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One of Che problems of problem solving i s finding good problems Co solve. 
A good problem i s one Chat does not yi e l d an obvious solution. A good problem 
can be modeled or solved by analogy. A good problem can be studied 
empirically. The solucion of a good problem may be arrived aC from several 
directions. A good problem w i l l r e sult i n Che solver gaining new mathematical 
insights. A good problem should be an enriching experience for students with 
wide ranges of mathematical maturity. A good problem i s hard to f i n d . 

We a l l have our favorite problems. 1 don't r e c a l l where I f i r s t came 
across one of my favorite problems, but I've seen i t i n many forms. The form 
I l i k e besC i s found in the Indiana materials (LeBlanc, Kerr, and Thompson, 
1976). I t concerns a f i x t u r e found i n many schools i n North America. You 
see, we have t h i s problem with the h a l l lockers. 

Imagine a school with 1000 h a l l lockers along one side of a hallway. A l l 
the locker doors are open. Imagine 1000 children coming in from recess 
approaching the open lockers. The f i r s t c h i l d i n l i n e , a de v i l i s h tyke, can 
not r e s i s t slamming the locker doors shut. 

The second c h i l d i n l i n e wishes to be involved so he starts opening the 
locker doors. But he cannot open them as fast as they were closed. He i s 
only able to open every other locker s t a r t i n g with the second locker. 

The t h i r d c h i l d i n l i n e wants to get into the act. She does so by 
changing Che state of every t h i r d locker s t a r t i n g with locker number three. 
That i s , i f a locker i s open she closes i t , and i f a locker is closed she 
opens i t . 

The rest of the children pick up the pattern. The nth student w i l l 
change the state of every nth locker. When the thousandth child has passed 
Che Chousandch locker, which ones w i l l be open and which ones w i l l be closed? 

Far be ic from me to deprive the reader of the joy of solving a problem 
or making a discovery. Therefore, chis a r t i c l e w i l l occasionally be 
interrupted by the symbol (*) to l e t the reader know that this is a good place 
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to put down the monograph and pick up a p e n c i l and t r y to solve a proposed 
problem. 

The locker problem has been presented co classes of studenCs ranging from 
f o u r t h graders to col l e g e undergraduates- Those who were able to solve the 
problem d i d so by f i r s c modeling Che problem and then l o o k i n g f o r pat t e r n s i n 
the modeled s o l u t i o n - A fourch-grade class i n SparCa, Michigan l i n e d 36 
English Cexcbooks along che chalk Cray. The class Chen l i n e d up, l i k e the 
class coming i n from recess, and walked past the books t u r n i n g them to 
represent open or closed locker doors, A book w i t h i t s cover f a c i n g f r o n t 
represenCed an open locker and a book wiCh i c s back cover f a c i n g fronc 
represented a closed locker door. The f o l l o w i n g p a t t e r n emerged. 

1 2 3 4 5 6 7 8 9 10 11 12 

B F F B F F F F B F F F 

13 14 15 16 17 18 19 20 21 22 23 24 

F F F B F F F F F F F F 

25 26 27 28 29 30 31 32 33 34 35 36 

B F F F F F F F F F F B 

When the 
become obvious 

above sequence 
to the solver. 

is studied. 
What are 

one of 
they? 

two (or ma ybe both) pai 

* * * * * * * * * * * 

The more mathematically s o p h i s t i c a t e d solver recognizes t h a t the closed 
numbered lockers are p e r f e c t squares; 1^ = 1, 2̂  = 4, 3̂  = 9, etc- Younger 
c h i l d r e n , because they are less at home w i t h t h e i r m u l t i p l i c a t i o n f a c t s , 
nocice the f o l l o w i n g s e q u e n t i a l p a t t e r n . 

1 locker open 
1 locker open 
1 locker open 
1 locker open 

2 lockers closed 
4 lockers closed 
6 lockers closed 
8 lockers closed 

I n e i t h e r case, a s o l u t i o n to che locker problem has been found. But the 
s o l u t i o n i s not mathemacically s a c i s f y i n g . Why are Che closed numbered 
lockers a l l p e r f e c t squares? 

The numbered c h i l d r e n who stop at any given numbered locker w i l l be 
d i v i s o r s of the locker number. The 1st, 2nd, 3rd, 4 t h , 6ch, and 12th c h i l d 
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w i l l scop aC locker 12- Nocice ChaC a l l numbers, except perfecC squares, have 
even numbers of divisors- The divisors occur i n pairs. 

