A in AB draw a co-planar Tine perpendicular to AB. Call
it AC. At B in AB draw BF perpendicular to AB.

Take any point D in AC. What is the measure of AD? Record it on your
data sheet.

Measure a distance BE on BF such that AD = BE. Record it on your data
sheet.

Join DE and extend it to form DE. Select a number of points on AB.
Call them X;, X,, X3. Measure the perpendicular distance between these
points and points on DE. Call the point on DE Y,, opposite X;, Y,
opposite X,, etc. Record your data. What do you notice about your re-
sults? What conclusions have you reached concerning AB and DE?

Such lines are said to be parallel. Can you write a definition of
parallel lines?

EXERCISES

1. Given the co-planar AB — MN and CD — MN, prove that AB is parallel
to CD. Draw conclusions from this exercise and state it as a theorem.

2. Construct a Tine parallel to a given line at a given distance from it.

3. Given a triangle ABC with the angle B bisected by BD, can you construct
a line through A parallel to BD?
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ACTIVITY 11, Thansversals

Draw MN and PQ parallel to each other. Now draw XY intersecting MN at the
point R and PQ at S. XY is called a transversal on MN and PQ.

How many angles have been formed? Identify them by numbering them 1, 2, 3, 4,
etc. Measure the angles and record your data. What do you notice about your
results?

Do you get the same kind of results with other parallel lines crossed by
transversals having different slopes? Try several pairs and record your
data.

What happens if you use a set of more than two parallel lines? Try it and
record your data. What conclusions regarding the angles have you drawn?
Discuss them and write them down.

There is an interesting problem involving parallels on page 142 of Geometry,
Plane and Solid, by Brown and Montgomery.

Alternate Angles - Angles 1, 7 and 2 and 8 are called alternate angles;
angles 4 and 6, and 3 and 5 are interior alternate angles.

Exterion Angles - Angles 1, 2, 8, 7, are called exterior angles.

Intenion Angles - Angles 3, 4, 5, 6, are called interior angles. Note
that alternate angles lie on opposite sides of the transversal.

Cormnesponding Angles - are those angles which lie in the same relative
position with regard to the transversal. Angle 2 and angle 6 are corres-
ponding angles. How many other pairs of corresponding angles are there?
List them.

Are there any supplementary angles in Figure 1? If so, list them. Can
you prove that the angles you have named are supplementary? If so, write
out your proof.

AN INTERESTING PROBLEM

Dave's hobby is photography. At times he needs a dim light. In his dark room,
which is unlighted, he can see no convenient way to extend wiring for an electric
circuit. From some flat curtain rods, a discarded but usable hinge, tape, and
rubber band, Dave devised a flashlight holder as shown below. Now he has a light
whose height is adjustable yet the flashlight will remain perpendicular to the floor
at any height. What parallel relations did Dave control in his arrangement of
materials?
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ACTIVITY 111, Paralleloghams

DEFINITION A parallelogram is a quadrilateral having its opposite
sides parallel.

Using the cardboard strips, how many kinds of parallelograms can
you make? Try the same thing with the geoboard. Compare your re-
sults. Record the results on your data sheet.

What do all the parallelograms have in common?

Draw a large quadrilateral on a sheet of graph paper. Can you fit
the different kinds of parallelograms you found into it?

158



Can you fit any of the parallelograms into any of the others? Can you express
your findings in terms of sets? Are any of the parallelograms subsets of any
other kinds?

Find some pictures illustrating the use of parallelograms in such fields as archi-
tecture, fabric design, furniture design, or others. Mount them. See slide for
one of them.

NAMING PARALLELOGRAMS
Using the flow chart below, name each of the figures on the next page.

all sides Figure can
of figure No be classi-
have the 1fied only a
parallelo-
gram
Yes
Does
figure
have at Figure Figure
least one is a is a =
' Rhombus Rectangle
‘/_\
Figure ;/
is a : STOP
square
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B.2 Regular Polygons

1. Square - Use the unit squares to find the area of several squares whose
sides are: 1 unit, 2 units, 3 units, etc. long. See if you can find an equation
that gives the area of any size square.