12 

1 

•2 

-3 

4 

• 6 

•12 

15 

•15 

16 

— 1 

— 2 

o 
— 8 

— 1 6 

25 

1 

C5 

— 25 

Any locker that has an even number of v i s i t o r s w i l l be l e f t i n the 
i n i t i a l state because what one v i s i t o r does, the next w i l l undo- Only those 
lockers with an odd number of v i s i t o r s w i l l be l e f t in a changed state-

Generally fourth graders w i l l stop at this point. However, the problem 
can be pursued a l i t t l e further with f i f t h and sixth graders- Look again at 
the pattern created by the book model- Notice that the closed lockers 
(perfect squares) can be determined by the following sequence. 

1 = 1 

I + 3 = 4 

4 + 5 = 9 

9 + 7 = 16 

16 + 9 = 25 

Use a set of children's blocks (or a pencil and paper i f your children's 
blocks are not at hand) to give a geometric i n t e r p r e t a t i o n to the above 
observation. 

Later elementary school children have l i t t l e d i f f i c u l t y showing that the 
addicion of consecuCive odd numbers of blocks w i l l form a sequence of squares, 
with the length of a side one more than the preceding square. 
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Add 1 Add 3 Add 5 Add 7 

* 
12 

*J * 
* * 
22 

* * l * 

* *l * 
* * * 

32 

* * * 
•k * * 
* * * 
* -k ie 

42 

We leave i t co the ninth-grade algebra student to show that the 
succeeding terms of the above sequence can be algebraically expressed as 

nth square + next odd number = (n + l ) s t square 

or 

n2 + (2n +1) = (n + 1) 2 

A mathemacical invesCigation that has fascinated students over the 
centuries i s the finding of pythagorean t r i p l e s . Pythagorean t r i p l e s are 
positive integers (a, b, c) such that a 2 + b2 = c2 . For example, 3, 4, and 5 
make up a Pythagorean t r i p l e . The multiples of the t r i p l e (3,4,5) are also 
Pythagorian t r i p l e s : (6,8,10), (9,12,15), etc. Pythagorean t r i p l e s are said 
to be primaCive i f a and b are r e l a t i v e l y prime; i . e . , i f the greaCesC common 
divis o r of a and b i s 1. 

Scudy Che geometric succeeding-square model above and devise a scheme for 
finding i n f i n i c e l y many primaCive t r i p l e s . 

A general form of the geometric model for the sequence of squares is the 
following. 

•1 

N 
«• (N + I )^ 

N 1 
-
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I f i n the formula a 2 + b2 *= c2, we l e t a = n and c (n + 1), Chen 
whenever b = ^2n + 1 is a posicive integer the t r i p l e (a, b, c) w i l l be 
Pythagorean. Since 2n + 1 w i l l y i e l d a l l odd numbers, i t w i l l also yield a l l 
odd perfect squares of which there are i n f i n i t e l y many. I t can then be 
shown that n^ and 2n + I are relaClvely prime. 

Can the idea of PyChagorean criples be extended? For example, can we f i n d 
t r i p l e s (a, b, c) such that a^ + b^ = c-̂ ? The Fermat conjecture states that 
such t r i p l e s do not exist for a^i + b" = c" where n i 3. The conjecture has 
been v e r i f i e d for a l l values of n £ 2500 plus many more. The f u t i l i t y of the 
search can be demonstrated when one t r i e s to extend the sequence model to the 
cube. Try i t . 

To extend a^ to (a + 1)^, Sa^ + 3a + 1 must be added to a^- This is easy 
to v e r i f y algebraically. The following figure shows the geometric 
in t e r p r e t a t i o n of the extension. 
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I f the extended Pythagorean t r i p l e i s to hold for n = 3, then 3a2 + 3a + 1 
must be a perfect cube. The following table shows the f i r s t ten perfect cubes 
and the values of 3n2 + 3n + 1 closest to the l i s t e d cube. The investigator 
w i l l not be encouraged by what is shown. 

n 3n* + 3n + 1 closest perfect cube 

1 7 8 
2 19 27 
3 37 
4 61 64 
5 91 
6 127 125 
7 169 
8 217 216 
9 271 

10 331 343 
11 397 
12 469 
13 547 512 
14 631 
15 721 729 
16 817 
17 919 
18 1027 1000 

Thus we come to the end of a problem t r a i l that started with some 
mischievous children and school h a l l lockers to an unsolved problem on the 
f r o n t i e r of mathematics- Granted Chere were a number of side t r a i l s that could 
also be investigated such as che invesCigation of n-gon arrays and geomecrlc 
numbers. NoneCheless, Che c r a i l we followed carried us through a number 
of problem-solving s k i l l s including modeling, emperical data c o l l e c t i o n , 
generalization, and lo g i c a l thought. 
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