2. Rectangle - Use the unit squares to find the area of several rectangles
whose dimensions are:

Width Length
1 unit 2 units
1 unit 3 units
2 units 3 units
2 units 4 units
3 units 3 units
3 units 6 units

You can make up a few more rectangles of your own if you like. Can you find an
equation that gives the area of any size rectangle? Is there a relationship be-
tween the equations for the area of a square and a rectangle?

3. Parallelogram - Use the unit squares to find the area of several
parallelograms whose dimensions are:

Base Altitude
2 units 1 unit
3 units 2 units
3 units 3 units
4 units 3 units
5 units 3 units
6 units 3 units

Draw the parallelogram first if necessary. Can you find an equation that gives
the area of any parallelogram? Is there a relationship between the equations for
areas of a rectangle and a parallelogram?

4. Triangle - Use the unit squares to find the area of several triangles
whose dimensions are:

Type Base Altitude

Right angle 1 unit 1 unit
Right angle 2 units 1 unit
Isosceles 2 units 4 units
Isosceles 3 units 2 units
Right angle 4 units 3 units
Scalene 5 units 3 units

Draw the triangles first if necessary. Can you find an equation that gives the
area of any triangle? Does the type of triangle make any difference? Is there a
relationship between the equations for areas of a triangle and a rectangle?
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B.3 Circles

Properties of a Circle (Gordon)
PURPOSES

1) To develop an awareness of some of the properties of the circle to the ex-
tent that pupils can solve numerical exercises which require no rigorous
proofs, :

2) to develop an interest or desire to look beyond the obvious in a diagram,

3) to develop a desire to have some interest in going further than the given
question requires and finding why certain conditions exist,

4) to review previous knowledge of geometry.

PROCEDURE Divide the class into small groups (four has seemed to be the most
workable number). Each group is given a series of questions which require condi-
tions. Not only are they asked to discover a conclusion to each but also to ex-
plain their conclusions. At the end of each activity--which in most cases re-
quires an hour--the groups report their conclusions - some of them obvious to

all in the class, others requiring explanations by the group with ensuing
discussion.

[At the beginning of each class, necessary definitions of new terms and a re-
view of basic constructions need to be discussed. This can be done in a class
previous to the workshop. However, if it is done at the beginning of each day,
it allows the teacher to make comments about the previous day's work and tie up
loose ends when there is no heated discussion with which to compete. Also, if
done at the beginning of the class, the terms and constructions are new for the
day and ready to be worked with. At the end of some activities the groups are
assigned numerical exercises, if appropriate, and at the end of the five activ-
ity sessions the class is given several numerical exercises which involve the
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use of all properties. (If a more rigorous approach were the aim, at the end
of each activity the class could be assigned deductions rather than numerical
exercises.) At this point it is the decision of the students to work indepen-
dently or remain in groups. At the end of the workshops, one class period can
be spent discussing the properties of the circle. This serves to answer ques-
tions that arise from numerical exercises and gives time for new discoveries
to be discussed. This is a fun class, allowing moments of glory for some who
find answers to questions that they ask themselves and sorting out troubles
for others who need help.]

MATERIALS Compasses, ruler, protractor, question sheets.

[In the existing Math 20 course time does not allow for development of theorems
and application of them to rigorous deductive proofs. Therefore, the workshops
are set up using only compasses, ruler and protractor. Nevertheless, in a sit-—
uation where the prupose is to develop deductive reasoning, the same workshops
can be used only requiring rigorous proofs rather than accepting conclusions
based on measurement alone.]

Each student is given the following series of instructions. The same instruc-
tions are given each day, that is: for each condition, construct two or three
diagrams of different size and draw a conclusion about the additional informa-
tion you find. Why is your conclusion correct?

Activity One - Chornd Property Theorems
1. Construct the right bisector of any chord of a circle.
Construct the right bisector of two or more chords of the same
circle.

2. Construct a line through the center of a circle meeting the
mid-point of a chord.

3. Construct a Tine through the center of a circle and perpendi-
cular to a chord.

4. Construct two chords of a circle equidistant (perpendicular
distances) from the center of the circle.

5. Construct two equal chords of a circle.
6. Construct two chords of unequal lengths.
Activity Two - Sectorn Angle and Sector Anc Theonrems

1. In the same circle, construct equal sector angles.
In equal circles, construct equal sector angles.

2. In the same circle, construct unequal sector arcs.
In equal circles, construct unequal sector angles.

Activity Three - Inscribed Angles

1. Construct an angle at the center of the circle (sector angle).
Construct an angle in the circle (touching the circle) on the
same arc as the sector angle.
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Construct two different angles in the circle subtended by the
same arc..

Construct an angle subtended by the diameter of the circle.

Inscribe a quadrilateral in a circle. What can you say about
the angles?

Inscribe a quadrilateral. Produce one of the sides. What can
you say about the angle so formed and the angles of the
quadrilateral?

Activity Four - The Tangent

1

Construct a line from the center of a circle perpendicular to
a tangent to a circle at the point of contact.

Construct two tangents to a circle from a common point outside
the circle. Join the center of the circle and the external
point.

Construct a chord and a tangent from the same point on the
circle.

Construct a tangent to a circle. From the same exterior point
construct a secant. What can be said about the lengths of the
secant segments and the tangent length?

Activity Five

1.

[The workshops on the circle were designed specifically for the Math 20 course and
developed the suggested topics in the course.
approach, the class seemed to have a better "feeling" for the properties of the

When it came to applying the properties to exercises, there was much more
It was not just another assignment to be
There was more desire to

circle.
enthusiasm about attacking the problems.
completed, but, rather, another time to find new ideas.
find why conditions existed rather than merely completing an exercise.]
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Construct two equal angles subtended by the same line on the
same side of the line. What can you say about the end points
of the Tine and the vertices of the angles?

Construct a circle on the hypotenuse of a right triangle as
diameter.

Construct a quadrilateral having interior and opposite angles
supplementary. What can be said about the vertices of the
quadrilateral?

Construct a quadrilateral having the exterior angle equal to
the interior and opposite angle. What can be said about the
vertices of the quadrilateral?

In comparison to the usual lecture
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B.4 Circles and Polygons

Inscribed Angles, Sector Angles and Inscribed Quadrilaterals (Connolly)

[Prior to this activity students have been introduced to circles and some of the
basic definitions. In particular, they know the meaning of chord, arc, sector,
segment, inscribed angles, sectors angles and inscribed figures. It can be used
at whatever level students are introduced to a study of circles. Presently this
is at the Math 20 level. The activity is best performed in pairs.]

MATERIALS (per pair of students) A set of geometry instruments, scissors, paper
from which circles may be cut or already prepared circles of various radii.

Activity 1

Cut from the paper several congruent circles. Draw in each equals chords AB
(Figure 1a) and cut each into congruent segments as illustrated in Figure 1b,,

keeping segment AXB for first activity. )

Figure 1b

]I

Figure la

From segment AXB cut various inscribed angles ACB, Figure 2a and 2b

Figure 2a Figure 2b

.
>

Measure each angle at C and record your results.
What do you discover?

How would you increase the measure of angle C?
How would you decrease the measure of angle C?
What happens if chord AB is a diameter?
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Cut a sector angle AOB from one of the segments used above as illustrated in
Figure 3.

R 4

Figure 3
Measure angle AOB.
How does it compare with angle ACB?

Can you make a general statement about the inscribed angle ACB and the sector
angle AOB?

Could you develop a formal proof for your conclusion?
Activity 11

Using several congruent circles, cut them as illustrated in F1gure 4, varying
the positions of X and Y.

X

Measure the angles AXB and AYB and record your data. Figure 4
What do you discover?

What do you think is true of angles at A and B?

What conclusion can you draw about an inscribed quadrilateral?

Is this true for all quadrilaterals?

Make a general statement for your conclusions.
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